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Preface

The aim of this book is to show that the nonparametric regression can be successfully applied to system
identification and how much can be achieved in this way. It gathers what has been done in the area so far,
presents main ideas, results, and some new recent developments.

The study of nonparametric regression estimation began with works published by Cencov, Watson, and
Nadaraya in the early sixties of the past century. The history of nonparametric regression in system identifica-
tion began about ten years later. Such methods have been applied to the identification of composite systems
consisting of nonlinear memoryless systems and linear dynamic ones. Therefore the approach is strictly con-
nected with so called block-oriented methods developed at least since Narendra and Gallman work published
in 1966. Hammerstein and Wiener structures are most popular and have received the greatest attention
with numerous applications. Fundamental for nonparametric methods is the observation that the unknown
characteristic of the nonlinear subsystem or its inverse can be represented as regression functions.

In terms of the a priori information, standard identification methods and algorithms work when it is
parametric, i.e., when our knowledge about the system is rather large, e.g., when we know that the nonlinear
subsystem has a polynomial characteristic. In this book, the information is much smaller, nonparametric.
The mentioned characteristic can be, e.g., any integrable or bounded or, even, any Borel function.

It can thus be said that this book associates block oriented system identification with nonparametric
regression estimation, shows how to identify nonlinear subsystems, i.e., to recover their characteristics when
the a priori information is small. Owe to this, the approach should be of interest not only for researchers
but also for people interested in applications.

Chapters 2-7 are devoted to discrete-time Hammerstein systems. Chapter 2 presents the basic ideas
behind nonparametric methods. The kernel algorithm is presented in Chapter 3, its semirecursive versions
are examined in Chapter 4 while Chapter 5 deals with fully recursive modifications derived from the idea
of stochastic approximation. Then, next chapter is on the orthogonal series method. Algorithms using
trigonometric, Legendre, Laguerre and Hermite series are investigated. Some place is devoted to estimation
methods based on wavelets. Algorithms based on ordered observations are presented and examined in
Chapter 7. Chapter 8 discusses the algorithms when applied to continuous-time systems.

The Wiener system is identified in Chapters 9-11. Chapter 9 presents the motivation for nonparametric
algorithms which are studied in the next two chapters devoted to the discrete and continuous-time Wiener
systems, respectively. Chapter 12 is concerned with the generalization of our theory to other block-oriented
nonlinear systems. This includes, among others, parallel models, cascade-parallel models, sandwich models,
and generalized Hammerstein systems possessing local memory. In Chapter 13 the multivariate versions
of block-oriented systems are examined. The common problem of multivariate systems, i.e., the curse of
dimensionality is cured by using low-dimensional approximations. With respect to this issue models of
the additive form are introduced and examined. In Chapter 14 we develop identification algorithms for
a semiparametric class of block-oriented systems. Such systems are characterized by a mixture of finite
dimensional parameters and nonparametric functions, this normally being a set of univariate functions.

The reader is encouraged to look into appendices in which fundamental information about tools used in
the book is presented in detail. Appendix A is strictly related to kernel algorithms while B is tied with the
orthogonal series ones. Appendix C recalls some facts from probability theory and presents results from the
theory of order statistics used extensively in Chapter 7.

Over the years, our work has benefited greatly from the advice and support of a number of friends and
colleagues with interest in ideas of non-parametric estimation, pattern recognition and nonlinear system
modeling. There are too many names to list here, but special mention is due to Adam Krzyzak, as well
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as Danuta Rutkowska, Leszek Rutkowski, Alexander Georgiev, Simon Liao, Pradeepa Yahampath, Vu-Luu
Nguyen and Yongqing Xin our past Ph.D. students, now professors at universities in Canada, the United
States, and Poland. Cooperation with them has been a great pleasure and given us a lot of satisfaction. We
are deeply indebted to Zygmunt Hasiewicz, Ewaryst Rafajlowicz, Uli Stadtmiiller, Ewa Rafajlowicz, Hajo
Holzmann, Andrzej Kozek who have contributed greatly to our research in the area of nonlinear system
identification, pattern recognition, and nonparametric inference.

Finally, but by no means least, we would like to thank Mount-first Ng for helping us with a number of
typesetting problems. Ed Shwedyk and January Gnitecki have provided support for correcting English
grammar.

We also thank Ms. Anna Littlewood, from Cambridge Press, for being a very supportive and patient editor.
Research presented in this monograph was partially supported by research grants from Wroctaw University
of Technology, Wroctaw, Poland and NSERC of Canada.

Wroclaw, Winnipeg Wiodzimierz Greblicki, Mirotsaw Pawlak
April, 2007



Chapter 1

Introduction

System identification, as a particular process of statistical inference, exploits two types of information. The
first is experiment, the other, called a priori, is known before making any measurements. In a wide sense, the
a priori information concerns the system itself and signals entering the system. Elements of the information
are, e.g.:

e the nature of the signals which may be random or nonrandom, white or correlated, stationary or not,
their distributions can be known in full or partially (up to some parameters) or completely unknown,

e general information about the system which can be, e.g., continuous or discrete in the time domain,
stationary or not,

e the structure of the system which can be of the Hammerstein or Wiener type, or other,

e the knowledge about subsystems, i.e., about nonlinear characteristics and linear dynamics.

In other words, the a priori information is related to the theory of the phenomena taking place in the
system (a real physical process) or can be interpreted as a hypothesis (if so, results of the identification
should be necessarily validated) or can be abstract in nature.

This book deals with systems consisting of nonlinear memoryless and linear dynamic subsystems, i.e.,
Hammerstein and Wiener ones. With respect to them the a priori information is understood in a narrow
sense since it relates to the subsystems only and concerns the a priori knowledge about their descriptions.

The characteristic of the nonlinear subsystem is recovered with the help of nonparametric regression
estimates. The kernel and orthogonal series methods are used. Ordered statistics are also applied. Both
off-line and on-line algorithms are investigated. We examine only these estimation methods and nonlinear
models for which we are able to deliver fundamental results in terms of consistency and convergence rates.
There are techniques, e.g., neural networks, which may exhibit a promising performance but their statistical
accuracy is mostly unknown.

For the nonparametric regression as such the reader is referred to Gyorfi , Kohler, Krzyzak and Walk [204],
Hérdle [219], Prakasa Rao [340], Simonoff [388] or Wand and Jones [425]. Wavelet estimates are discussed
in Walter [424].

Parametric methods are beyond the scope of this book, nevertheless, we mention Brockwell and Davies
[38], Ljung [288], Norton [315], Zhu [451] or S6derstrom and Stoica [391].

Nonlinear system identification within the parametric framework is studied by Nells [312], Westwick
and Kearney [432] , Marmarelis and Marmarelis [299], and Bendat [18]. A comprehensive list of references
concerning nonlinear system identification and applications has been given by Giannakis and Serpendin [120].
A modern statistical inference for nonlinear time series is presented in Fan and Yao [105].

It should be stressed that nonparametric and parametric methods are supposed to be applied in different
situations. The first are used when the a priori information is nonparametric. Clearly, in such a case,
parametric ones can only approximate, but not estimate, the unknown characteristics. When the information
is parametric, parametric methods are the natural choice. If, however, the unknown characteristic is a
complicated function of parameters convergence analysis gets difficult and. Moreover, serious computational

3



4 CHAPTER 1. INTRODUCTION

problems can occur. In such circumstances one can resort to nonparametric algorithms since, from the
computational viewpoint, they are not discouraging. On the contrary, they are simple but, however, consume
computer memory, since, e.g., kernel estimates require all data to be stored. Nevertheless it can be said that
the two approaches do not compete with each other since they are designed to be applied in quite different
situations. The situations differ from each other by the amount of the a priori information about the
identified system. A compromise between these two separate worlds can be, however, made by restricting
a class of nonparametric models to such which consist of a finite dimensional parameter and nonlinear
characteristics which run through a nonparametric class of univariate functions. Such semiparametric models
can be efficiently identified and the theory of semiparametric identification is examined in this book.

For two number sequences a,, and b,, a, = O(b,) means that a,, /b, is bounded in absolute value as
n — oo. In particular, a, = O(1) denotes that a,, is bounded, i.e., that sup,, |a,| < co. Writing a,, ~ b, we
mean that a, /b, has a nonzero limit as n — oo.

Throughout the book, “almost everywhere” means “almost everywhere with respect to the Lebesgue
measure” while “almost everywhere (11)” means “almost everywhere with respect to the measure p”.



Chapter 2

Discrete-time Hammerstein systems

2.1 The system

A Hammerstein system, shown in Fig. 2.1, consists of a nonlinear memoryless subsystem with a characteristic
m followed by a linear dynamic one with an impulse response \,. The output signal W,, of the linear part
is disturbed by Z,, and Y,, = W,, + Z,, is the output of the whole system. Neither V,, nor W,, are available
to measurement. Our goal is to identify the system, i.e., to recover both m and \,, from observations

(U1, Y1), (U2, Ya) ..., (Up,Yn), ... (2.1)

taken at the input and output of the whole system.

Signals coming to the system, i.e., the input {...,U_1,Uy, Uy, ...} and disturbance {...,Z_1, Zy, Z1,...}
are mutually independent stationary white random signals. The disturbance has zero mean and finite
variance, i.e., EZ, = 0 and var [Z,] = 0% < .

Regarding the nonlinear subsystem we assume that m(e) is a Borel measurable function. Therefore, V;,
is a random variable. The dynamic subsystem is described by the state equation

Xpi1= AX, +bV,
o (2.2)
Wn= c Xn7
where X, is a state vector at time n, A is a matrix, b and ¢ are vectors. Thus
) 0, forn=0,—-1,-2,...
" cTA1p, forn=1,2,3,...
and .
Wo= Y Au_im(Us). (2.3)

i=—00
Neither b nor ¢ is known. The dimension of A and A itself are also unknown. Nevertheless the matrix A is
stable, all its eigenvalues lie in the unit circle. Therefore assuming that

Em?(U) < oo, (2.4)

Un Vn Wn Yn
L mle) )

Figure 2.1: The discrete-time Hammerstein system.
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the time index at U is dropped, we conclude that both X, as well as W,, are random variables. Clearly random
processes {..., X 1, Xo, X1,...}and {..., W_1, Wy, Wy, ...} are stationary. Consequently the output process
{..,Y_1,Y5,Y1,...} is also a stationary stochastic process. Therefore, the problem is well posed in the sense
that all signals are random variables. In the light of this we estimate both m(e) and {)\,} from random
observations (2.1).

Above restrictions imposed on the signals entering the system and both subsystems apply whenever the
Hammerstein system is concerned. They will not be repeated in further considerations, neither lemmas nor
theorems.

Input random variables U,,’s may have a probability density denoted by f(e) or may be distributed quite
arbitrarily. Nevertheless (2.4) holds. It should be emphasized that, apart from few cases, (2.4) is the only
restriction, the nonlinearity is involved in.

Assumption (2.4) is irrelevant to identification algorithms and has been imposed for only one reason,
to guarantee that both W,, and Y, are random variables. Nevertheless it certainly has an influence on the
restrictions imposed on both m(e) and the distribution of U to meet (2.4). If, e.g., U is bounded, (2.4) is
satisfied for any m(e). The restriction also holds, if EU? < oo and |m(u)| < a + S|u| with any «, 8. In
yet another example FU* < oo and |m(u)| < a + fu?. For Gaussian U and |m(u)| < W(u), where W
is an arbitrary polynomial, (2.4) is also met. Anyway the a priori information about the characteristic is
nonparametric since m(e) can’t be represented in a parametric form. This is because the fact that the class
of all possible characteristics is very wide.

The family of all stable dynamic subsystems also can’t be parameterized, since its order is unknown.
Therefore the a priori information about the impulse response is nonparametric, too. Concluding we infer
about both subsystems under nonparametric a priori information.

In the following chapters, for simplicity, U, W,Y, and Z stand for U,,, W,,,Y,,, and Z,, respectively.

2.2 Nonlinear subsystem

2.2.1 The problem and the motivation for algorithms

Fix p > 1 and observe that, since Y, = Z, + > " Ap—im (U;) and {U,} is a white process,

E{Y|Uo = u} = p(u),

where
pu(u) = Apm (u) + ap

with a, = Em(U) Z;’il,#p Ai. Estimating the regression E {Y,|Uy = u} we thus recover m(e) up to some
unknown constants A, and «,. If Em(U) = 0, which is the case, e.g., when the distribution of U is
symmetrical with respect to zero and m(e) is an even function then a;, = 0 and we estimate m(e) only up
to the multiplicative constant .

Since Y4, = p(Un) +Eptn + Zptn with Epyy = fifoo’#n Ap+n—im(U;), it can be said that we estimate
w(u) from pairs

(U0, Yp), (U1, Yp41), s (Uny Ypin), . ..

and that the regression p(u) is corrupted by the noise Z,4,, + &p+r. The first component of noise is white
with zero mean. Because of dynamics the other noise component is correlated. Its mean E¢, = o, is usually
nonzero and the variance is equal to var[m(U)] Z;’ilji “p A2. Thus main difficulties in the analysis of any
estimate of 1(e) are caused by the correlation of {£,}, i.e., the system itself but not by the white disturbance
Z,, coming from outside.

Every algorithm estimating the nonlinearity in Hammerstein systems studied in this book, the estimate
is denoted here as ji(Uy,...,Upn; Yy, ..., Ypin), is linear with respect to output observations which means
that

2Uoy .., Unsbp +np, o Opin + Npn) = (U -+, Uns O0py o Opgn) + 2(Uos -, Uns M, ooy pgn) (2.5)
and has a natural property that, for any number 6,

(U, ..., Up;0,...,0) = 0 asn — oo (2.6)
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Un Vn Wn S, n Yn
—| P > {\}

Figure 2.2: The equivalent Hammerstein system.

in an appropriate stochastic sense. This property, or rather its consequence, is exploited when proving
consistency. To explain this observe that, with respect to U,, and Y,,, the identified system shown in Fig. 2.1
is equivalent to that in Fig. 2.2 with nonlinearity p(u) = m(u) — Em(U) and an additional disturbance
B=Em(U)Y ;2 Ai. In the equivalent system, Ep(U) = 0 and E{Y,|Uy = u} = p(u). From (2.5) and (2.6),
it follows that

(Uo, .. Upi Yo Yor) = i(Uo .. UniSp+ By Spin + B)
= WU, UniSpy s Sin) + iUo, ., Uns By, B)

with (U, ..., Upn; B,...,8) — B as n — oo. Hence if
2o, ..., Up; Spy - -, Spn) — E{Sp|Us = u}, as n — oo,

we have
aUo, ..., Un; Yy, ..., Ypun) — E{Y,|Us = u}, as n — oo,

where convergence is understood in the same sense as that in (2.6).
Thus if the estimate recovers the regression E{S,|Uy = u} from observations

(Uo, Sp), (U1, S14p); (U2, S24p), - - -
it also recovers E{Y,|Uy = u} from
(UO7 Y;D)7 (Ula Y1+p)7 (U27 Y2+p)7 e

We can say that if the estimate works properly when applied to the system with input U, and output S,
(in which Ep(U) = 0) it behaves properly also when applied to the system with input U,, and output Y;, (in
which Em(U) may be nonzero).

The result of the reasoning is given in the following remark:

Remark 2.1 Let an estimate have properties (2.5) and (2.6). If the estimate is consistent for Em(U) = 0,
then it is consistent for Em(U) # 0, too.

Owing to the remark, with no loss of generality, in all proofs of consistency of algorithms recovering the
nonlinearity we assume that Em(U) = 0.

In parametric problems the nonlinearity is usually a polynomial m(u) = o+ ciu+ - - - + aqu? of a fixed
degree with unknown true values of parameters ay, ..., aq. Therefore to apply parametric methods we must
have a great deal more a priori information about the subsystem. It seems that in many applications, it is
impossible to represent m(e) in a parametric form.

Since the system with the following ARM A type difference equation:

Wy + G 1Wn—1 + -+ + QoWn—k = b—1M(Up—1) + -+ + bom(Un—1)

can be described by (2.2), all presented methods can be used to recover the nonlinearity m(e) in the above
ARM A system.
It will be convenient to denote
p(u) = E{W}|Uy = u}. (2.7)
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&n
L eeren B W ran B 1

Figure 2.3: Possible generalization of the system shown in Fig. 2.1.

-3 -2 -1 0 L 2 3

Figure 2.4: The characteristic m and 200 pairs of input-utput observations; a = 0.5.

Since W, = S2P-" _ \;m(U;), denoting ¢ = Em?(U) Doty N A EPM(U) (22 2, Mi)? e = 20, Em(U)
Do iz Ni» and 2 = A7, we find
& (u) = co + erm(u) + com?®(u).

To avoid complicated notation we do not denote explicitly the dependence of the estimated regression and
other functions on p and simply write (o) and ¢(e).

Results presented in further chapters can be easily generalized on the system shown in Figure 2.3 where
{-..,€0,&1,&,. ..} is another zero mean noise. Moreover, {Z,} can be correlated, i.e., it can be the output
of a stable linear dynamic system stimulated by white random noise. So can {&,}.

2.2.2 Simulation example

In chapters devoted to the Hammerstein system the behavior of the identification algorithms presented in
this book is illustrated with results of simulation examples. In all examples the system is described by the
following scalar equation:
XnJrl =aX, + m(Un)7

where

m(u) = (1 — e ") sign(u),
see Fig. 2.4. The input signal has a normal density with zero mean and variance 1. In all algorithms p =1
which means that p(u) = m(u). For a = 0.5 an example of a cloud of 200 input-output observations we infer
from is presented in Fig. 2.4. The quality of each estimate, denoted here by 7 (u), is measured with

MISE = /_3(m(u) —m(u))?du.

2.3 Dynamic subsystem identification

Passing to the dynamic subsystem we use (2.3) and recall EZ,, = 0 to notice E {Y;Up} = Z;:_oo Xi—; E{m(U;)Up} =
ME{m(U)U}. Denoting k; = \;E{Um(U)} we obtain

ki = E{Y;Up}
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which can be estimated in the following way:

) 1 n—i
= - ZYiHUJ
n <
j=1

Theorem 2.1 For any i,
lim E(#; — ki) = 0.

n—oo

Proof. The estimate is unbiased, i.e., E%; = E{Y;Uy} = k;. Moreover, var [%;] = P, + @, + R, with

1 = 1 1
P" = ﬁvar ZZH_J‘UJ' = ﬁ ZV&I" [ZH_]‘UJ'] = EO'QZE]UQ7
j=1 =1
1
Qn = —var [WzUo],
n
and
1 n n
LI D3 LA
j=1j=1,j
1 n )
= 7 (’I’L - ]) cov [Wi+jUj, WiUo} .
j=1
Since W; = Z]__Oo i—im(U;), Qn =n~ A2 var [m(U)U]. For the same reason, for j > 0,

i+jJ i
cov (Wi Up, Willo) = Y > Aigjphiog cov [m(U, Uy, m(Uy)Uo]

p=—00g=—00

= EX{Um(U)}Nirj i

see Lemma C.3, which leads to

1 n 1 s
Rl < 5 EXH{Um(U)} Y _(n = §)Aigjhies| < —EHUm(U)}max A D Al
j=1 i—
Thus
E(I%i — K)i)2 = var [I%l] = O <1> (28)
n

which completes the proof. m

The theorem establishes convergence of the local error E(#; — k;)? to zero as n — 0o. As an estimate of
the whole impulse response {x1, k2, k3,...} we take a sequence {A1, A2, A3,...,ANm),0,0,...} and find the
mean summed square error (MSSE for short) equal to

N(

n) 00
MSSE(#) = Y Bk —r:)*+ >
=1

i=N(n)+1
From (2.8), it follows that the error is not greater than
N(n) c 2
o|—— .
(F2)+ 3w
i=N(n)+1
Therefore if N(n) — oo as n — oo and N(n)/n — 0 as n — oo,

lim MSSE(&) = 0.

n—oo
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2.4 Bibliographic notes

Various identification algorithms have been studied by Narendra and Gallman [310], Haist, Chang and
Luus [207], Thatchachar and Ramaswamy [401], Kaminskas [249], Gallman [109], Billings [22], Billings
and Fakhouri [23,29], Shih and Kung [385], Kung and Shih [272], Liao and Sethares [283], Verhaegen
and Westwick [413], Giri, Chaoui, and Rochidi [121]. The analysis of such systems and, in particular,
Hammerstein ones, useful for identification can be found in Brillinger [36] and Bendat [18].

Sometimes results concerning Hammerstein systems are given, however not explicitly, in works devoted to
more complicated Hammerstein-Wiener or Wiener-Hammerstein structures, see, e.g., Gardiner [111], Billings
and Fakhouri [26, 28], Fakhouri, Billlings and Wormald [102], Hunter and Korenberg [240], Korenberg and
Hunter [254], Emara-Shabaik, Moustafa and Talaq [92], Boutayeb and Darouach [32], Vandersteen, Rolain
and Schoukens [408], Zhu [452].

The nonparametric approach offers a number of algorithms to recover the characteristic of the nonlinear
subsystem. The most popular kernel estimate can be used in the off-line version, see Chapter 3, semire-
cursive, Chapter 4, or fully recursive forms, Chapter 5. Orthogonal series algorithms, see Chapter 6, apply
trigonometric, Legendre, Laguerre, Hermite functions or wavelets. Both classes of estimates can be modified
to use ordered input observations, Chapter 7, which makes them insensitive to the roughness of the input
density.

The Hammerstein model has been used in various and diverse areas. Eskinat, Johnson and Luyben [97]
applied it to describe processes in distillation columns and heat exchangers. The hysteresis phenomenon
in ferrites was analyzed by Hsu and Ngo [237], pH processes by Patwardhan, Lakshminarayanan and Shah
[322], a biological system was studied by Hunter and Korenberg [240], Emerson, Korenberg and Citron [93]
described some neuronal processes .



Chapter 3

Kernel algorithms

The kernel algorithm is just the kernel estimate of a regression function, the most popular and very convenient
from the computational viewpoint. In Section 3.1, an intuitive motivation for the algorithm is presented and
in the next section its pointwise consistency is shown. Some results hold for any input signal density, i.e.,
are density-free, some, are even distribution-free, i.e., they hold for any distribution of the input signal. In
Section 3.3 the attention is focused on the applicable kernel function. The convergence rate is studied in
Section 3.4.

3.1 Motivation

It is obvious that

—h
at every continuity point u € R of both m(e) and f(e), since p(u) = Aym(u) + a,p. As the formula can be
rewritten in the following form:

tin [ o) 1 (M) do = ) ) (3.1)
where )
Ku)y=1{ 2 for |u| <1 (3.2)
0, otherwise,

is the rectangular, sometimes called window, kernel, see Fig. 3.1, one can expect that the convergence holds
also for other kernel functions. This expectation is justified by the fact that, for a suitably selected K (e),

1 U—v
—-K
()
gets close to the Dirac impulse 6((e)) located at the point u and that
[utwrwyx (57 )d
wv) (o) - v

converges to [ pu(v) f(v)d(u — v)dv = p(u)f(u) as h — 0.
Because u(u) = E{Y,|Uy = u} we get

[ s (S50

u—v

;L/E{YP|UO:U}K( - )f(v)dv

U (5}

11
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1/2

-1 1

Figure 3.1: Rectangular kernel (3.2).

which suggests the following estimate of p(u)f(u):

For similar reasons

is a good candidate for an estimate of

which converges to f(u) as h — 0. Thus

2 ’U,—Ui
Y, K
e ()
filu) =

i U—Ui
;K( = )

with h,, tending to zero, is a kernel estimate of u(u). The parameter h,, is called a bandwidth. Note that
the above formula is of the ratio form and we always treat the case 0/0 as 0.

In the light of this, crucial problems are the choice of the kernel K (e) and the number sequence {h,}.
From now on, we denote g(u) = p(u) f(u).

It is worth mentioning that there are wide range of kernel estimates [104,204,245] available for finding
a curve in data. The most prominent are: the classical Nadaraya-Watson estimator, defined in (3.3) ,
local linear and polynomial kernel estimates, convolution type kernel estimates, and various recursive kernel
methods. Some of these techniques will be thoroughly examined in this book.

(3.3)

3.2 Consistency

On the kernel function, the following restrictions are imposed:

sup  |K(u)| < oo, (3.4)
—oo<u<oo
/\K(u)|du < (3.5)
lu'T* K (u) — 0as|ul — oo (3.6)

where the parameter ¢ > 0 controls the tail decay of the kernel function. The sequence {h,} of positive
numbers is such that

hn, — 0 asn— oo, (3.7)

nh, — 00 asn — oo. (3.8)

Convergence results presented in Theorems 3.1 and 3.2 are density-free since the density f of the input
signal can be of any shape. The proof is given is Section 3.7.1.
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Theorem 3.1 Let U have a density f(e) and let Em*(U) < oo. Let the Borel measurable kernel K (e)
satisfy (3.4), (3.5) and (3.6) with e = 0. Let the sequence {h,} satisfy (3.7) and (3.8). Then

f(u) — p(u) as n — oo in probability (3.9)
at every u € R where both m(e) and f(e) are continuous and f(u) > 0.

Taking Remark A.2 into account and arguing as in the proof of Theorem 3.1 we easily obtain the result
given in the following remark.

Remark 3.1 Let U have a probability density f(e) such that sup, |f(u)| < co. Let sup,, |m(u)| < co. Let
the Borel measurable kernel satisfy (5.4) and (3.5). If, moreover, (3.7) and (3.8) hold, then convergence
(3.9) takes place at every u where both m(e) and f(e) are continuous and f(u) > 0.

The next theorem is the “almost everywhere” version of Theorem 3.1. The restriction imposed on the
kernel and number sequence are the same as in Theorem 3.1 with the only exception that (3.6) holds with
some € > 0 but not with € = 0.

Theorem 3.2 Let U have a probability density f(e) and let Em*(U) < co. Let the Borel measurable satisfy
(8.4), (3.5), and (3.6) with some € > 0. Let the sequence {hy} of positive numbers satisfy (8.7) and (3.8).
Then convergence (3.9) takes place at every Lebesgue point u € R of both m(e) and f(e) where f(u) > 0,
and, a fortiori, at almost every u where f(u) > 0, i.e., at almost every u belonging to support of f(e).

Proof. The proof is very much like that of Theorem 3.1. The difference is that we apply Lemma A.9 rather
than Lemma A.8. =

The algorithm converges also when the input signal has not a density, when the distribution of U is of
any shape. The proof of the theorem is in Section 3.7.1.

Theorem 3.3 Let Em?*(U) < co. Let H () be a nonnegative nonincreasing Borel function defined on [0, 00),
continuous and positive at t = 0 and such that

tH(t) — 0 ast — oo.

Let, for some c¢1 and ca,
crH(lu]) < K(u) < coH(|u)).

Let the sequence {h,} of positive numbers satisfy (3.7) and (3.8). Then convergence (3.9) takes place at
almost every (¢) u € R, where { is the probability measure of U.

Restrictions (3.7) and (3.8) are satisfied by a wide class of number sequences. If h,, = en™% with ¢ > 0,
they are satisfied for 0 < § < 1. The problem of kernel selection is discussed in Section 3.3.

3.3 Applicable kernels

In Theorems 3.1 and 3.2, U has a probability density denoted by f(e). The first theorem establishes
convergence at every u where m(e) and f(e) are continuous and, moreover, f(u) > 0. The other does it for
every Lebesgue point of both m(e) and f(e), i.e., for almost every (with respect to the Lebesgue measure) u
where f(u) > 0, i.e., at almost every (¢) point. In Theorem 3.3 the kernel satisfies restrictions (3.4), (3.5),
and (3.6) with e = 0. In Theorems 3.1 and 3.2 (3.6) holds with ¢ > 0.

If both m(e) and f(e) are bounded and continuous, we can apply kernels satisfying only (3.4) and (3.5),
see Remark 3.1. In Theorem 3.3, U has an arbitrary distribution, which means that it may not have a
density.

In the light of this to achieve convergence at Lebesgue points and, a fortiori, continuity points, we can
apply the following kernel functions:

e rectangular kernel (3.2),
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the triangle kernel

the parabolic kernel
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T\0.3

-10 10

Figure 3.2: Gauss-Weierstrass kernel (3.10).

-10 10

Figure 3.3: Fejér kernel (3.11).

K(u) = 1—Ju|, for|ul<1
W= 0, otherwise,

%(17112), for Ju| <1

the Gauss-Weierstrass kernel, see Fig. 3.2,

the Poisson kernel

the Fejér kernel, see Fig. 3.3,

the Lebesgue kernel

K= 0, otherwise,
K(u) = jﬂe*uz/?, (3.10)
(u) = % 1 Jr1u2’
K(u) = ?TLZ“ (3.11)
K(u) = %eflu‘.

All satisfy (3.4), (3.5), and (3.6) for some ¢ > 0. The kernel

1

o for |u| <e
Kw) =4 4 . (3.12)
————, otherwise,
4|u| In® |u|
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/\

o \J

Figure 3.4: Kernel (3.13).

2y
/v

Figure 3.5: Kernel (3.14).

satisfies (3.4), (3.5), and (3.6) with € = 0 only. In turn kernels

K(u) = 58 (3.13)

™ U

K(u) = \/zcos u?, (3.14)

see Fig. 3.5, satisfy (3.4), and (3.5), but not (3.6), even with ¢ = 0. For all presented kernels [ K(u)du = 1.
Observe that they can be continuous or not, can have compact or unbounded support.
Notice that Theorem 3.3 admits the following one:

see Fig. 3.4, and

1

-, for |u| <e
Ku)={ ° 1

—————, otherwise,

|uf In ful

for which [ K(u)du = co. Restrictions imposed by the theorem are illustrated in Fig. 3.6.

K(u)

Figure 3.6: A kernel satisfying restrictions of Theorem 3.3.
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3.4 Convergence rate

In this section both the characteristic m(e) and an input density f(e) are smooth functions and have ¢
derivatives. Proper selection of the kernel and number sequence increases the speed where the estimate
converges. We now find the convergence rate.

In our considerations the kernel satisfies the following additional restrictions:

/viK(u)dvzo, fori=1,2,...,q—1, (3.15)

and
/\uqﬂ/?K(v)uv < 0, (3.16)

see the analysis in Section A.2.2. For simplicity of notation, moreover, [ K (v)dv = 1. For a fixed u we get
“an oo (5

mwwwn=Eﬂm—fwwa/uw+vm>—ﬂmw«—mm.

)dv—/fu+vh) (—v)dv

which yields

Assuming that f(9)(e) is square integrable and applying (A.17) we find bias[f(u)] = O( %71/2). We next
recall (3.27) and write var[f(u)] = O(1/nh,,) which leads to

B(f(w) - £(0)* =00 +0 ().
Thus selecting 1/2 (3.17)
A 3.17

we finally obtain
E(f(u) = f(w))® = O(n~'+1/29),

Needless to say that if the gth derivative of g(u) is square integrable, for the same reasons, E(§(u) — g(u))
is of the same order. Hence applying Lemma C.9 we finally obtain the following convergence rate:

P{|f(u) = p(u)| > ep(u)} = O(n~+1/20)

2

for any € > 0, and
|i(u) — p(u)| = O(n~'/2t1/49) a5 n — oo in probability.

If £(@(u) is bounded, bias[f(u)] = O(h%), see (A.18), and, for

hy, ~ n~ Y/ CatDr,

E(f(u) = f(u))® = O(n~ 1T/ ErHD),
If, in addition, the gth derivative of g(u) i
) —

PAf(u

is bounded, F(§(u)—g(u))? is of the same order and, in consequence,
p(u)| > ep(u)} = O(n~HH/ZHD)

for any € > 0, and
|i(u) — p(u)| = O(n~1/2+1/44+2)) a5 — oo in probability

which means that the rate is slightly better.

It is not difficult to construct kernels satisfying (3.15) such that [ K (v)dv = 1. For example, starting from
Gauss-Weierstrass (3.10) denoted now as G(e) we observe that [ u'G(u)du = 0 for odd i, and 1x3x---x (i—1)
for even. Thus for

Ga(u) = G(u) = ——e ¥ /2
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0.6

-4 -2 2 4

Figure 3.7: Kernel Gy.

(3.15) satisfied for ¢ = 2. For the same reasons, for

(3 —u2)e /2, (3.18)

see Fig. 3.7, and

1 2
Go(u) = £ (15— 10u? 4+ uh)G(u) = (15 — 10u? + ut)e /2

1
8v2m
(3.15) hold for ¢ = 4 and g = 6, respectively.

In turn for rectangle kernel (3.2) denoted now as W(e), [u'W (u)du equals zero for odd and 1/(i + 1)
for even i. Thus for Wa(u) = W(u), (3.15) holds with ¢ = 2 while for

1 %(9 —15u?), for |u| <1
Wa(u) = ~(9 — 15u®)W (u) = (3.19)
4 0, otherwise,
with ¢ = 4. For ¢ = 6, we find
5
We(u) = @(45 — 210u? + 189u™ )W (u) (3.20)
_ 55 (45 — 210u? + 189u) , for |u| <1
0, otherwise.

Kernels Wy(u) and Wg(u) are shown in Figs. 3.8 and 3.9, respectively.

There is a formal way of generating kernel functions satisfying Conditions (3.15) and (3.16) for an
arbitrary value of q. This technique relies on the theory of orthogonal polynomials which is examined
in Chapter 6. In particular, if one wishes to obtain kernels defined on a compact interval then we can
utilize a class of Legendre orthogonal polynomials, see Section 6.3 for various properties of this class.
Hence, let {ps(u);0 < £ < oo} be a set of the orthonormal Legendre polynomials defined on [—1,1], i.e.,

f_ll pe(u)pj(u)du = &5, 5¢; being the Kronecker delta function and py(u) = /252 Py(u), where Py(u) is the

{-th order Legendre polynomial.

The following lemma describes the procedure for generation of a kernel function of order ¢ with a support
defined on [—1,1].

Lemma 3.1 A kernel function
K(u) = ij(O)pj (u), lu] <1 (3.21)

satisfies Condition (3.15).
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/N

Figure 3.8: Kernel Wjy.

Proof of Lemma 3.1 : For i < ¢ — 1 consider fil u' K (u)du. Since u® can be expanded into the Legendre

series, i.e., u* = Zz:o agpe(u), where a; = fil u'py(u)du then for K (u) defined in (3.21) we have

/ u'K(u)dv = Zzazpj(o)/ pe(u)p;(u)du
-1 =0 j=0 -1

z’: g1 ifi=0
Efoa‘fp‘“ 10 ifi=1,2,...,q—1

The proof of Lemma 3.1 has been completed. B

It is worth noting that P»(0) =0 for £ =1,3,5,... and Py(—u) = Py(u) for £ =0,2,4,.... Consequently
the kernel in (3.21) is symmetric and all terms in (3.21) with odd values of j are equal zero.

Since po(u) = \/g and po(u) = \/g (2u? — 1) then it is easy to verify that the kernel in (3.21) with ¢ = 4
is given by

9 15
K(u) = (8 - 8u2> , lu] < 1.

This confirms the form of the kernel Wy(v) given in (3.19).

The result of Lemma 3.1 can be extended to a larger class of orthogonal polynomials defined on the set
S, i.e., when we have the system of functions {pg(u);0 < ¢ < oo} defined on S which satisfies

[ petwps(wwtu)du = b,
S

where w(u) is the weight function being positive on S and such that w(0) = 1. Then formula (3.21) takes

the following modified form
q—1

K(u) =) p;(0)p;(w)w(u). (3.22)
§=0
In particular, if w(u) = e, —00 < u < oo and {pe(w)} is the orthonormal Hermite polynomials, see
Section 6.5, then for ¢ = 4 we can obtain the kernel in (3.18).

The rate depends on the smoothness of both m(e) and f(e), the bandwidth h,, and the kernel. It is
not surprising that the smoother curves, i.e., the more derivatives of m(e) and f(e) exist, the greater speed
can be achieved. If the number ¢ increases to infinity, the derived rate becomes close to n=1/2, i.e., the rate
typical for parametric inference.

As far as the bandwidth and kernel, the rate depends heavier on h,,. Deeper analysis left to the reader
shows that, for h, = e¢n~?%, the choice of ¢ is much more important than c.

3.5 Local error

In this section, we assume that both the nonlinearity m(e) and the noise Z are bounded, i.e., that

sup [m(u)| +[2] < C
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\ )

N\ o

Figure 3.9: Kernel Wyg.

1.5
0.5 — %
/ d T m(u)
0.5 - s Y =40
- P n=_80
e n=320
- ———— n=1280

-1.5 \ \ \ -

-3 -2 -1 0 1 2 3

Figure 3.10: Realizations of the estimate; a = 0.5, h,, = n~2/%, (example in Section 3.6).

for some C. Applying (C.2) we get

B(ji(u) — p(u))* < 2 E(f(u) = f(u))*.

5 B(3(u) — p(u)g(w))® + 2C*

1
f2(w)
Going through the proof of Theorem 3.1 we recall that E(fn(u) f(u))? converges to zero as n — oo.
Arguing as in the proof we verify that so does E (j,(u) — g(u))?. Finally

lim B(i(u) — p(u))* = 0.

For the kernel satisfying (3.4), (3.5), and (3.6) with e = 0, the convergence holds at every u where both m(e)
and f(e) are continuous and f(u) > 0. If ¢ > 0, it holds the error vanishes at almost every u.
Moreover, for m(e) and f(e) having ¢ bounded derivatives, the kernel satisfying (3.15), and h, as in
(3.17), we have
B(p(u) — pu(w))? = O(n~H+1/@r+D),

see Lemma C.10.

3.6 Simulation example

In the simulation example the system is as that in Section 2.2.2. The rectangular kernel is applied. To
show the contribution of the dynamics to the identification error we set Z, = 0. For a = 0.5 realizations of
the estimate are shown in Fig. 3.10. The MISE versus n, for a = 0.0, 0.25, 0.5, and a = 0.75, is shown in
Fig. 3.11. It is clear that the greater a is the greater error becomes. The influence of the variance of output
noise is shown in Fig. 3.12.

For a = 0.0, 0.25, 0.5, and a = 0.75, the MISE versus h(n) is presented in Figs. 3.13, 3.14, 3.15, and 3.16,
respectively. Results suggest that a too small h(n) should be avoided. For h, = n~% with ¢ in the interval
[—0.25,1.2], the MISE is shown in Figure 3.17.
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Figure 3.11: MISE versus n, various a; h,, = n~2/%, (example in Section 3.6).
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Figure 3.13: MISE versus h,,, various n; a = 0.0, (example in Section 3.6).
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Figure 3.14: MISE versus h,, various n; a = 0.25, (example in Section 3.6).

0 1 2 3 h, 4

Figure 3.15: MISE versus h,,, various n; a = 0.5, (example in Section 3.6).

0 T T T |
h, 4

Figure 3.16: MISE versus h,, various n; a = 0.75, (example in Section 3.6).

21
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Figure 3.17: MISE versus 0, h, = n~%, various n; a = 0.5, (example in Section 3.6).

3.7 Lemmas and proofs

3.7.1 Lemmas

In Lemma 3.2 U has a density, in Lemma 3.3 the distribution of U is arbitrary.

Lemma 3.2 Let U have a probability density. Let Em(U) = 0, var[m(U)] < co. Let the kernel K (o) satisfy
(3.4), (3.5). If (3.6) holds with e = 0, then, for i # 0,

1 u—U; 1 u— U,
cov |:Wp+lhK <h) ,WPEK ( 5 0>:| ‘ S (‘)\p)\p+i| + |)\p>\p—i‘ + |)\p+i)\p_i|)w(u),

sup
h>0

where w(u) is finite at every continuity point u of both m(e) and f(e). If e > 0, the property holds at almost
every u € R.

Proof. We prove the continuous version of the lemma. The ”almost everywhere” one can be verified in a
similar way.
Since W,,; = pJ_”_ Mpricaem(Uy) and Wy, = S°P_ X _,.m(U,), the covariance in the assertion equals
p+ g=—o0 "\PF+i—q q P r=—00 /\P ) q

p+i P

S 3 Apricadyrcov (@) (U35 ) m@oyx (S5

q=—00 r=—00

Applying Lemma C.2 we find it equal to

1 u—U 1 u—U
ApApti + ApAp—i) 3B {K ( ™ )} +E {mQ(U)K ( ; )}
1 u—U
+ A,,HA]H?W {m(U)K < ; )} :
Let u be a point where both m(e) and f(e) are continuous. It suffices to apply Lemma A.8 and A.9 to find

1 u—U 1 u—U 1 u—U
—EK , supE|m(U)—K , suEmZUK( )‘
e R e B KT

sup
h>0

all finite. m
In the next lemma U has an arbitrary distribution.
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Lemma 3.3 Let Em(U) = 0 and varjm(U)] < oo. If the kernel satisfies the restrictions of Theorem 8.8,

then
- U; - U
cov | Wi B (2 WK (L=
. h h
lim sup

h—0 E2K (U_U)

)] < (IApApril + ApAp—il + [Aptidp—i)0(u),

h
where some O(u) is finite at almost every (¢) u € R, where ( is the distribution of U.
Proof. The proof is similar to that of Lemma 3.2. Lemma A.10 rather than Lemmas A.8 and A.9 should
be employed. m
3.7.2 Proofs
Proof of Theorem 3.1
For the sake of the proof Em(U) = 0, see Remark 2.1. Observe that ji(u) = §(u)/f(u) with

" 1 - u — U,’
and
~ 1 - u— Ul
fu) = m;:l:K ( " ) . (3.24)

Fix u € R and suppose that both m(e) and f(e) are continuous at the point.
We shall now show that

g(u) — g(u) /K(v)dv — 0 as n — oo in probability, (3.25)

where, we recall, g(u) = p(u) f(u). Since

owo= ot (452)) - Lofuon ()}

applying Lemma A.8 we conclude that

Eg(u) — g(u)/K(v)dv as n — 0.
In turn, since Y,, = W, + Z,,,

var[g(u)] = Po(u) + @n(u) + Rn(u),

where
I 5 [u—=U
P,(u) = nhnazhnEK < . ),
- 1 1 u—Uo
Qn(u) = ma var |:WPK( hn >:| s
and

1 " u— Uj; u—U;
Rn(u) = W ZZCOV |:Wp+’LK (h) VWerjK( 5 J>:|

n =1 j=1 "

J#i

2 i X u — Uz u — Uo
= 2hz Zz:;(n—z) cov {WPHK (h) ,WpK( ™ )] .

n
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In view of Lemma A.8
nhy, Py (u) — U%f(u)/KQ(v)dv as n — oo.

o (7)) = (1) -
- E{¢(U)K2 (uhU>}—E2{;L(U)K “hU>}, (3.26)

where ¢(e) is as in (2.7), by the mentioned Lemma A.8,

Since

=

=
VR

gl
S
N———
—

nhpQn(u) /K2 dv asn — oo.

Passing to R, (u) we apply Lemma 3.2 to obtain

n

Z(n = )| ApAp+il + [ApAp—il + [Ap+idp—il)
i=1

G (1) (maxc [ |) me (>

Rl < 20()

IN

Finally
nhy, var[g(u)] — (0% + ¢(u))f(u)/K2(v)dv as n — oo.

In this way we have verified (3.25).

Using similar arguments we show that £ f u) [ K(v)dv as n — oo and
nh,, var[f (u)] — f(u)/KQ(v)dv as n — 0o, (3.27)
and then conclude that f u) [K(v)dv — 0 as n — oo in probability. The proof has been completed.

Proof of Theorem 3.3

In general the idea of the proof is similar to that of Theorem 3.1. Some modifications, however, are necessary.
Recalling Remark 2.1, with no loss of generality, we assume that Em(U) = 0 and begin with the
observation that fi(u) = &(u)/7(u), where

é(U):nEK( )z:: ( nUi>

and .
= nEK( - );K< >
Obviously . o
Eé(u):E{YlK< n )}:E{M(U)K( hn )}
u—U u—U
EK( . ) EK( - >

which, by Lemma A.10, converges to u(u) as n — oo for almost every (¢) u € R.
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Since Y;, = Wy, + Zy,, var[€(u)] = Ppn(u) + Qn(u) + Ry (1), where

Qn(u) = z s
-U
E2K
ek (450
and -
e () e (2]
Rn(u):22(n—i) L - L .
i=1 E2K< >
Tun
Since,
Palu) £ ot — " sup K(0),

S 0T N
nh U
" EK
S

applying Lemma A.11 we find P,(u) = O,(1/nhy) as n — oo for almost every (¢) u.
Lemmas A.10 and A.11, together with

elow ke (Y o B b (U0
-ty (<) e {ﬁzf{(“(f) )

entail @, (u) = O4(1/nh,) as n — oo for almost every (¢) u.
Application of Lemma 3.3 leads to the conclusion that, at almost every (¢) u € R,

n

1 .
[Rn(u)l < 20(w)— > (0= ) (IApApil + PpAp-il + [ Apsidp-il)
i=1

66(w) (max | A, )~ Zm— ()

Finally var[é(u)] = O(1/nhy) at almost every €) u.
In this way we have shown that E(£(u) — p(u))? — 0 as n — oo at almost every (¢) u. Since, for the
same reasons E(£(u) — 1)2 — 0 at almost every (¢) u, the theorem follows. m

IN

3.8 Bibliographic notes

The kernel regression estimate has been proposed independently by Nadaraya [308] and Watson [427] and was
the subject of studies performed by Rosenblatt [358], Collomb [64], Greblicki [133], Greblicki and Krzyzak
[167], Fan [103], Miiller and Song [305], and a lot of others. At first, the density of U was assumed to exist.
Since Stone [395], consistency for any distribution has been examined. Later, distribution-free properties
have been studied by Spiegelman and Sacks [393], Devroye and Wagner [83,84], Devroye [81], Hall [211],
Krzyzak and Pawlak [267,269], Greblicki, Krzyzak and Pawlak [169], Kozek and Pawlak [255], among others.

The regression estimate has been derived in a natural way from the kernel estimate (3.24) of a probability
density function introduced by Parzen [321], generalized to multivariate cases by Cacoullos [43] and examined
by a number of authors, see, e.g., Rosenblatt [357], Van Ryzin [409,410], Deheuvels [74], Wahba [419], Devroye
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and Wagner [82], Devroye and Gyorfi [77], Csérgo and Mielniczuk [67]. We refer the reader to Gyorfi, Kohler,
Krzyzak and Walk [204], Hardle [219], Prakasa Rao [340], or Silverman [387] and papers cited therein.

In all mentioned works, however, the estimate is of form (3.3) with p = 0, while independent observations
(Ui, Y;)’s come from a model Y,, = m(U,) + Z,. In the context of the Hammerstein system it means that
dynamics is just missing since the linear subsystem is reduced to a simple delay.

The estimate has been applied to recover the nonlinear characteristic in a Hammerstein system by Gre-
blicki and Pawlak [181]. In their [186] the input signal has an arbitrary distribution. Not a state equation
but a convolution to describe the dynamic subsystem has been applied in Greblicki and Pawlak [183]. The
estimate has been also studied by Krzyzak [260,261], as well as Krzyzak and Partyka [265]. For very specific
distributions of the input signal the estimate has been studied by Lang [277]. A polynomial approach has
been applied by him in [275,276].



Chapter 4

Semi-recursive kernel algorithms

This chapter is devoted to semirecursive kernel algorithms, modifications of these examined in Chap. 3. Their
numerators and denominators can be calculated on-line. We show consistency and examine convergence rate.

4.1 Introduction

We examine the following semirecursive kernel estimates:

| u—U;
—Y, K
ik ()

() = =1 (4.1)
k()
and
- A u—U;
ﬂn<u>=;YPHK( n ) 7 (4.2)

S ("5
i=1 ¢
modifications of (3.3). To demonstrate recursiveness we observe that fi, (1) = gy (w)/ fn(u), where

~ 1< 1 u—U;
(@) =3 D Voror (M)
=1 7 i

and
_ 11 u—"U;
f"(u)_n;mK( h, )
Therefore U
- ~ 1 /. 1 u—U,
gn(u) = gnfl(u) - ﬁ <gn1(u) - Yp+n EK ( hn ))
and

) = Faat) = (Foat = 5 (“522)).

For the other estimate, fi,(u) = g, (u)/ fn(u) with

1 - u — Uz
gn(0) = o > YpriK
g (U) Zi:1 hz ; P+ ( hZ )

27
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and

r 1 - (u - Ui )
Jolw) = g5 ; e
Both g, (u) and f,(u) can be calculated with the following recurrence formulas:

9 () = Guor(u) - zh_h (gn_lw SR (u Zf”))

Fa) = g 1) — o (Fur(w) — i (02
( (

In both estimates the starting points

and

and

are the same.
Thus, both estimates are semirecursive because their numerators and denominators can be calculated
recursively, but not they themselves.

4.2 Consistency and convergence rate
In Theorems 4.1 and 4.2 the input signal has a density, in Theorem 4.3 its distribution is arbitrary.

Theorem 4.1 Let U have a density f(e) and let Em?(U) < oo. Let the Borel measurable kernel K (o)
satisfy (3.4), (3.5), and (3.6) with e = 0. Let the sequence {h,} satisfy the following restrictions

hp — 0 as n — oo, (4.3)
1 1 w
EZEHOasnaoo. (4.4)
i=1
Then
fin(u) — p(u) as n — oo in probability. (4.5)

at every u € R where both m(e) and f(e) are continuous and f(u) > 0. If, (5.6) holds for some € > 0, then
the convergence takes place at every Lebesque point w € R of both m(e) and f(e), such that f(u) > 0; a
fortiori, at almost every u belonging to support of f(e).

Theorem 4.2 Let U have a density f(e) and let Em*(U) < oo. Let the Borel measurable kernel K(e)
satisfy (3.4), (3.5), and (3.6) with e = 0. Let the sequence {hy} satisfy (4.3) and

Then
fin(u) — p(u) as n — oo in probability. (4.7
at every u € R where both m(e) and f(e) are continuous and f(u) > 0. If, (5.6) holds for some € > 0, then

the convergence takes place at every Lebesgue point u € R of both m(e) and f(e), such that f(u) > 0; a
fortiori, at almost every u belonging to support of f(e).
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Estimate (4.2) is consistent not only for U having a density but also for any distribution. In the next
theorem the kernel is the same as in Theorem 3.3.

Theorem 4.3 Let Em?(U) < co. Let the kernel K(e) satisfy the restrictions of Theorem 3.5. Let the
sequence {hn} of positive numbers satisfy (4.3) and (4.6). Then convergence (4.7) takes place at almost
every (€) point uw € R, where { is the probability measure of U.

Estimate (4.1) converges if the number sequence satisfies (4.3) and (4.4) while (4.2) if (4.3) and (4.6)
hold. Thus, for h, = en™? with ¢ > 0, both converge if 0 < § < 1. Selecting § we decide on the speed
where the estimates converge. As in Section 3.4, in addition to the standard restrictions, the kernel satisfies
restrictions (3.15) and (3.16). Both f(e) and m(e) have ¢ derivatives. Moreover, f(9)(e) and g(?Du)(e) are
square integrable. To study convergence rate we write

>dv/fu+vh K(—v)dv.

o () =0 o (5
o

Beginning with (4.1) we have
—v)dv

|

| =
iM-=1

—

=

IS

+

e

>

and find
bias( i (u)] = Ef(u) — / K@ / (f(u+ o) — F(u) K (~v)do,

Applying (A.17) we obtain

bias[, 7112 (hg*1/2) -0 (:l ghgl/2> .

Recalling (4.11) we find

2
. 1 (& 1 -1
E(falw) = f@)* =0 | — (Z n “2> +0 (n > h.)
i=1 i=1 "
with the first term incurred by squared bias and the other by variance. Hence for
hp ~n~1/% (4.8)
i.e., the same as in (3.17) applied in the off-line estimate,
E(f(u) = f(u)* = O(n~'1/2),
Since the same rate holds for g, (u), i.e., B(g(u) — g(u))? = O(n~'*1/29), we finally obtain
P{|ji(w) — p(w)] > ep(u)} = O (n~1+1/20)

for any € > 0, and
|fi(u) — p(u)| = O(n='/2t1/49) a5 n — oo in probability.

Considering estimate (4.2) next, for obvious reasons, we write

n n 3q+1/2
bias[f, (u)] = anlh Zo(hg+l/2) -0 (%)
=17 = i

i=1
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20 40
160 320
— 1280 :

-0.25 0 0.25 0.5 0.75 1 1.25 1.5

Figure 4.1: Estimate (4.9); MISE versus 6, various n; h, =n~% , (Section 4.3).

and, due to (4.12),

which, for h,, selected as in (4.8), becomes
E(fa(u) = f(u))® = O(n~111/20).
Since E(gn(u) — g(u))? = O(n=1*1/24) we come to a conclusion that
P {|fin(u) = p(u)| > ep(u)} = O(n=11/20)

for any € > 0, and
\fin (1) — p(u)| = O(n~Y/2+1/49) as n — oo in probability

If the gth derivatives of both f(u) and g(u) are bounded, using (A.18) we obtain
P {|i(u) — p(u)] > ep(u)} = O(n~ 1+ (2a+1)

for any € > 0, and
|i(u) — p(u)| = O(n~/#/E+2) 45 1 — oo in probability,

i.e., somewhat faster convergence. The same rate holds also for fi,(u).

4.3 Simulation example

In the system as in Sect. 2.2.2, a = 0.5 and Z,, = 0. Since pu(u) = m(u) we just estimate m(u) and rewrite

them in the following forms:
2 1 U — Uz
—Y1 K

M (u) = g;;{ (“hiUi> ; (4.9)
and
(1) = ;jHI(( " ) (4.10)

()

i=1
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-0.25 0 0.25 0.5 0.75 1 1.25 1.5

Figure 4.2: Estimate (4.10); MISE versus §, various n; h,, = n~?, (Section 4.3).

For the rectangular kernel and h,, = n~'/5, the MISE for both estimates is shown in Figure 5.5 in
Section 5.4. For h,, = n~% with § varying in the interval [—0.25, 1.5], the error is shown in Figs. 4.1 and 4.2.

4.4 Proofs and lemmas

4.4.1 Lemmas
The system

Lemma 4.1 Let U have a probability density f(e). Let Em(U) = 0 and var[m(U)] < oco. Let n # 0. Let
kernel satisfy (3.4), (3.5). If (3.6) holds with € = 0, then,
sup

1 u—U; 1 u—Up
K () WK
oo (W (U5 e (57 )|

< (IApApri—il + ApAp—itj| + [Aprimj Ap—itjl)p(w),

where p(u) is finite at every continuity point u of both m(e) and f(e). If e > 0, the property holds at almost
every u € R.

Proof. As W,y; = Eé’fioo Apticgm(Uy) and Wy, = 3P X,_,m(U,), the covariance in the assertion
equals, see Lemma C.2,

p+i P

52 5 o (455 e (55)

“teri (i (450 e {oeom (7))
el () b o (455)
+ Aptic i Ap- zmll { (U)K< . >} E{m(U)K<u;U>}.

Let u be a point where both m(e) and f(e) are continuous. It suffices to apply Lemma A.8 to find

1 u—U
—EK
()

which is equal to

Q

>

+ ApAp— i+j

1
“h
L,
h

sup
h#£0

)
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)

1 u—U
supEmUK( )
h£0 ‘ ( )h h

1 u—U
su EmQUK( >'
h;ﬁ% ‘ ( )h h

all finite at every continuity point of both m(e) and f(e). The ”"almost everywhere” version of the lemma
can be verified in a similar way. =
In the next lemma U has an arbitrary distribution.

Lemma 4.2 Let Em(U) = 0 and var[m(U)] < oo. If the kernel satisfies the restrictions of Theorem 3.3,

then
u — Un u — UO
cov |:Wn+pK <h> ,WPK ( H ):|
sup

h>0,H>0 u—U u—U
’ EFK EFK

< (IpAptrimi| + [ApAp—itil + [ Aprizj Ap—itjl)n(u)

where n(u) is finite at almost every (¢) u € R, where ( is the distribution of U.

Proof. It suffices to apply arguments used in the proof of Lemma 3.3. m

Number sequences

Lemma 4.3 If (4.3) and (4.4) hold, then

Proof. From

it follows that

which converges to zero as n — co. m

Lemma 4.4 (Toeplitz) If Y . | a, — o0 and x, — = as n — oo, then

Proof. The proof is immediate. For any £ > 0, there exists N such that |z, | < & for n > N. Hence

D i Gnn e SN (@, — ) N > g1 On(Tn — )
Dlim1 On limy On 2lim1 On 7

where the first term is bounded in absolute value by ¢/ > | a,, for some ¢, and the other by . m
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4.4.2 Proofs
Proof of Theorem 4.1

We give the continuous version of the proof. To verify the ”almost everywhere” version, it suffices to apply
Lemma A.9 rather than A.8.
Suppose that both m(e) and f(e) are continuous at v € R. We start from the observation that

Ein(u) = %i hiE {E{Y Uo} K (” ;in())}

)}
E {u(U)K (“ ;U)} g0 [ Kw)dvasi -,

see Lemma A.8, we conclude that Eg,(u) — g(u) [ K(v)dv as n — oo, where, according to our notation,

g9(u) = p(w) f(u).

To examine variance we write var[g, (u)] = P, (u) + Qn(u) + Ry, (u) with

-U

n TLQth V&I‘|: (uhz ):|7
1 & 1 - U,

Qn(u) = ﬁ;var [thiK (u D O)} ,

I
S
?“)—A
&
—N
=
S
=
VR

£
Sl
g

Since

and

Ru(u) = — ZZCOV [ pﬂ (T) aWp+j%K (U;jUj):|

=1 j=1 J
J#i

1 U—Ul',j 1 ’LL—UO
2 Yoo (W (M50 ) o (M)

=1 j=1
J#i

u—U 1 u—U
2 2
Py ( 22/[ EK(hi>—hih2EK< " )}

K2

Since

using Lemma A.8 we find the quantity in square brackets converges to f(u) [ K*(v)dv as i — oo. Noticing
that Y ° , h,;! = oo and applying Toeplitz Lemma 4.4, we conclude that

1
nQEz lhi

For the same reasons observing

1225:;<1 { U)K2<u;iU>}_hth?EQK(u;iU>>’

where ¢(e) is as in (2.7), we obtain

P,(u) — O’%f(U)/K2(U)d'U as n — 00.

17“@71(“) - ¢(U)f(u)/K2(v)dv as n — oo.
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Moreover, by Lemma 4.1,

n n
1

| Bu(u)| < —5p(u) DY il + dpmitg | + Ppric i Apmins)

i=1j=1

1 - 1
< —p(u)(max|A\a) Y (Al =O (= ).
n n — n
Using Lemma 4.3 we conclude that R, (u) vanishes faster than both P,(u) and @, (u) and then obtain
— var[g, (u)] — (03 + ¢(u) f(u)) /KQ(v)dv as n — 0o. (4.11)
n2 ZZ 1 h
For similar reasons Ef,(u) — f(u) J K(v)dv as n — oo, and
————var[fn(u)] = f(u) /Kz(v)dv as n — oo
which completes the proof. m

Proof of Theorem 4.2

Suppose that both m(e) and f(e) are continuous at a point u € R. Evidently

B (w) = an . Zh; {E{Y|U0}K (“’;_UO)}

(2

Since (4.6) holds and

e {ur (D)} = o) [ Koo as - o

see Lemma A.8, an application of Toeplitz Lemma 4.4 gives
Eg,(u) — g(u)/K(v)dv as n — oo.

To examine variance, we write var[g,(u)] = Pp(u) + Qn(u) + Ry, (u), where

Palw) = o7 (271 QZW[( Uﬂ

= i [ (7))

and

R, (u)

_(Z:Ll 2;;cov [WpﬂK( hU> Wp+jK<U;LjUj>:|

J#i

1 n o n U . w— U
s S Wy (P50 ) (M)
S e e () e (5,

i
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Since

with

-U 1 u—U
_ 2 2
Pry(u) = ST h § h( EK( 3 )thEK< e >)

K2

converging, due to (4.6) and Toeplitz Lemma 4.4, to the same limit as
1 u—U -U
—EK? hn LK
o (M) g (M),

WegetP()Zh — 0% f(u) [ K?*(v)dv as n — oo.

For the bame reasons observing

Qn(u)
o (e forme (455 - (455))

hi — ¢(u)f(u) [ K*(v)dv as n — oo.

z lh’7l

M=

where ¢(e) is as in (2.7), we obtain Q,(u)
1

-
Il

Applying Lemma 4.1 we get

> T hi > hi (A Aprioil + ApAp—ini| + ApriziAp—itil)

j=1
1 n

< 3p(u) (max hy ) (max |)‘n|)2:n7h Z hic;
i ti=1

n

where o; = Z;’;Fp |Ai]. Since lim;_. o; = 0, applying Toeplitz Lemma 4.4 we get lim,, oo Ry (u) Y ;"1 hi =
0 which means that R, (u) vanishes faster than both P, (u) and @, (u). Finally

var|gn (u Z hi — (0% 4+ ¢(u) f(u)) /KQ(U)dU as n — oo. (4.12)

Since, for the same reasons, E f, (u u) [ K(v)dv asn — oo and var[f,(u)] Si, hi — f(u) [ K?(v)dv
as n — 00, the proof has been completed l

Proof of Theorem 4.3

Each convergence in the proof holds for almost every ({) u € R. In a preparatory step we show that

iEK (“;U> = 0. (4.13)

n

Since, by Lemma A.5,

converges to a nonzero limit or increases to infinity, as i — oo, in view of (4.6),

ZEK( ) Zh ( hnU) = 0. (4.14)




36 CHAPTER 4. SEMI-RECURSIVE KERNEL ALGORITHMS

Thus (4.13) holds.
In general, the construction of the proof is the same as those in the previous section. We thus begin with
the observation that fi,(u) = &, (u)/f,(u), where

i_zlypﬂK (u o )

T S5
and
n u—U;
i () = ZK( " )

n u— U
Xﬁm( T )
i=1
To examine the bias of &, (u) observe that
- u—U ” u—U
- ;E {MU)K( n )} ;ai(u)EK( - )
n\U) = n = n
u—U u—U
Z;EK< T ) ZEK( - >

N

with

ai(u) = K <u;U>

converging to p(u) as i — co. Since (4.13) holds, an application of Toeplitz Lemma 4.4 yields E&, (u) — ()
as n — oo.
Passing to variance we obtain

var[, (u)] = Pp(u) + Qn(u) + Ry (u)

with 0 B
Pa(u) = 0% E EKl(umU»? Y (457
Qn(u) = (i EKl(“;U)>2 iz:;m [WPK (u ;inoﬂ

and h |
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Rewriting
Zn:bz(u)EK (“ - U)
Pal) =% : u—U —a u—UZ
;EK< ") ;EK< hi )
with

bi(u) = - [K (uhUﬂ < e <uhU> <k,
EK (“;U) EK (“;U>

where k = sup, K (v), and applying (4.13), we find P, (u) converging to zero as n — co. For similar reasons
Qn(u) converges to zero, too.
Clearly

Rn(u)iEK <u ;ﬁ) _ 1 — ZZEzK <u;lU>

X

which is bounded by
1

=1

DS EK (M50 ) Mdprics + IaAg-stil + Ppti—idposasl)
i=1 j=1 ¢

1 u—U
< 3/€?7(U)(mgxhn)(m3><|>\nl)im(w;%—EK (“+2).

rn(u)

where v; = Z?ii_p [A;]. Since (4.14) holds and lim;_ v; = 0, using Toeplitz Lemma 4.4 we find R,,(u)
converging to zero as n — oo.
Finally

E(én(u) — p(u))? — 0 as n — oo.
This and the fact that (7, (u) — 1)? — 0 as n — oo complete the proof. m

4.5 Bibliographic notes

Recursive kernel estimates were applied to recover a probability density by Wolverton and Wagner [442,443],
Yamato [445], Davies [71], Rejté and Révész [352], Davies and Wegman [72], Wegman and Davies [430],
Hosni and Gado [235]. They have lead to semirecursive regression estimates, see Greblicki [133], Ahmad and
Lin [1], Devroye and Wagner [84], Krzyzak and Pawlak [266,267], Greblicki and Pawlak [185]. Greblicki and
Pawlak [187] applied them to recover the nonlinear characteristic in Hammerstein systems. A semirecursive
algorithm of the stochastic approximation type was examined by Greblicki in [159].
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Chapter 5

Recursive kernel algorithms

5.1 Introduction

In this chapter to recover p(u) we use the following two recursive estimates:

o) = i1 (0) = 77 K (“ ;HU”) [in—1 (1) — Y] (5.1)
with U
1 u—
fio(u) = th*OK ( ho O) 5
and U
fn) = o1 (0) = 206 (M52 ) a0 o] (52)
with

fio(u) = Y, K (“ ;OU0> .

Both are closely related to the kernel estimate and its semirecursive versions studied in Chaps. 3 and 4,
respectively. They are, however, fully recursive. In addition, contrary to them, they are not of a quotient
form.

5.2 Relation to stochastic approximation
We shall now present the relationship between the examined algorithms and the stochastic approximation

framework, see Section C.3 and, e.g., Wasan [426].
Rewriting (5.1) as below

fin) = na(0) = 3 a0 8 (U0 ) = Vo (M) (53)

we notice that the algorithm is founded on the obvious expectation that

|fin (1) — pn(u)] — 0 as n — oo, (5.4)
where
1 u—U,
el e (5}
fin(u) = — .
" 1 u—U,
—FK
hy, ( h, )

39
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is the solution of the following time-varying equation:

1 U—Un 1 U_Un _
it ie (U12) oy (452 20 o

The quantity under the sign of expectation on the left hand side is just the expression in square brackets in
(5.3) with fi,,—1(u) replaced by pp,(u). To examine p,(u) observe that

%E {E{Yp|Uo}K ("hnU> }
fin (1) = T (u_ U)

b, b,
1 u—U
— U)K
R ()
N 1 u—U ’
—FEK
e (50)
Therefore if the kernel is well chosen and h,, — 0 as n — oo,
1 uU—v
—K
()
gets close to the Dirac impulse located at u = v as n — oo, i.e., to d (u —v) [ K(v)dv, and we thus can

expect that
1 u—U
hE{m(U)K( W >}—>g(u)/K(v)dv as n — 0o,

n

where, as usual, g(u) = p(u) f(u), and

%EK (u};U) — f(u)/K(U)dv as n — oo.

It justifies our expectation that u,(u) — p(u) as n — co. Combining this with (5.4) we finally obtain

fin(u) — p(u) as n — oo,

i.e., the desired convergence of procedure (5.1).

In the light of this, we can say that (5.1), and, a fortiori (5.3), solves the nonstationary regression equation
(5.5). The estimate is just a stochastic approximation procedure. Observe, moreover, that the equation is
nonstationary despite the fact that the system is time invariant. It is caused by the fact that

1 u— Uy 1 u—Ug
-K -Y,K

are only asymptotically unbiased estimates of

f(u)/K(v)dv and g(u)/K(v)dv,

respectively.
The procedure has yet another specific feature which leads to analytical difficulties and requires special

attention. Its gain, i.e.,
u—U,
K ;
i (40

is random. In the classical stochastic approximation, the gain is deterministic.
Clearly all above remarks refer also to (5.2).
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5.3 Consistency and convergence rate

Depending on the estimate nonnegative number sequences {v,} and {h,} satisfy some of the following
restrictions:
hn — 0 as n — o0, (5.6)

Yn — 0 as n — oo, (5.7)

> =00, (5.8)
n=1

7—n—>0asn—>oo, (5.9)
and
o0
Z AVnhp = 00. (5.10)
n=1

As such sequences one can apply, e.g., b, ~ n~% and 7, ~ n~?7. Algorithm (5.1) converges if restrictions
(5.6)-5.9) are satisfied, i.e., if 0 < 6§ <+ < 1, while (5.2) does if (5.6), (5.7), and (5.10) hold, i.e., if 0 < 4,
O0<~vy,y+d0< 1

We shall now examine estimate (5.1). Its bias and variance are studied in Lemmas 5.5 and 5.7, respec-
tively. Owing to them, we are in a position to give

Theorem 5.1 Let U have a probability density f(e) and let Em?(U) < oo. Let the kernel K satisfy (3.4),
(3.5), and (3.6) with ¢ = 0. Let number sequences {h,} and {y,} satisfy (5.6)-(5.9). Then

Efin(u) — p())? — 0 as n — oo, (5.11)
at every u € R where both m(e) and f(e) are continuous and f(u) > 0.
Our next theorem deals with algorithm (5.2). Its proof is in Sect. 5.5.

Theorem 5.2 Let U have a probability density f(e) and let Em?(U) < oo. Let the kernel K (o) satisfy
(3.4), (3.5), and (3.6) with ¢ = 0. Let number sequences {h,} and {yn} satisfy (3.7), (5.7), and (5.10).
Then

E(fin(u) — pu(u))? — 0 as n — oo, (5.12)

at every point u € R where both m(e) and f(e) are continuous and f(u) > 0.

It is obvious that if € = 0 is replaced by € > 0, both algorithms converge at every Lebesgue point © € R
of both m(e) and f(e) at which f(u) > 0, and, a fortiori, at every uw € R where both m(e) and f(e) are
continuous and f(u) > 0.

Imposing some smoothness restrictions on m(e) and f(e) we give the convergence rate for both algorithms.
We assume that both m(e) and f(e) have g derivatives and that, in addition, f(9)(e) and the gth derivative
of f(u)m(u) are square integrable. Moreover,

)

hp~n=° and -, ~n"".

In addition to those in Theorem 5.1, the kernel satisfies the assumptions in Sect. 3.4. Denoting r,(u) =
K, (u) — f(u) [ K(v)dv and Ry, (u) = Lp(u) — p(u) f(u) [ K(v)dv, and then using (5.18) we get

bias|fin (u)] = (1 = B (u))bn—1 () + Yn[Bn(u) — p(u)rn ()],

where K, (u) and L, (u) are as in (5.19) and (5.20), respectively. Applying (A.17) we find r,,(u) = O(h%_l/Q) =
O(n=%+%/2) and, for the same reasons, R, (u) = O(n~%+%/2), Hence

| bias[jin (u)]| = [1 = en™ " Ky (u)| [biasfi—1 ()] + 0~ T~ 2H20(1).
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Assuming that f(u) > 0 we find K, (u) converging to a positive limit as n — oo and get, for n large enough,
bias[fin (u)]| < (1 — en™ VK, (w))| bias|fin_1(u)]| + n = n~%9+/20(1).

Application of Lemma 5.2 yields
bias|fi, (u)] = O(n~0%4+9/2),

Since, by Lemma (5.4), Y1, % [|A" || = O(n™7), from (5.25) it follows that
var(fi, (u)] < (1 = can(u)n™7) var[i,_1(u)] + n=2°0(1).

Applying Lemma 5.2 again we find
vt in (u)] = O(n° ™).

Combining results concerning bias and variance we get
E(jin (u) — p(u))® = O(n=24%) + O(n").

Setting vy =1 —¢, i.e.,

—1+4e
Tn ~ T

and selecting § = 1/2¢, i.e.,
Ry ~ n—1/24

we find
E(jin(u) — p(u))? = O(n~1+1/20%¢),

Therefore to obtain fast convergence a small € should be chosen. For the same -, and h,,, the rate holds
also for the other estimate, i.e.,

B(fin (u) — p(u))? = O(n~"+1/20%),

If the gth derivatives of f(u) and f(u)m(u) are bounded, we use (A.18) and obtain a better rate for bias,
see also Sects. 3.4 and 4.2. Hence owing to that we obtain

E(fin(u) — p(u))? = O(n =11/ @arFe)

and
Ejin(u) — p(w))? = O(n~ 11/ QatD+e),

It is interesting to compare this rate by comparison with semirecursive and off-line algorithms. The
comparison is made under the assumption that the appropriate gth derivatives are bounded, i.e., for the
case when the better rate holds. First observe that from the result concerning the mean squared error it
follows that both algorithms converge in probability as fast as O(n‘1/2+1/(4q+2)+5/2), where € > 0 can be
selected arbitrarily small, see Lemma C.9. The off-line algorithm (3.3) as well as semirecursive (4.1) and
(4.1) converge in probability at the rate O(n~1/2+1/(44+2)) ‘see Sects. 3.4 and 4.2, i.e., somewhat faster. The
n/? is just the price paid for full recursiveness.

We want, however, to recall and stress here that, contrary to fully recursive, semirecursive and off-line
algorithms are of a quotient form. Besides, in the semirecursive case only numerators and denominators are
calculated in a recursive way.

5.4 Simulation example

In the simulation example the system is the same as in Sect. 2.2.2 but Z,, = 0 and a = 0.5. In estimates
(5.1) and (5.2), the kernel is rectangular, p = 1, h,, = n=°, and y,, = n~"7. Clearly p(u) = m(u). For v = 0.8
and various §, the MISE is shown in Figs. 5.1 and 5.2. For § = 0.2 and various =, the error is in Figs. 5.3
and 5.4. The fact that (5.1) converges if v + 0 < 1 is well apparent. The MISE for both estimates as well
as for kernel ones studied earlier, i.e., for (3.3), (4.1), (4.2), is shown in Figure 5.5. All behave similarly,
nevertheless, some price is paid for semirecursiveness and full recursiveness.
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1

Figure 5.1: MISE versus ~ for estimate (5.1) with v, = n=°® and h,, = n=?, various n; (example in Sect.
5.4).

Figure 5.2: MISE versus v for estimate (5.2) with v, = n=%% and h,, = n=7, various n; (example in Sect.
5.4).

Figure 5.3: MISE versus ¢ for estimate (5.1) with h,, = n=%2 and 7,, = n=7, various n; (example in Sect.
5.4).
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Figure 5.4: MISE versus ¢ for estimate (5.2) with h, = n=%2 and 7,, = n~7, various n; (example in Sect.
5.4).
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Figure 5.5: MISE versus n for kernels estimates, a) — (3.3), b) — (4.1), ¢) — (4.2), d) — (5.1), e) — (5.2);
hy =025, 5, =n=%/5 for (5.1) and 7,, = n~/? for (5.2), (example in Section 5.4).
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5.5 Auxiliary results, lemmas and proof

5.5.1 Auxiliary results
Lemma 5.1 Let (5.7) and (5.8) hold. Let forn=1,2,...,

§n = (1 - ’YnAn)En—l + B

with & = Bo/Ao, where A, — A, A#0, B, — B, asn — co. Then,
B
&n — i as n — oo.
Proof. Denoting ¢, = v, An, n=1,2,---, we get
§n=(1—cn)én-1+cnDn
with D,, = B,,/A,,. Therefore &, = > d;(n)D;, where

el (1 —¢;), fori=0,1,...,n—1
di(n):{ =il =¢

Cn, for i = n.

with ¢g = 1. Denoting s,, = Z?:o di(n) we get s, = (1 — ¢,)S$p—1 + ¢,. Observing s; = 1 we obtain

Z di(n) = 1. (5.13)
=0

Now let
o, fori =0
5 S ian
Hj:l(]' - ¢j)
Using (5.13) we obtain Y ", p; [I7_,(1 — ¢;) = 1. Thus di(n) = pi/ 3°7_, p; which leads to
Z piD;
&, = =0 (5.15)

U
> P
=0

Observing ZZO:O Cn = ZZOZO YnAn, recalling that A, converges to a positive limit as n — oo and using
(5.8), we find >°>° ¢, = 0o. On the other hand, from (5.14) we conclude that, since ¢,, — 0 as n — oo, we
have ¢, < p, for n large enough. Finally > °  p, = co. Owing to that, (5.15) and Toeplitz Lemma 4.4, &,
and D,, have the same limit as n — oco. Now because D,, — B/A as n — oo we obtain &, — B/A asn — o
and complete the proof. m

The lemma given below can be found in Chung [60] or Fabian [101]. The final part of our proof is
somewhat simpler since we apply our Lemma 5.1.

Lemma 5.2 Let
A'ﬂ B'ﬂ
g’ﬂ = (1 - na> é‘nfl + na+ﬁ7 (5.16)

where 0 < a« < 1, 0 < 8, and where A, - A, A#0, B, — B, asn — co. Let C equal A for 0 < a < 1,
and A — B for a =1, respectively. If C > 0, then, for any &,

nﬁgnﬁaasnaoo.
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Proof. Observe that (1 +n"1)% =1+ 8,n~! with 3, — 3 as n — oco. Thus

g
<1+1> (1—’4")=1—A"+ﬁ”+‘4"6”=1—0”
n n

no no n1+a no

with C,, — C as n — co. Multiplying left and right hand sides of (5.16) by (n + 1)? and n®(1 +n=1)",
respectively, and denoting \,, = (n 4 1)%&,, we obtain

bn,
>\n = (1 - ’7n)>\n71 + ’Ynci

with b, = B,(1 +n"")? and ~,, = C,n~®. Since b, /C,, — B/C as n — oo, an application of Lemma 5.1
yields A,, — B/C as n — oo, and completes the proof. m

Lemma 5.3 Let lim,, oo v, =0 and let Y7, |Bn| < 0. Then

Jim Z YiBn—i = 0.
=1

Proof. Fix a positive e. Since 7, converges to zero, there exists N such that |v,| < & for n > N. Therefore
the examined quantity equals Zf\il YiBn—i+ > i 41 YiBn-1. The first term is bounded in absolute value by
(sup,, |8nl) Zfil |¥n—:| and converges to zero as n increases to infinity since 7,—; — 0 as n — oo. Observing

that the absolute value of the other term is not greater than ¢ Y-, ;| and noticing that & can be arbitrarily
small, we complete the proof. m

Lemma 5.4 Let 0 < g < 1. Then

n -1 n—1
1, 15 n® . 1 wi_ C
D A —d' <> i < —,
= n® & (n —1i)® n ne
i=1 =0 =0

where ¢ = >"7° i%". m

5.5.2 Lemmas

Lemma 5.5 (bias of (5.3)) Let U have a probability density and let Em*(U) < cc. Let the kernel K(e)
satisfy (8.4), (3.5), and (5.6) with e = 0. Let number sequences {hy} and {y,} satisfy (5.6)—(5.8). Then

Efip(u) — p(u) as n — o0
at every u € R where both m(e) and f(e) are continuous, and f(u) > 0.

Proof. As usual, for the sake of the proof, Em(U) = 0. Let u € R be a point where both m(u) and f(u)
are continuous, and f(u) > 0. We begin by rewriting (5.1) in the following form:

. ) u—U, R \ u—"U,
un(u):[l—Z"K( A )}un_l(u)JrZ”Ynﬂ,K( A ”) (5.17)

Since fin—1(u) and U,, are independent,

Eﬂn(u) = (1 - 'YnKn(u))Eﬂn—l(u) + 'YnLn(u)v (5~18)

K (u) = h—lnE {K (“};U)} (5.19)

with
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and

Lo(u) = iE {,u(U)K <“hnU) } . (5.20)

Now, applying (5.6) and Lemma A.8, we find that L, (u) and K,(u) converge to f(u)u(u) [ K(v)dv and
u) [ K(v)dv as n — oo, respectively. Using then (5.7), (5.8), and Lemma 5.1, we find Eun(u) converging
to the same limit as L, (u)/ K, (u) as n — oco. Since the limit equals p(u), we have completed the proof. m

Lemma 5.6 Let U have a probability density and let Em?(U) < oco. Let the kernel K (o) satisfy (3.4), (3.5),
and (3.6) with € = 0. Let number sequences {h,} and {v,} satisfy (5.6)-(5.9). Then

cov|fin(u), c AX,,_H Z% |A" zH
at every u € R where both m(e) and f(e) are continuous. If (3.6) holds with some ¢ > 0, the convergence
takes place at every Lebesque u € R point of both m(e) and f(e).

Proof. In the proof u € R is a point where both m(u) and f(u) are continuous and f(u) > 0. Since
( ) holds K, ( u) [ K(v)dv and L, (u) — f(u)p(uw) [ K(v)dv as n — oo, see Lemma A.8, where

u) [ K(v)dv > 0 We recall that K, (u) and L, (u) are defined in (5.19) and (5.20), respectively. Moreover,
since (5.7) is satisfied, for the sake of simplicity we assume that

e<l =y Kp(u) <1, (5.21)
for all n, for some € > 0. We define

n v <U—1/j>) -
|| 1-—=K|—— , fori=0,...n—1
ﬁz(u,n) = LT < hj hj

J=i+1
1, fori=n

with o = 1, and observe that, for i < j,

1 u—U “
com(U). s = 5y cov (@), ;- (2| TT @1 =pBitw)
J J =i+1
pp?fj
By (5.21) and the fact that the covariance in the expression converges as j — oo, we get

n

cov[m(U;), Bi(usn)] = ,0;(1) ] (1= %Kp(w). (5.22)

p=i+1

We now pass to the main part of the proof. Iterating (5.17) we get

1 ’U,—Ui
’LZ K3 K )
=Y i (U2 0)

=0

which leads to

cov [XnJrlv /Ln = CT Z’YZ oV [ mth /BZ(U7 n)Y;+1lK (u _‘Ui >:|
=5 (u) + Sa(u)

with

e Z’YiCTAn_i Ccov |:Xi+1,ﬁi(u;ﬂ)yvi+1};lK (U _ Ul>:|

=0
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and . .
Sa(u) = Z’w Z T A Ibcov |m(U;) ﬁi(wn)YHllK u—Us .
i=0 lj:i-}-l . 7 hi h;

We have used here the fact that X, 1 = A" X, 1 + Z;-L:H_l A”‘jbm(Uj).
As B;(u;n) is independent of both U; and X;1 we obtain

S1(u) = 3 e ATICy(w) BB, (us )
i=1

with

1 -U;
Ci(u) = cov |:CTX7;+1,}/Z‘+1]/L.K (u - )} )

Having Y;11 = ¢ X;11 + Ziy1 we find C;(u) = K;(u) cov[X, X] ¢ converging as i — oo. Therefore, since
|EG;i(n;u)| <1, we get

[1S1()l] = 0(1) 7|4~

Since, for i < j, Y;41 and U; are independent of both §;(u;n) and U; we have

n

Sa(u) = Z%Li(u) Z e A" b covm(U;), Bi(u;n)].
i=1

j=i+1

Using (5.22), we find the quantity equal to

O(I)Z f(iiz)) 7i K (u) H (1 —~,K,(u)) z;r A" by,
=1 p=itl j=it1
=0(1) Zl [I;Z((Zé 0;(n; u) -;1 cTAnfjb'yj.

where 6;(n;u) = v K;(u)EB;(u;n)}. Since Ly, (u)/Kp(u) — p(u) as n — oo, we obtain

n

So(u) = O(I)Z(Si(n;u) Z ;i HAn—jH = O(u) Z% HAn—zH

j=i+1
since, by (5.13), >_""_, §;(n;u) = 1. The proof has thus been completed. m

Lemma 5.7 (variance of (5.3)) Let U have a probability density and let Em(U) = 0 and Em*(U) < oo.
Let the kernel K(eo) satisfy (3.4), (3.5), and (3.6) with e = 0. Let number sequences {h,} and {y,} satisfy
(5.6)-(5.9). Then

var[fin(u)] = 0 as n — oo

at every u € R where both m(e) and f(e) are continuous, and f(u) > 0.

Proof. Fix u € R and assume that both m(u) and f(u) are continuous at the point w and that f(uw) > 0.
From (5.17) we get
varfin (u)] = Vi(u) + Va(u) + 2V (u),

Vi(u) = var [(1 - Z*ZK (u;nUn» ﬂnl(u)} 7

where
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Tn u— UTL ~ Yn u — Un
V3(u) = cov [(1 - EK < ™ >> fin—1(u), HY,LJFPK (hn):| .

For independent X,Y, we have var[XY] = EX?var[Y] + E?Y var[X]. Thus since U, is independent of
fin—1(u), we obtain

and

Vi(u) = (1 = yman(u)) var(fm—1 (u)] + lTQL(Mn(U) = hn K () B2 fin -1 (u),

hn
where ) o
_ 2 (YT
My (u) = ;- BK ( . )
and
an(u) = 2K, (1) — Z—"Mn(u). (5.23)

In view of Lemma A.8 and (5.9), we find M, (u) convergent as n — oo and get
an(u) — a(u) as n — oo (5.24)

with a(u) = 2f(u) [ K(v)dv > 0. Since, moreover, by Lemma 5.5, Efi,,—1(u) also converges as n — oo, we

finally obtain
2

Vi) = (1 = ynan () var[iin, 1 (u)] + Z*ZOU)-

In turn Va(u) = (v2/hy) P, (u) with

P (u) = hi var {YlK (” ;nU())]

n

converging as n — 0o, see Lemma A.8 again. Thus

V) = 200)

Passing to V3 we observe that Y, 1, = cT APX,, + cT AP~ om(U,) + &ng1 + Znyp with

n+p—1

§n+1 - Z CTAner_l_ibm(Ui).
i=n+1

Since Z,,4, is independent of both U,, and fi,,—1(u), we have Vs(u) = Va1 (u) + Vaa(u) + Vag(u) with

Vgl(u)
u— U, . 1 u—"U,
Z%COVK1—ZZK( i L))un_l(u),hnK <hn”> cTAan],

Vao(u) = c¢F AP~ by,
n U — Un ~ 1 U — Un
X Cov [(1 - Z—nK (hn)> fin—1(u), h—nK ( » > m(Un)] ,

Vaa(a = ocov [ (1= 2 (222 ) icat ok (2 ) ]

For any random variables X,Y,V,W such that pairs (X,Y) and (V,W) are independent, we have
cov [ XV, YW] = E{XY }cov[V,W] + cov [X,Y]| EVEW. Owing to this and the fact that EX = 0, we
obtain

and

Va1 (u) = v (Kn(u) - Z:Mn(u)> cov[jin_1(u), T APX,].
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Since both K, (u) and M, (u) converge as n — oo, recalling (5.9) and applying Lemma 5.6, we find
n 2
—1 Tn
Vs1(u) = ,0(1) Z% HA” ’H + h—O(l).
i—1 n

Using again the fact that fi,—1(u) and U,, are independent we get
Vaa(u) = —cT AP~ by, Efip—1 ()
Tn u — Un 1 u — Un
—K —K n
X CcovV |:hn < h > "h ( h )N(U )}

2
— chAp’le—”(Sn(u) — K (1) Ly (0)) Bty (1)

n

w20 e (*22)}

converging as n — 0o, see Lemma A.8. Hence

with

PN

Since &,41 is independent of both U,, and fi,—1(u), we obtain V33(u) = 0. Thus
Va(u) = O(D)yn Y i [| A" + 520(1).
i=1 n
In this way we have finally shown that
var[fin (u)] < (1 = ynan () var(in—1(u)] + yndn (u), (5.25)

where
dp(u) = O(1) (Zn + Z% HAn—1H> .
=1

We now apply (5.9) and Lemma 5.3 to find that d,(u) — 0 as n — oco. Thus in view of (5.7), (5.8), and
(5.24), an application of Lemma 5.1 completes the proof. m

5.5.3 Proof

Proof of Theorem 5.2

Since the proof is very similar to that of Theorem 5.1, we focus our attention on main points only. As far as
bias is concerned we have

E/]n(u) = (1 - ’YnhnKn(u))E/]n—l(u) + 'YnhnLn(u)

and easily verify that Efi,(u) — pu(u) as n — co. Examining variance we employ the ”almost everywhere”
version of Lemma A.8 and obtain

var(fin (u)] < (1 = YnhaAn () var|fin—1(u)] + v len Bn(u), (5.26)
where .
B, (u) =0(1) (’Yn + Z’Yihi HA”—1H>
=1

with some A, (u) — a(u) as n — oo, where a(u) is as in (5.23). Application of Lemma 5.1 completes the
proof. m
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5.6 Bibliographic notes

Estimate (5.1) has been studied by Gyorfi [202], Révész [351], Gyorfi and Walk [205]. All those authors
have, however, assumed that Y; and Y; are independent for ¢ # j. In other words, in their works A =0, i.e.,
the dynamic subsystem is a simple delay which means that the whole system is just memoryless. Dynamics
is present in Greblicki [158], where both (5.1) as well as (5.2) were examined.
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Chapter 6

Orthogonal series algorithms

6.1 Introduction

We begin with the presentation of the idea behind the class of orthogonal series algorithms. Suppose that
the values of the input signal are in a set D which can be an interval or a half real line [0, 00) or the whole
real line R.

Let g, ¢1, ... be a system of orthonormal functions in D, i.e., let

|1, fori=3j
/D%Di(“)@j(u)du_{ 0, otherwise.

Assuming that [, |f(u)|du < oo we expand f in the series, i.e., write

Fw) ~ Y Brepr(u) (6.1)
k=0
with
B = / Fw)pr(u)du = By (U).
D

The expression Sy (u) = Z;iv:o Brpr(u) is a partial sum of the expansion. Estimating coefficients 8x’s in a
natural way, i.e., defining its estimate as

R 1 n
Be=— Z o1 (Us)
i=1
we take
~ N(n) ~
Flw) =" Brow(u)
k=0
as an estimate of f(u) where N(n) is a sequence of integers increasing to infinity with n.

Denoting g(u) = p(u) f(u) and assuming that [}, [g(u)| < oo, i.e., that [}, |m(u)f(u)|du = E|lm(U)| < oo,
for similar reasons, we write

g(u) ~ Z agpr(u),
k=0
where
g = /D or(w)a(u) f (u)du = E{u(U)pr(U)} = E{Yppr(Uo)}.
Therefore we define

N(n)

g(u) = Y dnpn(u),
k=0

53
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where
1 Z
n Yp+i or(U,

as an estimate of g(u) = p(u) f(u).
In the light of this,

Z +z§0k
Z@k(U )
i=1

is an orthogonal series estimate of p(u). The function
N
v) = or(w)er(v)
k=0

is called a kernel function of the series while the number NV is the order of the kernel. Using the kernel we
can rewrite the estimate in the following form:

fi(u)

Z priln () (u, (Ui)

fi(u) =
ZKN(n)m, (Uy))
=1

close to the kernel estimate examined in Chap. 3.

Different orthogonal series should be applied for different D, for D = [—7,n] and D = [—1,1], the
Fourier and Legendre series are obvious choices. For D = [0,00) the Laguerre system can be applied, for
D = (—00,00) we can use the Hermite functions. We can also employ wavelets, e.g., for D = [—1/2,1/2], we

use Haar ones. Fundamental properties of these orthogonal systems are presented in consecutive sections of
Appendix B. Also useful lemmas are derived therein.

Basic results concerning the rate of pointwise convergence of estimates with various orthogonal systems are
given in Table 6.1. In the fourth column the mean square error (MSE for brevity) defined as E(f(u)— f(u))2,
where f is the estimate of the denominator in the appropriate estimate, is given. We recall that the rate
holds also for g(u), i.e., the estimate of the denominator g(u) = p(u) f(u). In the last row we give properties
of the kernel estimate. It follows from the table that the overall quality of all estimates is very much the
same.

Table 6.1: Convergence rate for numerators and denominators of various estimates.

estimate bias variance MSE @ and ¢(@
N
Fourier ~ O(N~9tz(n)) (n) square
n
Legendre O(N~—7*2 < 7(1 > integrable
41 % ) —14+ L
Laguerre O(N~3+i( O(n™""2a) or
NI
Hermite O(N~3ti(n ( 2(71) similar
n

kernel O(hs~ 2 O< L property

_1+%
nhn> O(n™~""za1) bounded
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6.2 Fourier series estimate

Here D = [—m,n] and |U| < w. To estimate the characteristic we apply the trigonometric orthonormal
system
1 2 ! 2
—= cosu, 51nu —= cos2u, blIl u,
see Section B.2. We assume that [ |f(u)|du < co and ["_|g(u)|du < co. Clearly

oo oo
g(u) ~agp + Z ay cos ku + Z by, sin ku,

k=1 k=1

where

and, for k=1,2,...,
1 (" L ["
o= [ stweosthupdu, b= [ gla)sin(hudu

For the same reasons

flu) ~— —l—Zakcosk;u—i—Zﬁksmku

k=1
where
1 [ 1 [
o = — f(u) cos(ku)du, pi = f/ g(u) sin(ku)du.
T J TS

Therefore the trigonometric series estimate of p(u) has the following form:

N(n) N(n)A
ag + decosku+ Zbksinku
() = k=1 k=1
a ) N(m)
—|— Zakcosku—i— Zﬁksmku
k=1
with
1 n
=90 Z ptis Gk = g Zypﬂ cos kUj,
i=1
b ! iy sin kU,
= ¢ S 75
k n & p+
and

1 o . 1 o
= — E kU;, = — E in kU;.
n 2 cos B —a sin

Applying the complex version of the Fourier system, see Section B.2, we get

Z cre® and f(u Z djettv

k=—o00 k=—o00

where
1 ™ . 1 4 .
Cr = oo e *g(v)dv and dj, = %/ e kY f(v)dv
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and rewrite the estimate as

where
n n

1 , N 1 .
A —ikU; —ikU;
Cp, = —— Y, et Janddk:—g e i
2mn 4 Pty 2mn 4
j=1 j=1

Using the Dirichlet kernel, see Section B.2,

sin (n—|— %)u
—

27 sin 5U

Dn(u) =

we can also write

ZYP-HDN(n)(Ui —u)

i=1

ZDN(n)(Ui —u)
i=1

filu) =

Theorem 6.1 Let Em?(U) < co. Let [*_|f(u)|du < co. If

N(n) — 0o asn — o0 (6.2)
and
7N(n) — 0 asn — o0, (6.3)
n
then

f(u) — p(u) as n — oo in probability
at every u € (—m, ) where both m(e) and f(e) are differentiable and f(u) > 0.

The proof of the theorem, in which Corollary B.2 has been applied, is given in Section 6.9. Using Corollary
B.2 rather than B.1, we easily verify the next result in which f(e) is a Lipschitz function. Its proof, like all
of the other theorems, is also in Section 6.9.

Theorem 6.2 Under the restrictions of Theorem 6.1,
fa(u) — p(u) as n— oo in probability

at every u € (—m,w) where both f(e) and m(e) satisfy a Lipschitz condition, and f(u) > 0.

In turn, making use of Carleson and Hunt result, see Theorem B.2, we get a result on convergence at
almost every point

Theorem 6.3 Let Em*(U) < co. Let, moreover, ["_|f(u)|*du < oo and ["_|g(u)|*du < oo with some
s> 1. If (6.2) and (6.3) hold, then

fa(u) — p(u) as n — oo in probability

at almost every u € (—m,m) where f(u) > 0.
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To establish the speed where the estimate converges we apply (B.14). Assuming that m(i)(ﬂ:ﬂ') =
fO(£m) =0, for i =0,1,...,(¢— 1), and that [7_(f(9(v))?dv < oo and [” (g9 (v))?dv < oo, we find

bias[g(u)] = E§(u) — g(u) = O(N~9*/%(n)).
Recalling (6.9) we thus write

E(§(u) — g(u))* = bias®[j(u)] + var[j(u)]
= O(N~2+(n)) + O (N(”))

n

and selecting
N(n) ~ nt/?, (6.4)

obtain E(§(u)—g(u))? = O(n~1+1/24). Since the same rate holds for f(u), applying Lemma C.7, we conclude
that
|i(u) — p(u)| = O(n~Y/2+1/49) in probability

and
P{|ja(u) — p(u)| > ep(u)} = O(n~'+1/29)

for every € > 0.

6.3 Legendre series estimate

In this section |U] < 1 and D = [—1,1]. Legendre orthogonal polynomials Py(u), Py (u), . .. satisfy Rodrigues’
formula

1dt &
see Section B.3. The system po(u), p1(u),. .., where
2k +1
pr(u) = 5 Di(u),

is orthonormal. Making use of the system we obtain the following estimate:

N(n)

Z arpr(w)
. k=0
Bl = =0

Z brepi (1)
k=0

where
- Z Yp4ip(U;) and by, = Zpk

are estimates of

1
%:/;Mﬁ@mwwzﬂﬁmﬁm

-1

and
m=1jMWMM=MmWR

respectively.
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The estimate can be rewritten in the so called kernel form:

ZYkaN(n)(U, Ui)
~ i=1
M(u) = n ’

i=1

where

bal,) = 3 pelupp(v) = 2t PP = P (0)
k=0

v —u
is the kernel of the Legendre system.

Theorem 6.4 Let Em?(U) < oo. Let f_ll If(w)](1 = u?)Y4du < 0o and f_ll |f (w)m(u)|(1 — u?)*du < oco.
If (6.2) and (6.3) hold, then
fa(u) — p(u) as n — oo in probability

at every u € (—1,1) where both m(e) and f(e) are differentiable and f(u) > 0.

The next two theorems are obvious if we refer to Corollaries B.4 and B.5. Applying Corollary B.2 rather
than Corollary B.1, we easily verify the next result.

Theorem 6.5 Under the restrictions of Theorem 6.4,
i(u) — p(u) as n — oo in probability
at every u € (—1,1) where both f(e) and m(e) satisfy a Lipschitz condition, and f(u) > 0.

Theorem 6.6 Let f_ll |f(w)]Pdu < oo with any s > 1. Under the restrictions of Theorem 6.4,
i(u) — p(u) as n — oo in probability
at almost every u € (—1,1) where f(u) > 0.

Assuming that both f(e) and m(e) have ¢ derivatives, f_ll(f(Q)(v))de < 00, f_ll(g(‘n (v))%dv < oo and
fOF1) =0 =g (£1) =0,4 = 0,1,...,¢g — 1, we observe that bias[j(u)] = O(N~9+1/2) see (B.26).
Applying (6.10) we thus find E(g(u) — g(u))* = O(N=29%) + N(n)/n. Therefore, for N(n) as in (6.4),
E(j(u) — g(u))? and, for similar reasons, E(f(u)— f(u))? are of order O(n~1+1/24). Finally applying Lemma
C.7 we conclude that

|fi(u) — p(u)| = O(n~Y/2+1/49) in probability,

and
P{li(u) — p(w)] > ep(u)} = O(n~11/29)

for every € > 0. The convergence rate is the same as that obtained for the Fourier series estimate.

6.4 Laguerre series estimate

Now U > 0 and D = [0,00). We apply Laguerre orthonormal functions ly(u), {1 (u),. .., where
Ii(u) = e /2 Ly (u)

with Laguerre polynomials Lo(u), L1 (u), ... defined by Rodrigues’ formula

u 1 dk k_—u
Li(u)=e EW(U e,
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see Section B.4, to obtain the following estimate:

N(n)

Z dklk(u)
k=0

au) = 305
k=0

3

where
_ 1 &
ap, = — Z il ( iandbk—gglk(lj)

The kernel representation has the followmg form:

n

> Yoyikinm (u, Us)
— i=1
/j‘(u) = n )

=1

where

Zlk (n+ l)l n (W1 (V) = lng1 (w)ln(v)

v—u
is the kernel of the Laguerre System.
Theorem 6.7 Let Em?(U) < co. If (6.2) holds and

N(n)

— 0 asn — oo, (6.5)
n

then
i(u) — p(u) as n — oo in probability
at every u € (0,00) where both m(e) and f(e) are differentiable and f(u) > 0.
Theorem 6.8 Under the restrictions of Theorem 6.7,
i(u) — p(u) as n — oo in probability
)

at every u € (0,00) where both m(e) and f(e) satisfy a Lipschitz condition and f(u) > 0.

Theorem 6.9 Let f w)|*du < 0o with any s > 1. Under the restrictions of Theorem 6.7,
i(u) — p(u) as n — oo in probability
(u) > 0.

at almost every u € (0,00) where f

Suppose that some integral g(?) (e) is involved in is finite, see Sect. B.4, and further that lim, . g(u)e="/2% =
0 and lim, ou’g™ (u) = O,for i = 0,1,2,...,q — 1. Then, see (B.33a), bias[g(u)] = O(N~%/2+1/4) This
combined with (6.11) yields E(g(u) — g(u))?> = O(N~9t1/2) + O(N'/?(n)/n). Thus, for

N ~nl/a (6.6)
we get E(g(u) — g(u))? = O(n='+1/29). For similar reasons, the rate holds for f(u) which leads to
|fi(u) — p(u)| = O(n~Y/2+1/49) in probability,

and
P{la(u) — p(w)] > ep(u)} = O(n~11/29)

for every € > 0, i.e., the same rate as that derived for the Fourier and Legendre series estimates.
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6.5 Hermite series estimate

For any U, we can use the Hermite orthonormal system hq(u), hq(u),... where

1
hae(u) = ——— Hyp(w)e /2

rluje
NN () ’
with the Hermite polynomials satisfying Rodrigues’ formula

E 2 dk 2
Hk(u) = (—1) et meiu s

see Section B.5. The system is orthonormal over the whole real line (—oo, 00).
The estimate is of the following form:

Z dk hk (u)

fi(u) = 7;3?2) ;
> bihi(u)
k=0

where
1 « Ll
ar = — ZYpJﬂhk(Ui) and by = — ;hk(Ui).
Using the kernel function

i (U) hing1 (V) = A1 (u) ha(v)

v—u

b (u,0) = Y hy(u)hp(v) = (n+1)

we write

> Yoyikin ) (u, Us)
plu) = =5
> kN (u, Us)
i=1

Theorem 6.10 Let Em?(U) < oo. If (6.2) and (6.5) hold, then
fi(u) — p(u) as n — oo in probability
at every u € (—oo,00) where both m(e) and f(e) are differentiable and f(u) > 0.

If, fori = 0,1,...,¢—1, lim}, o g(’l)(u)e_“z/Q"”S = 0, with some ¢ > 0, and some integral ¢(?) is involved
in is finite, bias[j(u)] = O(n~9/2t1/%) see (B.46). As var[§(u)] = O(NY/2(n)/n), for N(n) selected as in
(6.6), BE(§(u) — g(u))? = O(n~'*1/249). For similar reasons, under appropriate restrictions imposed on f(s),

E(f(u) — f(u))? = O(n~'*1/29), Therefore
|(u) — p(u)| = O(n~1/2+1/49) in probability

and
P{li(u) — p(u)] > ep(u)} = O(n~"1/29)

for every € > 0. The rate is the same as that derived for the Fourier, Legendre, and Hermite series estimates.
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6.6 Wavelet estimate

In this section, we apply Haar wavelets, see Sect.B.6. Now —1/2 < U < 1/2 and D = [-1/2,1/2]. For each
m, wavelets
¢7n,0a d)m,la ¢m2a ceey ¢m,2m—1

are defined as
(bmn(x) = 2m/2¢ (me - ’I’L) )

where ¢ () = I4,,, () and, where

1 n 1 n—+1
Amn = {_2+2m’_2+ o ) :

We define the following wavelet expansions:

277:.71

k=0
with ap = [ 1, () b (u)du = B{Y,6nx(Uo)} and

2'm.—1

k=0

with by, = fi{% ()i (u)du = E¢pp(U) of g(e) and f(e), respectively. Therefore the estimate of p(u)

has the following form:
oM(n) _q

E AN (n), kP M (n) 1 (1)
y k=0
fi(u) =

oM (n) _q

Z DAz () kD0 () e (W)

k=0

with

y 1 ¢
aM(n) k= Z}/;z+i¢M(n),k(Ui)
i—1

and

y 1 <
Oar(myn = - Z O (n),k (Us)-

i=1
Theorem 6.11 Let fol Im(u)|du < co. If
M(n) — oo, as n — oo,

— 0 as n — oo,
n

then
i(u) — p(u) as n — oo in probability

at every u € (—1,1) where both f(e) and m(e) are continuous and f(u) > 0.

Assuming that both m(e) and f(e) satisfy a Lipschitz inequality, i.e., that |m(u) — m(v)| < ¢1]u — v|
and |f(u) — f(v)] < c2lu — | for all u,v € [0,1], where ¢; and ¢z are some constants, we notice that
bias[f(u)] = O(1/2M ™), see (B.47). As var[f(u)] = O(2M(™) /n), we thus get

B0 - 10" = 0 (e ) +0 (5 ).
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Thus, selecting 2M (") ~ nl/3 eg.,
1+¢,
M =
(n) 3log?2
where lim,, .o £, = 0, and we obtain E(f(u) — f(u))? = O(n~2/3). Since E(§(u) — g(u))? diminishes at the
same speed,

logn,

|ii(u) — p(u)| = O(n~'/3) in probability
and

P{Jji(u) = p(u)| > ep(w)} = O(n=??)
for every € > 0. The rate is the same as that of the kernel estimate obtained for both m(e) and f(e) with
bounded derivatives, i.e., under very similar restrictions, see Table 6.1.

6.7 Local and global errors

In previous sections we examined local properties of estimates employing Fourier, Legendre, Laguerre and
Hermite series estimates. Their properties are very much alike. Roughly speaking, for f(e) and m(e) having
q derivatives,
| pim (1) — p(w)] = O(n~1/2+1/49) in probability,
and
P{|pn(u) = p(u)| > ep(u)} = O(n~+1/29)

for every € > 0, where p,, (u) is any of those four estimates. The rate holds, however, if f(e) and m(e) behaves
appropriately not only in a neighborhood of the point w but also in the whole set D, and, in particular, at
its ends, where D is understood as in Section 6.1.

Assuming that both m(e) and Z are bounded we apply Lemma C.10 and, for the Fourier estimate, obtain

B(ji(u) — p(u))?

1 A 2 2
< QWE(Q(U) —g(u))* +2C

Apart from the conclusion that

1 ~
E(f(u) — f(u))% 6.7
Foay P = () (6.7)
lim BE(f(u) — p(u))* =0
at points specified in Theorems 6.1, 6.2, 6.3, we observe that
E(ji(u) = p(w))* = O(n~1F1/24),

provided that N(n) satisfies (6.4) and both f and m have ¢ derivatives and satisfy some additional restrictions
mentioned in Sect. 6.2. The rate holds also for the other estimates if N(n) is selected in the way suggested
in consecutive sections.

6.8 Simulation example

In the simulation example, as usual, the system is the same as that in Sect. 2.2.2 with @ = 0.5. Since we
estimate not on the interval [—m, 7] we apply the system
1 1 U 1 .« 1 27 1 . 27
%, % cos g, ﬁ sin 24, ﬁ cos —=-u, ﬁ sin =~ ;...
orthonormal over the interval [—3, 3]. This adaptation and the fact that p = 1 lead to the following estimate:

s

n
> YDy ( (Ui — u))
i=1 3
n 7r
> D) (E(Ui - U))
i=1
Results are shown in Figure 6.1, 6.2, and 6.3. The MISE versus N, i.e., for N(n) fixed and equal to N, are

shown in Figure 6.1. It is clear that large N is not recommended. For N(n) = n'/4, the MISE varying with
n is presented in Figure 6.2. Examples of the estimate are in Fig. 6.3.

m(u) =




6.8. SIMULATION EXAMPLE

Figure 6.1: The MISE versus N; (example in Sect. 6.8).

w

= N}
o b by by

o

\ \ \ \ ‘ \ ‘ \ ‘
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Figure 6.2: The MISE versus n, N(n) = n'/*; (example in Section 6.8).

— 1280
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Figure 6.3: Realizations of the estimate; (example in Section 6.8).
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6.9 Lemmas and proofs

6.9.1 Lemmas

Lemma 6.1 Let Em(U) =0 and var[m(U)] < oo and let i # 0. If [7_|f(v)|dv < oo, then
Slﬁ;p |cov Wy Dn (U — u), WDy (Up — u)]|
< UApAptil + [ApAp—il + [Apridp—il)p(u),

where p(u) is finite at every u € (—m, ) where both m(e) and f(e) are differentiable, or satisfy a Lipschitz
condition. If ["_|f(v)[Pdv < oo with p > 0, then the inequality holds at almost every u € (—m, ).

Proof. The proof is similar to that of Lemma 3.2. Bearing in mind that W,,; = St Apti—gm(Ug) and

g=—00
W, =3"___ Xp—rm(U,), we find the covariance in the assertion equal to

p+i 14

> D Moricgdprcov [m(Uy) Dy (Ui — u), m(U,) Dy (Up — )]

g=—00r=—00
= (ApApti T ApAp—i) E{DN(U —u)} E {mQ(U)DN(U - U)}
+ Ap+idp—i Dy (U — ),

see Lemma C.2. An application of Corollaries B.1 and B.2 as well as Theorem B.2 completes the proof. m

In a similar way, for the Legendre, Laguerre and Hermite series, we can show that, under appropriate
restrictions,

s%p |cov [(Wyrikn (u, Us), Wpkn (u, Up)]|
< (ApAptil + ApAp—il + [Apidp—i )1 (u), (6.8)

where ky (e, ) is the kernel of the series, and where 1(u) is finite at specific points, i.e., at every u where
both m(e) and f(e) are differentiable, or satisfy a Lipschitz condition or at almost every wu.

6.9.2 Proofs
Proof of Theorem 6.1

Fix u € (—m,m) and suppose that both m(e) and f(e) are differentiable at the point u. Denoting g(u) =
() f (u) and

. 1 n
g(u) = - Z Yp+i DNy (Ui — ),
i=1
we get

Eg(u) = E{Y, Dy (Uo — u)} = E{E{Y,|Uo} D) (Uo — u)}

= E{u(U)DNnwm)(U —=uw)} = [ Dn(m)(v—u)u(v)f(v)dv

—T
s

= [ Dy —wg(v)dv.

—T

Thus, by Corollary B.1 and (6.2),

lim /_Tr Dyny(v —u)g(v)dv = g(u).

In turn
var[g(u)] = Py (u) + Qn(u)
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with
1
Py (u) = —var [YpDn(ny(Uo —u)]
and, since disturbance Z,, is independent of the input signal,
1 n
7 Z V [Ypri D (n) (Ui = w), Ypi j D) (U — u)]

=1,

Qn =

1
n2

M~ 1 M:

(n — Z) cov [YeriDN(n)(Ui - u), YpDN(n)(UO - u)]

3

+
Sw‘,_.
M- L

7

(n — i) cov [YpriDnny (Ui = ), Yo D (ny(Up — )] -
1=p+1

As 7D} (u) = (n+1/2)Fany1(u), where F, is the Fejer kernel, and E{Y}|Uy = u} = 0% + ¢(u), see (2.7)
and (B.7), we have

nP, (u)
= B {¥2D}(Uo —w) } = B2 {¥, D (Uo — u)}
= NOIT L {03 4 00 Far s (U — )} = B2 {(U) Doy (U = )}

By Corollary B.1 and Lebesgue’s Theorem B.3,
E{(o7 +6(U) —u)} = Oz + ¢(v)) f(v)Fn (v — u)dv

and
U

E{u(U)Dy(U ~ )} = [ u)f(0) Dy (v~ u)de
converge respectively to (0% + ¢(u)) f(u) and p(u)f(u) as N — oo . Hence

%n)Pn(u) S (0% + G(w) f(u) as n — oo.

To examine @, (u) we apply Corollary B.1 once again and find that EDy (U — u), E{m(U)Dn (U —u)},
and E{m?(U)Dy (U — u)} all are bounded as N — oco. From this and Lemma 6.1, it follows that

1 n .
[Rn(u)] < 2p(u)— > (0= D) ([ApApsal + Ao Ap—il + Ppridp-il)
=1

< 6p(u) (max A, ) - Zm— ()

Thus
Ny Varlg(u)] = (0% + () f(u) (6.9)

and finally
E(g(u) — g(u))* = 0, as n — oo.

Since, for similar reasons, E(f(u) — f(u))? — 0, the theorem follows. m
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Proof of Theorem 6.4

The proof is similar to that of Theorem 6.1. Fix u € (—1,1) and suppose that both mrespectively and
frespectively are differentiable at the point u. Denoting g(u) = p(u)f(u) and

_ I
g(u) = - Z Yy rikn ) (u, Us),

i=1

we get

Eg(u) = E{Ypknm)(u,Uy)} = E{u(U)kynm)(u,U)}

1 1
_ / By (11,0 (0) f () o = / ooy (1, 0) g (0) o

~1 ~1
which, by Corollary B.3, converges to g(v) = pu(u)f(u).
In turn
var[g(u)] = Pn(u) + Qn(u)
with )
P,(u) = . var [Yokn () (u, Uo)]

and, since disturbance Z,, is independent of the input signal,

1 n n
Qn(u) = —5 DY cov [Yorikngm (w,Us), Yor ik (u, Uj)]
i=1 j=1,j#i

1 P
72 n — Z cov Yp_,_lkN(n)(u U) kN(n)(’LL, Uo)}

i=1

1 n
— Z n — 1) cov [Ypiikn(n) (u, Us), Yok (u, Uo)] -

3

Clearly
nPa(w) = B { Y2y (0, Uo) } = B2 (Y oy (1, Uo) }

= B {(0% + $(U)K (1, U) } = B2 {u(U) by (0, U)}

By Corollary B.3 and Lemma B.3,
1

E{n(U)kn(u.U)} = [ k(u,0)g(o)o

-1

converges and
F L0} + oW D)} = 5 [ (03 + 00 )k (0o

converges to 7~ (1 — u?)Y/2(c% + ¢(u)) f(u) as N — oo. Thus

n 1 9

an(u) — ﬁ(gz + ¢(u))f(u) as n — oo.

Proceeding as in the proof of Theorem 6.1 and using (6.8), we find

Q=0 (%)

n . - 1
n—oo WV&I‘[Q(U)] - ﬂ_m

and conclude that
(0% + o(u)) f(u). (6.10)
Hence
E(§(u) — g(u)? — 0 as n — oo.
Since also E(f(u) — f(u))? — 0 as n — oo, the proof is completed. m
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Proof of Theorem 6.7

The proof is similar to that of Theorems 6.1 and 6.4. We only focus our attention on differences.

=B {0} + o)k (0. 0) N/ (03 + 6(0) (o) (u, v)do

converges to 7~ 'u~"/2 f(u) as n — oo, see (B.4). Thus

1 2 u u)as n — 0
N u *m(az‘ﬂb( ))f(u) ;

and, as a consequence,

1
TN var[g(u)] — m(ff% + ¢(u))f(u) as n — oo.
Hence
E(g(u) — g(u)? — 0 as n — oo.
Since also E(f(u) — f(u))? — 0 as n — oo, the proof is completed. m

Proof of Theorem 6.10

The proof is similar to that of Theorems 6.1 and 6.4. The difference is that now

=B {0+ o)k 0. 0) N/ (0% + 6(0)) f(0)k3, (1, v)dv

converges to /27! f(u) as N — oo, see (B.5). Thus

n 1 9
an(u) - E(Uz + ¢(u))f(u) as n — oo,

and, consequently,

var{j(u)] — (0% +0(u)) (1) a5 n = .

Hence
E(g(u) — g(u)? — 0 as n — oo.

Since also E(f(u) — f(u))?> — 0 as n — oo, the proof is completed. m

Proof of Theorem 6.11

Denoting
oM(n)_q
g(u) = 2M Z AN (n), kDM (n), k(1)
k=0
and
21\/I(n) 1

Z bM ) kP (n), k(1)

we observe ji(u) = §(u)/f(u). Clearly EbM("),k = bar(n),k and thus

oM(n) _q

Ef(u) = 2Mm Z bar(n) k@i (n), k(1)

k=0

67

Now

(6.11)
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is the M (n)th partial sum of the expansion of f(e). Therefore, by Theorem B.15,
Ef(u) — f(u) as n — oo

at every continuity point u of f(e).
Furthermore,

y 1 n
flu) = EZkM(n)(uan)a
n=1

where
2m_1

ko (1, 0) = 2™ > o (v) b (v)
n=0

is the kernel function. Thus

var[f(u)] = % var [ZkM(n)(u, U)| = %var [k‘M(n) (u, U)]

n=1

IN

1, O N
EEkM(n)(u,U) = n2M(n)/_1/2 kg (ny (u,v) f(v)dv.

Applying Lemma B.6, we come to a conclusion that E(f(u) — f(u))? — 0 as n — oo at every point where
f(e) is continuous.

Leaving the verification of the fact that F(g(u) — g(u))?> — 0 as n — oo at every point where g(e) is
continuous, to the reader, we complete the proof. m
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Chapter 7

Algorithms with ordered observations

7.1 Introduction

In this chapter we assume that the input signal is bounded, i.e., that support of the input density f(e) is

an interval, say [a, b]. Therefore it can be said that input observations Uy, U, ..., Uy, i.e., points randomly
scattered over the interval [a, b], split the interval into subintervals. We rearrange the sequence Uy, Us, ..., U,
of input observations into a new one U1y, U(g), . . ., Uy, in which Uy < Ugy < -+- < Uyy. Ties, i.e., events

that Uy = Uy, for @ # j, have zero probability, since U,’s have a density. Moreover, we define U = a
and U(,41) = b. The sequence U1y, Uy, ..., U, is called the order statistics of Uy, Us, ..., U,. We then
rearrange the sequence

(U1>Yp+1)7(U27Yp+2)7"'7(Unvyp+n) (7'1)

of input-output observations into the following one:
U)s Yips11): U@y Yipt2)s -+ Uty Yipen))- (7:2)
Observe that Y[, )’s are not ordered, but just paired with U;’s. Clearly
wu) = E{Yjpri|Un) = v} = B{Ypy|U; = u}. (7.3)

Algorithms examined in this chapter use ordered sequence (7.2) rather than (7.1). It makes possible
for us to approximate some integrals by referring to the Riemann definition. As a result we can obtain
nonparametric estimates which do not suffer instability due to the ratio form of the previously introduced
methods.

We assume that a density f(e) of the input signal exists and that

0<6< flu), (7.4)
for all u € [a, b] and some § > 0. The characteristic m is a Lipschitz function, i.e.,
Im(u) —m(v)| < emlu—v| (7.5)
for some ¢, and all u,v € [a,b], and, a fortiori, bounded. For convenience we denote

max |m(u)| = M. (7.6)

a<u<b

Unless otherwise stated all integrals are taken over the whole real line R.

7.2 Kernel estimates
In this section —1 < U < 1, i.e., [a,b] = [-1,1].

69



70 CHAPTER 7. ALGORITHMS WITH ORDERED OBSERVATIONS

7.2.1 Motivation and estimates

The motivation for the kernel estimate studied in Chap. 3 is based on the expectation that, for the kernel
such that [ K(v)dv =1,

tim [ u(v)%K <“ - ”> dv = pu(u) (7.7)

h—0 _1
1 uU—v
—-K
()

gets close to a Dirac delta located at the point u as h — 0. The idea of the kernel estimates examined in
this chapter is based on the numerical evaluation of the integral in (7.7) from the rearrange version of the
training sequence. Hence, according to the Riemann definition

Sp(u;h) = ZM(U@))EK ( " ( )) (U — Ug-1y)

i=1

since

is a natural approximation of the integral in (7.7). Thus since

U 1 I
1§anSaT>L<+1(U(z) Ugi—1)) — 0 as n — oo almost surely,

see Darling [68] and the Slud Lemma C.11, then

u—v

1
Sn(u;h)ﬁ/lu(v)llzK< W )dv ash—0

almost surely, as well. This, (7.3) and (7.7) suggest the following estimate of p(u):
X . 1
fiu) = Z Yipij— KK
i=1

U — Ui
( W ()> (U — Ugi—1))

- 1 (Yo uw—Upy
i=1 n

Ugi-1) n

and its modification

. - 1 (Yo uU—v
fu) =Y Yiprij - / K ( . ) dv (7.9)
i=1 "

Uii—1y n
which is expected to behave even better. Some improvement is also possible by application of symmetrical
spacings, i.e., (U;y1 — U;—1)/2 instead of (U; — U;—1)/2.
7.2.2 Consistency and convergence rate

The kernel satisfies the standard restriction

sup |K(u)] < o0 (7.10)
—oo<u<oo
and is such that
/K(u)du =1 (7.11)
Since
Yorn = w(Un) + Eptn + Zpin (7.12)
with &1, = f:foo’i#n e Aptn=i=1pm(U;), observations of u(U,) are disturbed by external white noise

Zptn and by the correlated &, noise which is incurred by the system itself. We recall that, after ordering,

Uiy &pvis Zpti, Ypti)
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becomes
(Uiiys Ep+i1s Zip+)> Yip+i))

with some j, i.e., that U; = U(j), Epti = §[p+j]7 Dpi = Z[p+j],Y;7+i = Y[erj]. Indices at §[p+j], Z[p+j]; Y[ijj]
are induced by that of U(;). Consisteny of the algorithm is established in the following theorem whose proof,
like all the others, is in Section 7.4.

Theorem 7.1 Let f(e) satisfy (7.4). Let m(e) satisfy (7.5). Let the kernel K (o) satisfy (7.10) and (7.11).
Let the number sequence be such that
hy, — 0, asn — oo, (7.13)
nh, — 0o as n — oo. (7.14)
Then
lim E/(ﬁ(u) — p(u))?du = 0.

n—oo

Estimate (7.8) behaves slightly worse since we do not take full advantage of the fact that K (e) is known.

In (7.9) the integral
Uiy _
/ K (“ ”) dv
Ugi—1y h"

appears while, in (7.8), only its approximation

K (;L()) Uy = Ui-1))

is used.

Theorem 7.2 Let f(e) satisfy (7.4). Let m(e) satisfy (7.5). Let the kernel K (o) satisfy (7.10), (7.11) and
a Lipschitz inequality
|K(u) — K(v)] < exlu — v (7.15)

for some ¢y, for all u,v € R. Let the number sequence satisfy (7.13) and
nh? — 0 as n — oo.
Then
E/(,&(u) — p(u))?du — 0 asn — .

We now assume that m(e) has g derivatives. The kernel K (o) has bounded support, i.e., that K(u) >0
on a bounded set, and satisfies restrictions (3.15) and (3.16), i.e., the same as those in Sect. 3.4.
Let € > 0 and let u € (—1 +¢€,1 —€). Since, for h small enough, support of K (e) is a subset of

—1—-—u 1—u
h ' h ’
we can write
1 (1—u)/h
pw) =) [ K@do=p) [ Koo,
-1 —(1+u)/h
Since
1 1 v (1—u)/h
o) = [ )y ( ) o= [t )R-
1 h h —(14u)/h
we thus get
(1—u)/h
pn) =)= [ fluct he) = )] K(~o)do.
—(14wu)/h
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n

Figure 7.1: MISE versus h,; a = 0.5; various n.

Expanding z(u) in a Taylor series, assuming that [(m(?(u))?du < oo, and making use of (A.17) we find
|n (u) — p(u)| < ch?=1/2 for some ¢ which yields

/ B (n(u) — p(u))?du = O (K*771).

—1+4e€

Recalling (7.25) we conclude that

E/He w(u))?du = O(h24~1) + O (nin)

Therefore, for h,, ~ n'/24,

E/ () 2du = O(n~1+1/29).
1+e

If m(9) (o) is bounded, we apply (A.18) to get |un(u) — u(u)| < chd, select h, ~n~/(4+1) and obtain
E / (u))2du = O(n=1+1/2a+1)y (7.16)
1+<—:

Contrary to other kernel algorithms, the rate is independent of the shape of the probability density f(e)
of the input signal, provided that the density is bounded from zero. Irregularities of f(e) do not worsen the
rate. It depends however on the number ¢ of existing derivatives of m(e). The larger ¢, i.e., the smoother
characteristic, the greater speed of convergence. For large g, the rate gets very close to n™', i.e., the rate
typical for the parametric inference.

7.2.3 Simulation example

The system is the same as that in Sect. 2.2.2. We assume that ¢ = 0.5 and Z,, = 0. The estimate of m(u)
is of the following form:

- Ui
ZY[Hz] I < I ( )> Uy = Ugi—y)- (7.17)

The MISE versus h,, is shown in Figure 7.1. Realizations of the estimate are in Figure 7.2.
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1.5
0.5 ’
— m(u)
-0.5 - ‘\\ P n=40
B A~ | T n=380
| n=320
n=1280
-1.5
3 0 5

Figure 7.2: Realizations of estimate (7.17) in which h,, = 0.25n~2/5,

7.3 Orthogonal series estimates

7.3.1 Motivation

Let {®0, ¢1,p2,...} be an orthonormal complete system of functions over the interval [a, b], see Appendix
B. Since EY? < oo, fab |pu(v)|dv < oo we write

plu) ~ Z arpr(u),
k=0

where .
o= [ ntw)puu)do

k=0,1,2,.... Because pu(u) = E{Y}p4q|Uy) = u}, the coefficient ay, i.e., the integral can be estimated in
the following way:

Ok = ZY[pH]‘Pk(U(i))(U(i) —Ui-1))-
i=1

Therefore
N(n)

fi(u) = Z arer(u),
k=0

is the estimate of u(u). Denoting by
N

kn (u,0) = > or(w)pr(v),

k=0

the kernel of the orthogonal series we obtain an alternative form of the estimate

() = Yippak(u,Uq) (U — Ug-1))-

i=1
Another, and better estimate, is of the following form:

N(n)

i Ut
f(u) = Z appr(u) = ZY[P“]/ k(u,v)dv,
k=0 i=1

Ugi-1)

where

n Uiy
ax = ZY[ZJ-H] / Pr(v)dv.
i=1

Ugi-1)
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7.3.2 Fourier series estimate

In this subsection |U| < 7, [a,b] = [—m, 7] and we apply the trigonometric series, see Section B.2. Clearly
1 oo
p(u) ~ 500 + Z(ak cos ku + by sin ku),
k=1
where

and

ap = 1 /7T wu(v) cos(kv)dv, by, = %/W w(v) sin(kv)do,

—T

N(n)

i 1 . o
f(u) = 500 + Z (ay, cos ku + by sin ku),
k=1
~ " Ut
Go = Yipri) / dv
i=1 Ugi-1)

and

n Uiy B n Ugy
Uk = ZY[eri] / cos(kv)dv, by = Zy[pﬂ-] / sin(kv)dv.
i=1

Ugi—1) i=1 Uti-1)

Using the Dirichlet kernel we rewrite the estimate as follows:

n Uiy
i(u) = Z Yip+a] / Dy ny(v — u)dv.
i=1 Uti-1)

Referring to the complex version of the series we get

o0
W~ Y e

k=—o0

with
1 ™

=50 » p(v)e kv dy,

Ck

Therefore the estimate can be represented in yet another form

N(n)

fi(u) = Z Ck eikuv

k=—N(n)

where

B 1 v /U(i) ik
Cr = — Y44 e ""du.
2T p+i] Ugio1)

Theorem 7.3 Let f(e) satisfy (7.4). Let m(e) satisfy (7.5). If

N(n) — 0o as n — o0, (7.18)
N
% — 0 as n — oo, (7.19)

then
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Assuming that m® (£7) =0, for p=1,...,¢ — 1 and [™_(m 9 (u))?du < oo, we find

/ﬂ (1w () = p(u))du = O(N~29),

see (B.13). Note first that

T

E [ (i) - plw)*du

<28 [ (a() — p()Pdu+2 [ () - pla)*du

—T —T

Then recalling the result established in (7.28) (see the proof of Theorem 7.3) we have

B [ (o) = utw)Piu= 002 4 0 (X

Therefore selecting
N(n) ~ nt/(1+20) (7.20)

we obtain ~

E [ (a(w) = p(u)’du = O(n~'F1/CarD),

—T

i.e., the same rate as that of the kernel estimate, see (7.16).

7.3.3 Legendre series estimate

For |U| <1, i.e., for [a,b] = [-1, 1] we apply the Legendre series, see Section B.3. In such a case,
u) ~ Z arpr(u)
k=0
where

= [ (w)p ()

k=0,1,2,.... The estimate is of the following form:

N(n)
= Z akpr(u)
k=0
where

n U
Z p+l]/ pr(v)dv.

Uti-1)

Using the kernel we get

Ugiy
ZYW | Ko
Ugi-1)

The next theorem and a result concerning convergence rate are given without proofs, since it suffices to
repeat arguments used in the proof of Theorem 7.3 and apply facts presented in Sect. B.3.

Theorem 7.4 Let f(eo) satisfy (7.4). Let m(e) satisfy (7.5). If N(n) satisfies (7.18) and (7.19), then

lim E/ (fu(u) — p(u))?*du = 0.

n— oo _1
Assuming that m® (£1) =0, for p=1,...,¢ — 1 and fil(m(Q)(u))Qdu < 00, we obtain

1
E / () — ()2 = O(n~20/ D),
-1

provided that (7.20) holds.
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7.4 Lemmas and proofs

7.4.1 Lemmas

Lemma 7.1 Let m(e) be a Borel function satisfying (7.6) and let Em(U) = 0. Then, for any nonnegative
Borel function g(e) and any i, j, k, m, all different,

1
E{&heq |90, Uw) } < SAMPE {g(Us), Ugy)}
and

E{|&p+i€pra 19U, Uy, Uy, Uamy) }
1
< EpMQE {g(U(i), U(j), U(k:)7 U(m))}

with some X and p dependent on A, b, and ¢ only.

The lemma is an immediate consequence of the next one in which, for any matrix P = [p;;], | P| denotes a
matrix [|p;;|], for two matrices P and @, P < () means that the inequality holds for each pair of corresponding
elements of the matrices, respectively.

Lemma 7.2 Let m(e) be a Borel function satisfying restrictions of Lemma 7.1. Let 0 < p, and let

p+n—1
Np+n = Z AP (U;)
i=—00
i#n
Then, fori, 7, k, m, all different,

1
T 2
E {|n[;v+i]77[p+i]| Uy UGy, Utkys Upmy } < —M=P,

— 3

T 2

where matrices P and @ depend only on A only.

3

Proof. We verify the second part of the assertion. Let r # s. Let ¢, j, k, and m be all different. In the first
part of the proof, we show that

E {|n[p+7']77§>+s]| |U(Z)a U(j)v U(k)a U(m) } < Trsio (721)

for some matrix I',4, such that

n n n n

>33 Tt = 0(n®)M?DD”.

r=1s=1t=1 v=1

r,s,t,v all different

where D = 3" [ |A"|.
Suppose that s < r. Since 7,45 = Ziis:oi’k#s Arts=k=Lin(U,) and

pts—1 p+r—1
Nptr = Z Ap+r—m—1m(Um)+ Z A;D-‘rr—m—lm(Um)

m=—00 m=p+s

m#r m¥#r
p+s—1 pir—1
— A Z Ap—&-s—?rz—lm(Um) =+ Z Ap+7'—m_1m(Um),

m=—o0 m=p-+s

m#r m#r
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we get
E{np—&-rnngs'Ura Usv Ut7 Uv} = Prstv + ertv

with

p+s—1 p+s—1

Prstv — AT Z Z Ap+sfm71(AT)p+sfk71
m=—o0 k=—o0
m#r  k#s
X E{m(U,)m(Uy)|U,, Us, Uy, Uy }

and

p+r—1 p+s—1

Qrstv = Z Z AP+T—m—1(AT)p+s—k_1

m=p+r k=—o0

m¥£r k#s
x E{m(Un)m(U)| Uy, Us, Us, Uy ).

For any 7 and s, |Prgty| < M2Als="IDDT | where D = ZZO:() |A™|. For p <7 —3, |Qrsto] < M2DDT. Let
r — s < p. Because, for m # k,

E{m(Um>m(Uk)|U’l‘7 Usa Ut7 U’U}
= E{m(Um)‘Ura Us, U, Uv}E{m(Uk)|Ura Us, Uy, Uv}

we obtain
p+r—1
Qrstu = Z Ap—Hn_m_lE{m(Uk”Ura US, Uta Uv}
m=p+r
m¥#r
pts—1
x Y (AT B (U |Uy, Uy, U, Uy}
k=—o00
k+#s
pt+r—1
= 3 AP B (m(U) UL, UL UL}
m=p+r
m#r
pts—1
x 3 (AT B G (U, |U, U
e
Thus
p+r—1
|Qrstv| < (5m7t + 5m7v) Z |Ap+r7m71”E{m(Uk)|UsaUt»UvH
m=p-+r
m¥#r
< (6m—t + Om—y)M?*DDT.
Finally

n n n

Z Z Z Z(PTSt’U + Q'I‘stv) = O(TL3)M2DDT

and (7.21) follows.
Define the following event:
Apsto = {Ur = Uiy, Us = Ugjy, Up = Uy, Uy = Uy }
= {U, is ith, Uy is jth, U; is kth, and U, is mth in order}
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and observe that (7.21) implies

T
E {|77[p+i]77[p+j]| | Arstv, Ugiy, Uiy, Uiy Ugmy } < Tysto,

for i # j. Therefore,

T
E {|77[p+im[p+j]\ Uty Uiy Uty Utem) }

n n n

n
DD DE {|’7[p+i]77§+ﬂ | [Arstos Uiy, Uty Utky Utamy } P{ Ao}

r=1s=1t=1v=1
r,s,t,v all different

n n n

Z Z Z erstvp {Arstv} 9

=1 s=1 t=1 v=1
,s,t,v all different

IN

33

and the given fact that
1

(n—1)(n—-2)(n—23)
yields the assertion. To verify the last equality observe that

P{Arstv} = n

P{U, = Ui |Us = Uy, U = Uy, Uy = Upm) } = — i 3
implies
P{Aven} = ﬁp {Us = Uy, Us = Uy, Uy = Uy } -
In turn
P{Us = Uy |00 = Uiy Uy = Uy } =
implies
P{Ars0} = mp{% = UGk, Ut = Upm) }

and so on. The proof is completed. m
For a density f(e) satistying (7.4) observe

Uiy 1 Vs
Uiy —Ui-1y = / dv < */ f(v)dv.
Uti-1) Uti-1)
Therefore applying results presented in Section C.4.2, we obtain
Lemma 7.3 For any f(e) satisfying (7.4),

p!
(n+1)---(n+p)’

E(Uu) —Ui—p)? =

and, a fortiori,

2
EUu = Ui-yy) = R
) 8
Bl = Ven) = e pmray
and 48
EUu —Uu_n)® = .
Co V) = G pm+ Dm+3)
Moreover

4

BEUw =Ue-0)Up» =Ui-0) = Gym o)
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7.4.2 Proofs
Proof of Theorem 7.1

To prove consistency we show that

where

and that also
tim [ (un, (u) = u())2du = 0.

n—oo

From (7.12) it follows that

() = pn,, (u))* < 3P (u) + 3Q7 (u) + 3R (u),

where U
@ U—v
ZZ[p+Z / K ( h ) d'U,
Ugi-1) n
Yo U—v
Zé-[p+z / K ( h ) d’U’
Ugi-1) n
and .
1 @ U—v
Rn(u) = hf 12 U(Z))K ( h ) dv — Hh ( )
. n U/:_ n
i=1 (i—1)
Since
9 Y U—v ’
EP( —ozhzz /U K( - )dv
(i—1)
and
Uiy _ Ug) _
// 2K<uhv)dv/ ;K(uhw>dwdu
Ugi—1y Ugi—1y
Uiy Ui 1 U —
d -K du| dw = Uy — Ui—ny)?
a h U(z 1) ° U(’L 1) |:/‘h‘ < > u:| v ’Yﬂh( @ (l 1)) ’

where k = sup, |K(v)| and v = [ |K(v)|dv. Applying Lemma 7.3 we get

1
E/Pg( Ydu < ’yij ZE Ug) U(i_l))Q =0 (nh > .

In turn EQ? (u) = EQ1,(u) + EQ2,(u) with

2
Yo U—0
Quilw) = 75 Zgw (/U K( ; )dv)
(i—-1) n

and

1 n n U(i) U —v U(j) u—v
= fmf[']/ K( )d”/ K( )d“'
2 J
hn ; ; vy U1 han Ug—1) hn

79

(7.22)

(7.23)
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Applying Lemma 7.1 and using (7.23) again we find

nhy,

1< 1
M2 Z 2
Another application of Lemma 7.1 gives

EQZn(u)

1 = Y U —v Yo U —w
< pM? § EE{/ K( )dv/ K< )dw}
nhi, i=1j=1 Uti-1 hn Ug-n hn

i

which, after yet another application of (7.23) and Lemma 7.3, yields

1 n n
E/an(U)du < pkM? e Z ZE(UU) —Ui—1))E(Ugjy — Ugj—1y)

i=1j=1

J#i
-0 ()
E/Qn(u)du —0 (n;n) .

Hence

Passing to R, (u) we observe

with

Thus R, (u) = Rip(u) + rp, (u) with

Rin() = 3 / ! U) - o) K (“ - ) v

i=1 7 UG-1) n

Applying (7.23) again and (7.5), we get

Il
)
=
Q
SN}
N
=]
3
=
=
|
=
5
gl
—~
S
\M.;
|
S
.
L
V)
[\v]
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which equals

1 n
< ey > (U = Un-n)™. (7.24)

E/an(u)du =0 (nzlhn) :

Since the verification that E [ r} (u)du = O(1/n?) is easy, we can write

E/Ri(u)du =0 (n;%) .

B [ ) = (w)du =0 (). (7.25)

To complete the proof it suffices to verify (7.22). It holds, thanks to Lemma A.7. =

Hence

Thus

Proof of Theorem 7.2

Since the proof is very similar to that of Theorem 7.1, we point out the main differences. Clearly

1
E/ — fon,, (u )du-O(thn) as m — 0o.

Moreover, (fi(u) — pu(u))? < 3582 (u) + 3T2(u) + 3V,2(u), where
- 1 u — Uz
u) = ZZ[pﬂ]h*K (h()> (U = Ui-n),
i=1 " "

Ug)

n 1 u— .
u) = Zf[eri]h*K ( W ) (U = Ui-1)),
i=1 n n
U — U,
Z / <uh(l)) dv — i, (u).

Ugi- 1) n

and

Examining V;,(u) we get V,,(u ) = Vin(u) + rp, (u) with

1 < (Yo u—Ug; u—v
Vi) = 13 [ i (502 ) o - oyre (L) o
n Gi—1) n n

i=1

Since both p and K are Lipschitz,

() (15)

< o (M50 o (712

ok (570 ) <o (M)
() e (*70) e (450
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1 Uiy u— U(i) U —v
= — K K
Wi (u) h, Z/lj(il) ( h, ) ( h, )
and using (7.23) and (7.15) we get

/Wi(u)duzQ}Ll%/|K(U)|dvzn:zn:(Ui—v) /Um dv

i=1 i=1 UG-

Defining

1 n n
= hi/lK(v)ldeZ(% ~Uu-1)*(Ug) = Ug-1))

i=1 j=1

1 n
i=1

E/Wg(u)du —0 (7121hn>

which results in slower convergence rate. m

Hence

Proof of Theorem 7.3
From (7.12) it follows that

() = p(w))* < 3P7(u) +3Q5 (u) + 3R (),

where U
n (4)
P,(u) = Z A / Dy (v — u)dv,
i—1 UG-
n O
Qn(u) =Y & / Dy (v — u)dv,
i=1 Ui-1)
and
n Uy U
Raw) =3 [ lU) [ Dl = u)de e ()
i=1 7 UG-1) Ugi-1)
where

o) = [ " (o) Dy (v — w)do.

—T

By the Schwartz inequality, (B.7), the equality ffw F,(u)du = 1, see Section B.2, we get

2
T Uiy
/ (/ Dy ny (v — u)dv> du
- U(i—l)
™ Ut
<(Uu — U(ifl))/ (/U D12v(n) (v— u)dv) du
- (i-1)

1 U(i) T
= <N(7‘L) + 2) (U(z) — U(i_l))L (/ FN(n)(’U — u)du> dv
(i-1) \J -7

=N(n)(Ugu) — U(i—l))2~ (7.26)

Applying Lemma 7.3 we thus obtain

- n

2" P2(u)du = O(N(n)) Y E(Ug) — Uy-1))> = O (N(n)) |
=1
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In turn
EQ: (1) = EQ1n(u) + EQan (u)
with
() 2
Q1n(u Z Efpri ( / Dy (v — U)dv>
Ugi-1)
and
Ve Ug)
Qan (u Z mﬁm / Dy (v — u)dv / D (ny(v — u)dv.
=lj= Y- UG-1

Applying Lemma 7.1 and using (7.26), we find

B[ Quuiu< s > EUG = Ug)* =0 (N(”)> :

i=1

Since

‘/ﬂ Dy(v—u)Dyn(w — u)du

([ 3o ([ Dytw-wn)”

() ) ([ s

=0O(N

IA

an application of Lemma 7.1 gives

- n Uy U
E Qan(u)du = O(N(n E dv
" Guu(wau - 0 <>>§_le > {/U S }
— O () Y. Bl - U =0 (2.

Turning to R, (u) we observe

n U,
pn(u) = Z/ v pw(v)Dn (v —u)dv + 7Ny (u)

Ui
with
rNm)(u) = /7T () Dy (v — u)dv.
Un)
Thus
Ry (u) = Rin(u) + 7y (u)
with

" Ve
Runw) =3 [ ((U) = no) Dy (0 = w)de

83
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Applying (7.27) again and (7.5), we get

" B
=O(N(n)) zn:zn:/U(i) 1(Ue) — p(v)])do /Um WUes) — n(o)ldo
i=1j=1 Ui—1) @ Uy )

LI/

U
Uay — v)dv/ Uy —v)dv

i=1j=1"U6-1 U-1)
=O(N(n)ck, Y (Uuy = Ua-1))* Y _(Ugy = Ugi-1))*
i=1 j=1

see (7.24). Hence

n2

e R (wdu=0 (N(”)> .

—T

Since the verification that E ["_ ’1“12\,( (u)du = O(1/n?) is easy, we get

n)

e[ Rwdu=0 (N(”)) .

n2

—T

We have thus come to the conclusion that

T

B [ (i)~ )=

—T

) as n — oc. (7.28)

Since pp is the partial sum of the Fourier expansion of p,

™

Jim [ () = () =0,

see Section B.2, which completes the proof. m

7.5 Bibliographic notes

The idea of estimating a regression function via the approximation of the integral in (7.7) stems from
Priestley and Chao [341] and has been developed by Benedetti [19], Clark [61], Schuster and Yakowitz [380],
Cheng and Lin [56], Georgiev [113-118], Georgiev and Greblicki [112], Miiller and Stadtmiiller [306], Isogai
[243]. Orthogonal series estimates have been studied by Rutkowski [363-365,368-371], Gatkowski and Rut-
kowski [106], Rafajlowicz [345, 346], Rutkowski and Rafajlowicz [372], Eubank, Hart and Speckman [100],
Rafajlowicz and Skubalska-Rafajlowicz [348], Rafajlowicz and Schwabe [347], among others.

In all those works the regression is estimated from pairs (u1,Y7),..., (un, Ys) such that

Y, = m(u,) + Z,,

where nonrandom points uq, ug, ..., uy,, such that u;—; < u;, are usually scattered uniformly. Mack and
Miiller [292] showed that kernel estimates work properly also when the points are random. Since such inputs
U,’s are independent random variables, the operation of ordering is necessary.

The idea of applying ordered input observations to the identification of the nonlinear part of the Ham-
merstein system has been proposed in Greblicki and Pawlak [192] in the context of the orthogonal series
estimate. The kernel estimate of this type has been studied in Greblicki [149].



Chapter 8

Continuous-time Hammerstein
systems

8.1 Identification problem

A continuous-time Hammerstein system shown in Figure 8.1 consists of a nonlinear subsystem with a char-
acteristic m(e) and a linear dynamic one with the impulse response A(t). Our goal is to recover both m and
A(t) from observations (U(t), Y (¢)) taken on the real half line [0, c0).

The input signal {U(¢)} is a stationary zero mean white random process with autocovariance function
0%,0(t). The nonlinear characteristic is a Borel function such that

Em?*(U) < oo,

compare with (2.4). The dynamic subsystem described by the following state equation:
X(t) =AX(t)+bV(t) (8.1)
W) =c'X(t) '

has the impulse response A(t) = c”e’b and is stable, all eigenvalues of A have negative real parts. Clearly

W(t) = / At — 7)ym(U(7))dr. (8.2)

— 00

Since [;° A?(t)dt < oo, W (t) is a random variable while {W(¢)} a stationary random process. The distur-
bance {Z(t)} is a stationary zero mean random process independent of {U(¢)}.

Neither the functional form of m(e) nor the matrix A nor vectors b, ¢, are known. Thus the a priori
information about both the subsystems is nonparametric.

For simplicity, U, W,Y, and Z stand for U(t), W(t),Y (t), and Z(t), respectively. Proofs of all theorems
are in Section 8.4.

U(t) V(t) wi(t) § Y(t)

—| mf(e) > A(t)

Figure 8.1: The continuous-time Hammerstein system.
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8.1.1 Nonlinear subsystem identification

We now present the idea behind the identification methods used in this chapter to recover the nonlinear
characteristic. From Lemma 8.1 it follows that for any fixed s > 0

E{Y(t +9)|U(t) = u} = p(u),

where p(u) = A(s)m(u) + Em(U) [~ A(7)dr. Therefore to identify the subsystem it suffices to estimate the
regression.

Like those used to identify discrete systems, each algorithm estimating the nonlinearity in continuous-time
ones, denoted here as (U(t),Y(t)), is linear with respect to output observations which means that

aU(t),0(t) + n(t)) = p(U(1),0(t)) + a(U(t), n(t)) (8.3)
and has a natural property that, for any number 6,
aU(t),0) — 0 ast — oo (8.4)

in an appropriate stochastic sense. Arguing as in Sect. 2.2 we come to a conclusion presented in the following
remark:

Remark 8.1 Let an estimate have properties (8.3) and (8.4). If the estimate is consistent for Em(U) = 0,
then it is consistent for Em(U) # 0, also.

Thus, with no loss of generality, in all proofs of consistency of algorithms recovering the nonlinearity, we
assume that Em(U) = 0.
We notice that a system with the following differential equation:

w® 4+ akilw(k—l) + oo Faow = bk71m(u(k_l)) + - 4 bom(u)

can be described by (8.1). Thus our methods can be used to recover its nonlinearity m(e).

8.1.2 Dynamic subsystem identification

Passing to the dynamic subsystem we use (8.2) and recall EZ = 0 to notice

T+t
E{Y(r+t)U(t)} :[ Mr4+t—1)E{mU(m)U(t)}dr
= \(r) {Em(U)U}.

Denoting k(1) = A(7)E{Um(U)} we obtain
k() =E{Y(r+t)U(t)}

which can be estimated as follows:

Theorem 8.1 For a fixed T,
lim E(&(1) — k(1))* = 0.

t—oo

As an estimate of the whole impulse response we take

A _ [ &(r), for0< 7 <T(t)
R (T) = { 0, otherwise.



8.2. KERNEL ALGORITHM

The mean integrated square error (MISE) between the functions x(e) and Ap(;)(e) can be defined as:

T(¢)
MISE = /O (Rr (T) — K(1))*dT.

oo
+ / w(7)2dr.
T(t)

T(t) — coast— o0

From (8.11) it follows that

MISE = O <T(t)>

t

Hence if

and
@)

— 00 as t — 00,

Jlim MISE = 0.
8.2 Kernel algorithm

A kernel estimate
u—U(T)

- fyeeon () e

t —_
/ % (u U (T)) ir
0 h(t)
as well as its semirecursive modifications

o /otY(T Gk <u 7z<(r]>(7)> i

and

are continuous-time versions of those studied in Chapters 3 and 4.
Denoting
u—U(T)

() = 1/;3/(3 + T)h(lT)K ( e ) i,

=5 [ ik () o

and noticing that fi;(u) = §.(u)/fi(u) we can write

with go(u) = fo(u) = 0. Similarly we denote
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i) = IK h(lT)dT/otK (u ;L(Z)(T)) "

Then observe that fi;(u) = g¢(u)/f;(u) and write

d

2 9e(w) = —(2) [m(u) —Y(s+ t>%K (u_U(t))] ’

G = =20 | 7w - s (5.

with y(t) = h(t)/ Jy h(€)d€ and go(u) = fo(u) = 0.
Theorem 8.2 Let U have a density f(e) and let Em?(U) < oo. Let

sup | K(u)| < oo, (8.5)
—oo<u<oo
/ | K (u)|du < oo, (8.6)
|u["TEK (u) — 0 as |u| — oo (8.7)
with e = 0. Let
h(t) = 0 ast — o0 (8.8)

th(t) — oo as t — 0.

Then
f(u) — p(u) as t — oo in probability (8.10)

at every u € R where both m(e) and f(e) are continuous and f(u) > 0.

The next theorem is analogous with Theorem 3.2.

Theorem 8.3 Let U have a probability density f(e) and let Em*(U) < co. Let the Borel measurable satisfy
(8.5), (8.6), and (8.7) for some e > 0. Let h(t) satisfy (8.8) and (8.9). Then convergence (8.10) takes place
at every Lebesgue point u € R of both m(e) and f(e) where f(u) > 0, and, a fortiori, at almost every u
where f(u) > 0, i.e., at almost every u belonging to the support of f(e).

Next two theorems correspond with Theorems 4.1 and 4.2, respectively.

Theorem 8.4 Let U have a density f(e) and let Em*(U) < oo. Let the Borel measurable kernel K(e)
satisfy (8.5), (8.6) and (8.7) with e = 0. Let h(t) satisfy (8.8) and let

1" 1
= ——dr — 0 ast — oo.
> Jo h()
Then
fr(u) — p(u) as t — oo in probability.

at every u € R where both m(e) and f(e) are continuous and f(u) > 0. If, (8.7) holds for some € > 0, then
the convergence takes place at every Lebesgue point u € R of both m(e) and f(e), such that f(u) > 0; a
fortiori, at almost every u belonging to support of f(e).

Theorem 8.5 Let U have a density f(e) and let Em*(U) < oo. Let the Borel measurable kernel K(e)
satisfy (8.5), (8.6) and (8.7) with e = 0. Let h(t) satisfy (8.8) and let

/0 " )t = oo,

fr(u) — p(u) as t — oo in probability.

Then

at every point u € R where both m(e) and f(e) are continuous and f(u) > 0. If, (8.7) holds with some e > 0,
then the convergence takes place at every Lebesgue point u € R of both m(e) and f(e), such that f(u) > 0;
a fortiori, at almost every point belonging to support of f(e).
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Using arguments used in Sects. 3.4 and 4.2 we easily come to a conclusion that if both f(2) (u) and g(‘J)(u)
are square integrable, K (e) is selected to satisfy restrictions imposed in Sect. 3.4, and h(t) ~ t~1/29, we get

P{|f(u) — p(u)] > ep(u)} = Ot 1/2+1/40)
with any € > 0, and
() — p(w)| = O(t~11/29) as t — oo in probability.

The rate is true also for ji;(u) and fi¢(u). If the derivatives are bounded and h(t) ~ t~%/(24+1D  the rate is
O(t=1/241/(4a+2)) and O(t~1+1/(2a+1)) respectively.

8.3 Orthogonal series algorithms

We now show how to apply the orthogonal series approach presented in Chap. 6. The trigonometric series
estimate serves as an example. To estimate the characteristic, we apply the trigonometric orthonormal
system

1 1
COS U, sin u, cos 2u, sin 2u, .

\/ﬂf f f VT

see also Section B.2. As in Section 6.2, we assume that ["_|f(u)|du < oo and [ |g(u)|du < oo, where, as
usual, g(u) = p(u) f(u). Clearly

o0 oo
g(u) ~ ag + Zak cos ku + Zbk sin ku
k=1 k=1

where

and, for k=1,2,...,
1 (" 1 ("
ar = f/ g(u) cos(ku)du, by, = f/ g(u) sin(ku)du.

™ J)_x -
For the same reasons
flu) ~ — —i—Zakcosku—&—Zﬂksmku
k=1

where
us

ap = — ! f(w) cos(ku)du, By, = %/ g(u) sin(ku)du.

L —— -

The trigonometric series estimate of p(u) has the following form:

N(t) N()
ap+ > apcosku+ > bpsinku
1) = k=1 k=1
H 1 N@® N
Py + Z Gy, cos ku + Z By sin ku
T
with
ap = 271_t/Ys—i—T T, Qg —/Ys+7)cos[kU( )]dr,
1 t
by, = Y (s + 7)sin[kU(T)]dr
7Tt 0
and

by = % /0 cos[kU (T)]dr, B = — /0 sin[kU (1)]dr.
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Using the Dirichlet kernel D,,(u), see Section B.2, we can also write

/0 Y(S -+ T)DN(t)(U(T) - u)dT

ﬂ(u) = T

/ Dy (U(T) —u)dr
0

The proof of the next theorem is omitted.

Theorem 8.6 Let Em*(U) < co. Let [ _|f(u)|du < co. If

N(t) — o0 as t — oo,

N(t)

T—>O as t — o0,

then
f(u) — p(u) ast — oo in probability

at every u € (—m, ) where both m(e) and f(e) are differentiable and f(u) > 0.

Assume that m(® (—m) = m@(7) = fO(—n) = fO(r) =0, fori = 0,1,...,(qg—1), that [7_(f@(v))%dv <
oo and [7_ (99 (v))%dv < co. Then proceeding as in Section 6.2, we verify that

|i(u) — p(u)| = O@~1/2+1/49) in probability,

and, for any ¢ > 0,
P{‘ﬂ(u) - M(U)l > Eu(u)} = O(t—1+1/2q),
provided that N(t) ~ t1/2q

8.4 Lemmas and proofs

8.4.1 Lemmas

Lemma 8.1 In the system,
E{W(t +5)[U(t) = u} = p(u),
where p(u) = A(s)m(u) + [, M7)drEm(U).

Proof. Let p(u) = A(s)m(u) + [ A(7)dTEV, p(U(t)) = E{W (t+ s)|U(t)}. For any Borel function ¢(e),
we get

E{p(U(1))o(U ()} = E{E{W (t + 5)|U(8)}¢(U (1))}
= E{W(t +s)o(U(1))}-

Moreover, since W (t +s) = [*72\(t + s — 7)m(U(7))dr and {U(t)} is white noise, we get
W+ )60 )} = [ ; At + s — D) E{U@)SU(0) hdr
A} + [ AT En) W)
Thus, for any ¢(e),
E{pU)0)} = A B0} + [ A Em(®)E6(w).

From this and
B ()]} = M) Em(U)SW)} + [ M) Em(0)Bo(v),
it follows that, for any ¢(e), E{p(U)od(U)} = E{u(U)¢(U)}. Hence p(u) = p(u) with probability 1. m
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Lemma 8.2 Let {U(t)} be a stationary white random process, EU(t) = 0, and Em(U) = 0. For any ¢(e)

and (s),

cov [W (s + €)p(U()), W (s + )b (U ()

— 6(€ = mA%(s) cov [m(U)p(U), m(U)H(U)]

5(¢ / N2 (t)dt var [m(U)] E {p(U)0(U)}
HA(s + € — M) Bl E{m YU}

A(
A(s)A(s +1 = EY(U)E {m*(U)p(U) }
A(s +&=n)A(s + 1= OE{mU)Y(U)} E{m(U)p(U)}

Proof. It suffices to observe that the covariance in the assertion is equal to

/S+E/ AMs+E—As+n—71)

x cov [m(U()) (U (&), m(U(7))¢(U(n))] dtdr

++ + o+

and apply Lemma C.5. m

Lemma 8.3 Let EU = 0. Then
cov [W(E + 5)U(€), W(n + 5)U (1)
= 3(6 = N (s) var [(©)U] + 06 —) | N (E)dg v [m(©)] o
+ AE+ 5 —nAn+ s — E{m(U)U}.

8.4.2 Proofs

Proof of Theorem 8.1

The estimate is unbiased, i.e., E4(7) = (7). Moreover,
. L oo
var [4(7)] = ;aZEU + P,
where

Ptzlvar{/tWT—&-fU(f)dg]
=5 [ [ i o Wi Ul acn

which, by Lemma 8.3, is equal to

%)\2(7) var [m(U)U] + 1/000 N (&)de var [m(U)] o

+ G EHmIU} [ [+ €= w0 - e
Since
| [ e+ e=mae+n - glagan
0 0
- / (T + 0)A(r — v)|do < mtax|A(t)|/ A(v)|d,
0 0
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we get
P < %A?(T) var [m(U)U] + - / T A2(e)de var [m(U)] 0,
+ %Ez{m( U mae A |/ o)[do.
Therefore 1
E(ik(1) — k(1))> =0 <t> (8.11)

which completes the proof. m

Proof of Theorem 8.2

The proof is similar to that of Theorem 3.1. For its sake we assume that Em(U) = 0, see Remark 8.1.
Observe that fi(u) = §(u)/f(u) with

ot0) = s [ Vi (T ) i

th(t)
(t K( )dT

Fix a point u € R and suppose that both m(u) and f(u) are continuous at the point w.
Since

and

Bylw) =3 E {E{Y(t LUK (“;U(t))}

(t)
-seon (a0}

applying Lemma A.8 and remembering that g(u) = p(u)f(u) we conclude that

Eg(u) — g(u)/K(v)dv as t — oo.

In turn since Y (t) = W (t) + Z (1),
var[g(u)] = Pi(u) + Re(u),

where
1

5 1 o (u—=U
P = G 7 ny B (h@) ) ’

1
e h2(t

/ / [covW E+95)K ( e )(§)> JW(n+s)K <u—h((i)(n)>} dédn.

In view of Lemma A.8

th(t)P,(u) — 0% f(u) /Kz(v)dv as t — oo.

Turning to R;(u) we apply Lemma 8.2 to obtain R;(u) = Z?Zl R (u) with

Riy(u) = N?(s) var [m(U)K (uth)Uﬂ ’



8.5. BIBLIOGRAPHIC NOTES 93

_ %A(s)EK (uth)U> E {mz(U)K (uh_(t)U))}
y /t/tA(ernS)dﬁdn
|/ )ldrO ( )

and
Rs¢(u)
:;h%ﬂEQ%MUM((U_U>}Ai[36+§—nﬂ@+n—€ﬂwn
— max[A(r |/ |d70( )

e (0 Raaw) — N2 () £0) [ K)o as t = oo

and

th(t)Rot(u) — /000 N (7)dT var [m(U)] f(u)/Kz(v)dv as t — oo,

see Lemma A.1, we obtain

th(t)Ri(u) — o(u /K2 Ydv as t — oo,
where @(u) = A2(s)m?(u) + [~ A?(7)dr var[m(U)]. Finally
th(t) varlg(u)] — (0% + p(u / K (v

In this way we have verified that
E(3(u) - plu) f(u))? — 0 as ¢ — .

Using similar arguments we show that Ef(u) — f(u) as t — oo,
th(t) vaxF(a)] = f(u) [ K3(0)dv as ¢ — oo

and come to the conclusion that E(f(u) — f(u))2 — 0 as t — co. The proof is completed. m

8.5 Bibliographic notes

Continuous-time estimates recovering the nonlinearity have been examined in Greblicki [155,157]. The
problem of nonparametric estimation of a continuous-time Hammerstein system from observation sampled
in time has been studied in [161].
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Chapter 9

Discrete-time Wiener systems

9.1 The system

A Wiener system shown in Figure 9.1 comprises a linear dynamic subsystem with an impulse response &,
and a nonlinear memoryless subsystem with a characteristic m(e) connected in a cascade. The output signal
W, of the linear part is disturbed by Z,, and V,, = W,, + Z,, is the input of the nonlinear part while

Y, =m(V,)

is the output of the whole system. Neither W, nor V,, are available to measurement. The goal is to identify
the system, i.e., to recover both X, and m(e), from observations

(U17Y1),(U2,Y2)7...7(Un’Yn),... (91)

taken at the input and output of the whole system.

The input {...,U_1,Uy, Uy,...} and disturbance {...,Z_1, Zy, Z1,...} are mutually independent Gaus-
sian stationary white random signals. The disturbance has zero mean and finite variance, i.e., EZ, = 0 and
var [Z,] = 0%, < <.

The dynamic subsystem is described by the state equation

Xpi1 = AX, +bU,
o (9.2)
W, = c" X,
where X, is a state vector, A is a matrix, b and c¢ are vectors. Therefore
0, forn=0,—-1,-2,...
An =
cTA 1, forn=1,2,3,...
and N
Wn = Z )\n—iU11~ (93)
Zn
U, W, Va Yy
— (M) > m(e) —»

Figure 9.1: The discrete-time Wiener system.
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Neither the dimension of A, nor A itself, nor b, nor ¢ are known. Nevertheless the matrix A is stable, all its
eigenvalues lie in the unit circle. Therefore both X, and W, are random variables and {..., X_1, Xo, X1,...}
aswell as {... W_y, Wy, Wy, ...} are stationary correlated random processes. Sois {...Y_1,Yp,Y1,...}. Thus
all signals are random variables and we estimate both A,, and m(e) from random observations (9.1).

All the above restrictions concerning the input signal and disturbance as well as the system hold through-
out all chapters devoted to Wiener systems and will not repeated in relevant lemmas nor theorems. In par-
ticular, we underline the assumptions concerning Gaussian and stationary properties of the signals coming
to the system, and stability of the dynamic subsystem.

Essential results on consistency of identification algorithms hold under an additional assumption that the
nonlinear characteristic satisfies the Lipschitz inequality, i.e., that

[m(v) — m(w)| < em |v — w| (9.4)

with some unknown ¢,,.
For simplicity of the notation, U, W, V.Y, and Z stand for U,, W, V,,Y,, and Z,, respectively.

9.2 Nonlinear subsystem

9.2.1 The problem and the motivation for algorithms

Let
oty

o=
2 N0 2 2
O D im0 AP + 0%

and
ap = Apa. (9.5)

The basis for algorithms recovering the nonlinear characteristic is the following lemma:
Lemma 9.1 For any Borel measurable m(e),
E{U,|Vpgn = v} = apu.
Proof. Since the pair (U,, Vp4r) has a Gaussian distribution such that EU, =0 and EV,, =0,

1
E{Up|Vpin = v} = cov Uy, Vpin] v
2

As

p

= Y Apicov[Up, Ui

1=—00

p
Uo, > Ap—ili

1=—00

cov [Up, Vpyn] = cov

_ 2
- )‘pUUv

and 0} = 03 Y ;o A? + 0%, we easily complete the proof. m

By m(R) we denote the image of the real line R under the mapping m(e) and assume that m(e) is
invertible in the Cartesian product R x m(R). The inversion will be denoted by m~!(e). Obviously values
of m~1(e) lie in R while m(R) is its domain.

Lemma 9.2 Let m(e) be invertible in the Cartesian product R x m(R). For every y € m(R),
E {UrL|Yp+n = y} = O‘pmil(y)'

Proof. Since
E {Un|Yp+n = y} =F {Un|vp+n = mil(y)} )

an application of Lemma 9.1 completes the proof. m
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The lemma suggests that to recover m~!(y) we can just estimate the regression E {U,|Y,1, = y}. This
goal can be, however, achieved only up to an unknown multiplicative constant «,. For simplicity we denote

v(y) = apm (y).
In further chapters we discuss a variety of estimates of the regression and show that they recover v(y), i.e.,

that
(y) — v(y) asn — oo

in an appropriate stochastic sense, where 7(y) denotes such an estimate. Therefore assuming that o(y) is
invertible we can expect that 7~ (v) converges to v=1(v) = m(v/ay), i.e., that

v(y) = m(v/ay) as n — oo

in the same manner. Thus we can recover m(e) up to some unknown dilation coefficient a;, L

For m(e) satisfying Lipschitz inequality (9.4) Y;, may not have a density. Some results, however, require
the density to exist. To assure that an additional restriction on m(e) should be imposed. In such cases we
assume that

m(e) is strictly monotonous and has a bounded derivative. (9.6)

Obviously such an m(e) satisfies (9.4). Owing to (9.6) the density denoted by f(e) exists and

-1 im_1 or m
fy =4 fvim (y))/’dy (y)|, foryem(R)
07

otherwise,

where fy (o) is the density of V, i.e., a normal density with zero mean and unknown variance 0‘2,.

Observe that (9.6) entails continuity of m~'(e) in the set m(R). Since fy (v) = (1/v27oy )e~1/2°V and
v(y) = ap,m™(y), fy(v(y)) is continuous at every point where m~!(e) is continuous, i.e., in the whole set
m(R). Observing that

d d o o

—v(y) = ap—m = =

ay" W = gy W= (1)
dv

we conclude that v/(y) is also continuous in m(R), provided that m/(v) # 0 for all v € (—o0, 00). Therefore
if (9.6) holds and m/(e) is nonzero in the whole real line, f(e) is continuous at every point y € m(R).

If m’(vy) = 0, /() is not continuous at a point yo such that m=1(yy) = vy, i.e., at the point yo where
yo = m(vg). Also f(e) is not continuous at this point.

9.2.2 Possible generalizations

In Section 9.2.1 the system is driven with zero mean random signal. If the mean is nonzero,

E{Un|vn+p = U} =FEU + Qyp <’U — EUZ)\1>

=0

which leads to
E{Un|Ynyp =y} = Bp + apm_l(y) = By +v(v)

with 8, = (1 — ap > ;oqA)EU. In such a case estimating the regression E{U,|Y,1, =y} we recover
By + apm~t(y), where both 3, and «,, are unknown.

Moreover, results presented in further chapters can be extended to the system shown in Figure 9.2 in
which {{,} is a white random Gaussian noise.
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Zn
1 .
{kn} o m(e) .

Figure 9.2: The Wiener system with an additional disturbance &,.

9.2.3 Monotonicity preserving algorithms

In many practical applications the non-linear characteristics characterizing the Wiener and Hammerstein
system are known a priori to be non-decreasing. This assumption has been made in this chapter as the
nonlinearity m(e) is assumed to be invertible. Unfortunately, common curve estimation methods are not very
amenable to incorporate the monotonicity constraint. In fact, no estimation method can guarantee that the
estimated characteristic is invertible. To include the monotone case in the particular identification algorithm
one can simply add constraints forcing the solution to meet the monotonicity requirement. This framework
can be easily incorporated in the classical parametric least squares approach to system identification by
minimizing a penalized sum of squares. To illustrate our main ideas, let us consider the the parametric
version of the Hammerstein system:

Xn+1 = AXn + bvna
Y, = d'X,+Z,,

where Z,, is the output noise process. Let also
Voo =m(Un) =Y aigi(Un) (9.7)
i=1

be the parametric representation of the non-linear characteristic, i.e., the basis functions (e.g., polynomials)
gi(e) are selected in advance and the parameter r is assumed to be known. We can rewrite the above
input-output description in the following equivalent form:

Xn+1 == AXn + @Un,
Y, = 'X,+ Z,,
where © = ba” is the d x » matrix and U, is the r x 1 known vector of the transformed input signal U,, via
the basis functions g;(e),i =1,...,7.
An identification procedure starts with the initial estimates (obtained virtually by any linear system

identification method) of A, ¢, © yielding the estimates /1, ¢, ©. Then the estimates of hidden parameters b, «
are derived as the solution of the following least squares problem:
(b, &) = arg rllglin 16 — baT|?.
e

All these derivations lead to the following estimate of the system nonlinearity

() = digi(u).
i=1

The identical procedure applied to the Wiener system gives an estimate of the inverse function m=1(e), i.e.,
for the Wiener system we have

m(u) = Z Gigi(u).
i=1

It is clear that the monotonicity of m(u) does not imply the monotonicity of 7i(u). Therefore it is an
important issue to construct the constrained solution m(u) which is non-decreasing function of u. To do so
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let us define the standardized form of the constrained solution

r

me(u) = Z(@z + Bi)gi(u),

=1

where {0;} is a new set of unknown parameters. Clearly, if the unconstrained solution m(u) meets the
monotonicity requirement then we should have 8; = 0,4 = 1,...,r . The monotonicity of m.(u) gives the
following condition for {3;}

S g w) > =3 digM (w),
i=1 =1

1)

where g; ’(u) is the derivative of g;(u). The above formula can be written in the following vector notation

form

BT h(u) > a(u), (9.8)

where 8 = (B1,...,3:)T, h(u) = ( 51)(u), . ,gﬁl)(u))T and a(u) == ;_, diggl)(u). Often one needs to do
some normalization of the vector h(u) such that h”(u)h(u) = 1. Now we are in a position to reformulate
the aforementioned parametric identification procedure that takes into account the monotonicity constraint.
Hence we seek a solution of the following minimization problem

B = arg min 16 — b(a+ )72

subject to the constraint in (9.8). Since e, 13, & are already specified the above question is equivalent to the
quadratic programming problem with linear constraints. It is worth noting that the constraint in (9.8) is
required to hold for all u. The weaker requirement would ask for (9.8) to be satisfied only at the training
input data points U;,i = 1,...,n.

All the aforementioned discussion would lead to the following algorithm for finding B

1. If a(u) <0, for all u, ie, >, diggl)(u) > 0 then set 3 = 0. This is the case when the unconstrained
solution 1 (u) meets the monotonicity constraint.

2. If a(u) > 0 for some u then 3 =0 is not the solution. In this case define
a(u*) = mazxya(u)

and define
8" = a(u*)h(u").
Verify whether 5* satisfies (9.8). This can be done either for all w or for the input data points

Ui = 1,...,n. If (9.8) holds then set 3 = 3*. The case if 3* does not meet (9.8) requires some
further investigation and some suggestions can be found in [90], [353].

3. Exit the algorithm with the following monotonicity constrained estimate of m(u)

r

m(u) = > (6 + Bi)gi(u).

i=1

The consistency of this parametric estimate m(u) of m(u) can be established using standard tools of the
parametric statistical inference.

Thus far we have assumed the parametric knowledge of the system nonlinearity defined by formula (9.7).
Hence both the basis functions g;(u),i = 1,...,r and the parameter r are assumed to be known. The
first step into the nonparametric extension of the proposed approach would be to allow the parameter r
to be selected adaptively for known class of basis functions. A challenging issue would be to incorporate
the monotoncity constraint into the nonparametric framework. A projection type approach for constrained
nonparametric estimation [298] could be utilized here and this topic is left for future studies.
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9.3 Dynamic subsystem identification

9.3.1 The motivation

Denote )
o

= aE{Vm(V)} = U E{Vm(V)}.

B=a { m( )} O'QUZi:O)‘z2+U% { m( )}

Lemma 9.3 If E|Vm(V)| < oo, then
E{UyY;} = 0\

Proof. From Lemma 9.1, it follows that E {Uy|V;} = a\;V;. Therefore since
E{UY;|Vi} = E{Uom(Vi)|Vi} = m(V;) E{Uo|Vi},

we get E{UoY;|V;} = aX;V;m(V;) which completes the proof. m
Since we can recover only (;, it will be convenient to denote k; = (A;.

9.3.2 The algorithm

Lemma 9.3 suggests the following estimate of «;:
1 n
Ri=— Z; UjYit;-
J:

Observe that if (9.4) holds, there exist ¢; and ¢y such that |m(v)| < ¢1 4 ca|v|. Hence
ElVm(V)| < a1 E|V| 4+ o EV? < 0. (9.9)

For similar reasons, for any i,

E{Uim*(V;)} < oo. (9.10)
Theorem 9.1 If m(e) satisfies (9.4), then, for every i,
lim E (i — k) = 0.

Proof. Since the estimate is unbiased, we pass to the variance and get var [#;] = P, + Q, + R, where
P, = n~tvar [UyY}],

Qu = 5 S~ ) cov [Uom(Vi), Uym(Vis,)].

j=1
and
1 « ,
Ry = > (0= j) cov [Uom(Vi), Uym(Viy ;)] -
j=it+1

Clearly |P,| < n~'EY2U2E'/2Y? = O(n~ ") and

1 i
(@nl < 2> lcov [Uom(V3), Uym(Vig;)]|
j=1

IN

=3 B Wm(V)Uym(Vies) + = 3 B {Uom(Vi)}

j=1

IN

%E {UFm*(Vy)} + %E2 {Uom(V;)} = O (1) :

n
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see (9.9) and (9.10). Thus |Q,| = O(n~!). Moreover, by Lemma 9.4,

[Ral <~ > leov [Uom(V;), Uym(Vig ;)| =7 > 14

j=i+1 Jj=i+1
1
-0(3),
n
since 3777 || A7]| < oo. Finally
1
E (ki — ki) = var[i;] = O () (9.11)
n
which completes the proof. m
Sequence {A1, A2, K3, .., KN(n); 0,0, ...} is defined as an estimate of the whole impulse response {1, k2, k3, .. .}.
Defining the mean summed square error (MSSE for short) as
MSSE = > E(ki —r:)*+ Y K,
i=1 i=N(n)+1

we apply (9.11) to find that the error is not greater than

o(¥), S
" i=N(n)+1

Therefore if N(n) — oo as n — oo and N(n)/n — 0 as n — oo, lim,_,o, MSSE = 0.

9.4 Lemmas
Lemma 9.4 If (9.4) holds, then, for 0 < i < j,

|cov [Uom(V;), Uym(Vigy)]| < v ||A7]|
with a finite ~y.

Proof. Suppose 0 < i < j. Clearly V;; = ¢l AV X; + &1, where &1 j = ZZZ_l T AI=1=9U, + Z; ;. Since

pairs (Uy, V;) and (Uj,&;4;) are independent, cov [Uym(V;), Uym(&;+;)] = 0. Hence
cov [Ugm(Vi), Uym(Viy;)] = cov [Uom(V;), Uj[m(Vig ;) — m(&it;)]]
= E{UoU;m(V;)[m(Vit;) — m(&iv;)]}
— E{Uom(V;)} E{Uo[m(Vit;) — m(&i+;)]}
Applying (9.4) we get
m(Vieg) = m(Es)| < m [Vis — Eragl < e |7 X < e el [ 47] X
Thus
|cov [Uom(Vi), Uym(Vis;)]]
< o [lell || A7 || (B [UoUsm(Vi) | Xill] + | E {Uom(Vi)} E [Uo || X:]l])
= ¢ |||l [|A7[] (B [Uom (Vi) | Xi[| E U] + | E{Uom(Vi)}| E [Uo || X:l])
=47

with a finite v. =
We denote 9, (y) = F {U02|Yn = y}
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Lemma 9.5 In the system,
2 el 200 o
wn(y):UU 1_)‘nT +>‘ni4y (y)a
oy oy
where v(y) = m~1(y). Moreover,
sup [¢n (y)] < a + B2 (y),

where a = 0% (1 + (max, A2)o? /0%) and § = (max, X2)oh /o

Proof. Since the pair (Uy, V) has a Gaussian distribution such that EUy = 0, EV,, = 0 and cov [Uy, V,,] =
Mm%, the conditional density of Uy conditioned on V;, = v is Gaussian with mean A, (07 /0% )v and variance
o3[l = A2(0% /o?)]. Thus
2 2 20 12J 20 é 2
E{UO|Vn:’U}:UU 1—)\,,7(0_72 +)\nJTU
v v
which completes the proof. m
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Patwardhan, Lakshminarayanan, and Shah [322] used the Wiener model to identify a pH process. Another
field of possible applications is biology, see Korenberg and Hunter [254], Hunter and Korenberg [240].

A general approach for constrained nonparametric estimation in the context of the regression analysis
was proposed in [298].



Chapter 10

Kernel and orthogonal series
algorithms

10.1 Kernel algorithms

10.1.1 Introduction

By Lemma 9.2 to recover v(y) = a,m~(y), it suffices to estimate the regression E {U,|Y,+, = y}. This
goal can be achieved with the following kernel estimate:

o(y) = = (10.1)
ZK Yy — Yp+z
hn
=1
and its semirecursive versions
"1 -Y,
$-ban (11)
Puly) = T (10.2)

and

n(y) = =5 : (10.3)
Z K (y - YPJri)
i=1 hi
Like those investigated in Chap. 4 their numerator and denominator can be calculated recursively, see
Section 4.1.

We study two cases. In one the nonlinear characteristic is so smooth, strictly monotonic and differentiable,
that the output density f(e) of Y exists. In the other the characteristic is not differentiable but only a
Lipschitz function. The density may not exist. All proofs are in Sect. 10.4.

10.1.2 Differentiable characteristic

In this section we show that if the nonlinear characteristic is differentiable, i.e., if the density f(e) of
the output signal exists then all three kernel estimates are consistent. The presented theorems assume that
ly|' T K (y) — 0 as |y| — oo, where & = 0, and establish the convergence at continuity points. The verification
of the consistency at almost every point holding for £ > 0 is left to the reader.

103
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Off-line estimate

We now show that off-line estimate (10.1) is consistent.

Theorem 10.1 Let m(e) satisfy (9.6). Let the kernel satisfy the following restrictions:

sup | K (y)| < oo, (10.4)
y
[y < o<, (10.5)
yK(y) = 0 as [y| — oo, (10.6)
and, moreover,
|K(y) — K(2)| < cxly — = (10.7)
with some cg, for all x,y € (—o0,00). If
hp — 0 asn — o0 (10.8)
and
nh? — oo asn — oo, (10.9)
then
P(y) — v(y) as n — oo in probability (10.10)

at every y € m(R) where f(o) is continuous and f(y) > 0.

Remark 10.1 Notice that in Theorem 10.1, the kernel satisfies not only all the appropriate restrictions
imposed by Theorem 3.1 and others dealing with the Hammerstein system but also (7.15). As a result, the
rectangular kernel is not admitted. Concerning the number sequence, (10.8) and (10.9) are more restrictive
than (3.7) and (3.8). A hypothesis is that (10.9) can be replaced by (3.8).

Semirecursive estimates

In the two theorems presented in this section the convergence of semirecursive estimates (10.2) and (10.3) is
shown.

Theorem 10.2 Let the kernel satisfy (10.4), (10.5), (10.6), and (10.7). If the positive number sequence
{hn} satisfies (10.8) and
11
3 Z 72 — 0 as n — oo,
=11
then
v(y) — v(y) as n — oo in probability

at every point y € m(R) where f(e) is continuous and f(y) > 0.

Theorem 10.3 Let the kernel satisfy the appropriate restrictions of Theorem 10.2. If the positive monotonous
number sequence {hy} satisfies (10.8) and

n
hng h; — o0 as n — 00,
i=1

then
v(y) — v(y) as n — oo in probability

at every y € m(R) where f(o) is continuous and f(y) > 0.
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10.1.3 Lipschitz characteristic

In this section the nonlinear characteristic m(e) is invertible, see Sect. 9.2.1, and satisfies Lipschitz inequality
(9.6) but may not be differentiable. Because of that, the output random variable Y may not have a density.
In further considerations the probability measure of Y is denoted by ((e).

Theorem 10.4 Let m(e) be invertible in the Cartesian product R X m(R) and satisfy Lipschitz inequality
(9.4). Let H(e) be a nonnegative nonincreasing Borel function defined on [0,00), continuous and positive at
t =0 and such that

tH(t) — 0 as t — oc.

Let, for some ¢y and ca,
crtH(lyl) < K(y) < H(Jyl)ca.

Let, moreover, K (o) satisfy Lipschitz inequality (10.7). Let the sequence {hy,} of positive numbers satisfy
(10.8) and (10.9). Then convergence (10.10) takes place at almost every (¢) y € m(R).

10.1.4 Convergence rate

Like in Section 3.4 we assume that f(e) and g(e) have ¢ derivatives bounded in a neighborhood of a point
y € m(R). Selecting the kernel as described in Section 3.4, in view of (10.12), we obtain

E(f(y) - f())? = O(h21) + O (1) .

2
nh?

If m~!(e) has the same number of bounded derivatives, the same holds for E(§(y) — g(y))>.

hy ~n~1/(24+2)

Finally, for

P{[0(y) — v(y)| > ev(y)} = O(n~ /@Y

with any € > 0, and
[0(y) — v(y)| = O(n~1/3+1/(2a+2))

in probability. Similar results can be obtained for semirecursive estimates.

10.2 Orthogonal series algorithms

10.2.1 Introduction

The nonlinear characteristic m maps the whole real line R into the set m(R). Assuming that the characteristic
is smooth, i.e., satisfies (9.6), we apply orthogonal series estimates.

10.2.2 Fourier series algorithm

For simplicity we assume that m(R) = [—m, 7] and to recover v(y) = a,m™'(y) easily observe that v(y) =
9(v)/ f(y), where g(y) = v(y)f(y) = E{Uo|Y, = y}f(y). Expanding g(e) in the Fourier series we get

9(y) ~ao+ Zak cos ky + Z by, sin ky
k=0 k=0
with
L " sy = LEU
an = — [ p—
0=757 77r9 y)ay by )
and, for k=1,2,...,

ap = l /ﬂ— g(y) Cos(k‘y)dy = %E{UO COS(kYp)},

and
by, = f/ g(y) sin(ky)dy = %E{UO sin(kY,)}.
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For f(e), we obtain

1 = s
fy) ~ Gy Jr;akcosker;ﬂksinky

where
1 /" 1
ap = — f(y) cos(ky)dy = —E cos(kY),
TJ 7r
and
1 [ . 1.
B = . f(y)sin(ky)dy = ;E sin(kY),

k =1,2,.... Therefore the estimate of v(y) has the following form:

N(n) N(n)
ag + Z ax cos ky + Z by, sin ky
N k=1 k=1
(y) = N(n) N(n) ’

1 .
ﬂ—'_ ;dkcosky—f— kz_:lﬁksinky

where
1 1 <
do = % ' Ui, dk: = % Z Ui COS k}/p_ﬁ_i,
=1 =1
1 n
bk = % Z Uz sin kYp_H',
1=1
and

.1 Z” s _ L Z" .
O{k:%l 1COSkn,ﬁk:%l 1SlHI{?Y;.
1= 1=

In an alternative representation of the estimate we employ the Dirichlet kernel, see (B.2), and get

ZUiDN(n)(YP+i —y)
D(y) = = :
> Dy (Ypri — )
=1

Theorem 10.5 Let (9.6) be satisfied. Let [T _(m~'(y)f(y))*dy < oo and ["_ f(y)*dy < co. Let, moreover,
(9.6) be satisfied. If

N(n) — oo as m — o0
and
N?(n)
n

— 0 asn — oo.

then

P(y) — v(y) as n — oo in probability

at every y € (—m,m) where both m~1(e) and f(e) are differentiable and f(y) > 0.
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10.2.3 Legendre series algorithm

Assuming that m(R) = [—1, 1] we can employ the Legendre series and get the following estimate:

ZUikN(n) (Y, Ypti)

D(y) = =

i=1

where

n

kn(y,2) =Y pe()pr(z) = Qk; 1Pk(y)Pk($)
k=0 k=0

_ n+ 1 Py(y) P (z) = Poya(y) Pu() (10.11)
2 =y |

is the kernel of the Legendre system, see Section B.3.

Theorem 10.6 Let (9.6) be satisfied. Let fil If()|(1—y*)Y*dy < 0o and fil If (y)ym=(y)|(1 —y*)*dy <
oo. If (6.2) is satisfied and

N7/2 (TL)
n

— 0 as n — o0,

then

(y) — v(y) as n — oo in probability

at every y € (—1,1) where both m~*(e) and f(e) are differentiable and f(y) > 0.

10.2.4 Hermite series algorithm

For m(R) = (—o0,00) we can employ the Legendre series and get the following estimate:

ZUikN(n) (Y, Ypti)
i=1

v(y) =

)

> ke, Y7)
=1

where

Fa(@,y) = 3 ha(@)hily) = \/n? hn+1(x)hn(y; - Zn(x)hnﬂ(y)’

k=0

is the kernel of the Hermite system, see Section B.5.

Theorem 10.7 Let (9.6) be satisfied. If (6.2) holds and

N13/6 (n)
n

— 0 as n — oo,

then
v(y) — v(y) as n — oo in probability

at every y € (—oo,00) where both m~1(e) and f(e) are differentiable and f(y) > 0.
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1-4

138

Figure 10.1: The nonlinear characteristic in the simulation example (Sect. 10.3).

10.3 Simulation example

In the simulation example the dynamic subsystem, see Figure 9.1, is described by the following equation:
Xn+1 = aX, + U, with a = 1/2. The nonlinear characteristic is of the following form:

m(w) = 2w, for w >0
Tl w, forw<0,

see Figure 10.1. The input signal U,, has a Gaussian distribution with zero mean and variance 1. Therefore
E{U,|Yp1} = almil(y)

with
_ 1—a?
14+ (1—a?)o?’

Since the outer noise is absent, i.e., Z, =0, we have a1 = 1 —a®. Asa=1/2,

(€3]

3
E{Up|Yp41} = zm 1(y)
The accuracy of estimates is measured with

MISE = /3 (ﬁ(y) ~ iml(y))Qd%

-3
where (y) stands for the involved estimate.

For off-line estimate (10.1) the MISE is shown in Figure 10.2. The estimate behaves very much like its
appropriate version applied to the identification of Hammerstein systems.

10.4 Lemmas and proofs

10.4.1 Lemmas

Lemma 10.1 Let the density f(e) of Y exist. If the kernel satisfies the appropriate restrictions of Theorem

10.2, then,
Y., Y.
cov |U;K Y= Ipti UK Y= tptj
h; h;

hihin(y), for0<|i—jl<p
|A || n(y)  forp <i—j

2

Zi

> A= n(y)  forp<j—i
J

IN

with some n(y) finite at every y € m(R) where both m~1(e) and f(e) are continuous.
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Figure 10.2: MISE versus h,, for estimate (10.1); various n.

Proof. Fix y € m(R) and suppose that both m~!(e) and f(e) are continuous at the point 3.
For any i and j, the covariance in the assertion is equal to Q1 (y) — Q2(y), where

Y, —Ypuj
Ql(w:E{UiK(y hf*)UjK (y » “)},

Qaly) = E {UZ-K (y_hy*) } E {UJK (y_hy+> } '

and

Since

1Q1(y)]

S E1/2 UZQKQ y_}/}l"rl El/2 U2K2 y_Y;D-‘rJ
hi J hj
1 — 1 -Y
— 7. Fl/2 = 1/2 LY
e {umi e () e {umpr (U)]

with ¢, (e) as in Lemma 9.5. Recalling Lemma A.8 we find that the quantity is not greater than /h;h;n (y)
for some finite 7;(y). For the same reasons, |Q2(y)| < hihjn2(y) for some finite n2(y). For 0 < |i —j| < p,
the desired inequality follows. 4 .

Suppose that p + j < i. Obviously V,4; = Zf;]:oi Apti—nUn + &pyi, where &pyy = fl':pﬂ Mpti—nUn +
Zpyi. As pairs (U;,Y,1;) and (U;, €py;) are independent,

cov [U,-K (y_mw) UK <y_YP+J)] —0
hi h]‘

Hence, denoting
Y—Ypyi y—m(Epti
¢W%%QMZK<hH)_K<}&Hv

we find the examined covariance equal to

cov |06ty Yy o1 UK (L2252 )| = 5100 - 5200,
J

where

Siy) =E {Uinqb(y, Yoptir Epra) K (y_hpﬂ> }
J
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and

5a0) = B {031 (L5222 ) LB (01000 ows 600

J

i {V(Y)K (y ;‘Y> } E{Ui(y. Ypii 6ps0)}

J
Since both K (e) and m(e) are Lipschitz functions, see (7.15) and (9.4),

p+j—1
|¢(ya p+lv§p+’b)‘ <CKcm |Yp+1 (€p+1)| *CKCm Z )‘p+l nUn
which yields
1S1(y)
1 p+j—1 (y_y .
<y— Mption| E |U;U U, K ”“)‘
Vhi HZZ_OJ p+ | J hj
p+j—1 v
p+Jj
o ()

+j—1
<y E1/2 U2K? Y—Ypij & I\ \E 1/2 U2K2 Y- Yp+J
hi 7 h; Z i h;j

i 1/2 2o (y—-Y
v {0 (0]

p+j—1

which equals

y—Y
X Z |>‘p+ifn|E1/2 {wpﬂ‘n(y)KQ ( h.: )}
n=-—o0 J
hi 1 y—Y pt+j—-1 ptj—1
< 'YhijhiE {d}(Y)KQ < I )} Z |)‘p+z n| < '7 773 Z |>‘P+z n|
v J J n=—oo n=—oo
with ¢, (e) and 1(e) as in Lemma 9.5. As
p+j—1 ptj—1 , ptj—1 )
D Povical = D AP | < el o] Y [JAPT|

< llell o] |A7]] > A =8 ]|A|,

n=0
where 0 = e[| [|b]] 3272, [|A™[], we get

151 (y)] < ’;7 11479| na ()

with finite n3(y).
Passing to S3(y) we observe that

p+j—-1
[E{Uid(y: Yptis Ep+i) H SCKCmE Z [ Apti—n| E|UiUn|
pti—1
SCKCmEUQF Z | Ap+i—nl

v n=—oo

< cxendBU - -4+



10.4. LEMMAS AND PROOEFS 111

which yields
1S20)] < excend EU L HAl lmy
where 74(y) is finite. The proof is completed. m

Corollary 10.1 Let the density f(e) of Y exist. If the kernel satisfies the appropriate restrictions of Theorem

10.1, then,
— Yoy —Yoij
cov{m( ] )mc( ! )”

<{ n(y). for0<i—jl <p
= A ) forp < i — 4]

with some n(y) finite at every y € m(R) where both m~1(e) and f(e) are continuous.

Lemma 10.2 If the kernel satisfies the restrictions of Theorem 10.4, then

~ Y, _
cov |U;K , UK y—Y
. h h
limsup |h

h—0 EK (y Y)

h

< { w(y), fori<p
SV A wt), ori>p

where some w(y) is finite at almost every (¢) y € R, where ( is the distribution of Y.

Proof. Let ¢ < p. Since

Y, ~Y, ~Y,
o (1) (o) e (5%

we find the quantity in the assertion bounded in absolute value by

-Y, -Y
el (t52)} pleooe (50))
2 Y =2 Y )

Yy— Yy—

EK | ¥—— EK | ——
() ()
where 1, (o) is as in Lemma 9.5. By virtue of Lemma A.11 the quantity converges to 21, (y) at almost every

(¢) y € m(R) and the first part of the lemma follows.
Let p <i. Arguing as in the proof of Lemma 10.1 and taking into account that now h = h; = h; we get

cov |U K Y= Ypri UK y-Y
h h
h .
EK | ———
()
-Y,
cov I:Ui¢(yayp+ia€p+i)>UOK (y I P):|
h

i (1Y)

hS1(y) hSa(y)

EK(y hy) K (y hy>
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where S1(y) and S3(y) are as in the proof of the lemma. Making use of the proof we obtain

o (57)
(7
S )|

(5 ()

Applying Lemma A.11 we complete the proof. m

E

<vllaTtEvIE X

S1(y)

and

10.4.2 Proofs
Proof of Theorem 10.1

Remembering that v(e) is continuous in m(R), see Section 9.2.1, we fix y € m(R) and suppose that f(e) is
continuous at the point y. We notice that o(y) = §(y)/f(y), where

A 1< y—Ypui
- E UK P
9(v) nhy, pet ! < hn, >

and

Since

et = g 0 (50 | = 0 (0)

applying Lemma A.8 we get
Eg(y) — v(y)f(y) /K(x)dx as n — o0.

In turn R
var [£(y)] = Pa(y) + Qu(v),
where ) v
y—
Pn(y) = n—h%var |:UOK (hnp>:|
and
- v Y—Ypii Y—Ypij
Qnly) = 272 Z | Z cov [UJ(( - UK T
i=1 j=1,j#1
1 « . y—Y, y—Y,
:WZ(an)COV |:UOK< h p),UiK (hp—l—>:|
n =1 " "
Clearly

_ b o2 (Y= Yp 1o y—Y
_hnE{UOK< - hnE UK .

|
T=
=
/_/H
<
S
—
~
~—"
=
N
/N >
<
Sl
3

~
N———
——
[
T=
3
—
S
=
7 N\
<
Sl
3

~
N——
——
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where ¢,,(y) is as Lemma 9.5. Applying Lemma A.8 we observe that

iE {wp(y)f@ (y};y)} — Py(y /K2 )dz as n — oo

%E {V(Y)K (y ;ny)} - y(y)f(y)/K(x)da: a8 1 — 0o.

Therefore P,(y) = O(1/nhy,).
-v —Y...
o oo (452 i (122

Furthermore
Y- Yp Yy — Yeri
K K| Y————
{UO ( hy, ) v ( hy,

o (52) o (2]

and

n

Q) <

n =1

1 &
:WZ cov

n =1

n

1
+WZ

" j=p+1

113

Due to (9.6), m(e) satisfies Lipschitz inequality, since it has a bounded derivative. Thus applying Corollary

10.1 we find the quantity bounded by

1 > )
)+ ) 3 1A = ) (4 341
n =1

i=p+1

Hence @, (y) = O(1/nh,,) which leads to the conclusion that

1
var [§(y)] = O (nh%> : (10.12)
Finally
9(y) = v(y)f(y) /K(x)d:z: as n — oo in probability.
Since, for similar reasons, f y) [ K(z)dz as n — oo in probability, the proof is completed. m

Proof of Theorem 10.2

We begin our reasoning observing that 7, (y) = Gn(y)/fn(y), where

N 1 1 y—Ypii
n(y) ==Y UK (S
gn(y) n;hU ( . >
and
_ 11 y-Y;
n - — —K
fa(y) n;hi ( " >
Clearly
N I 1 y—-Y,\1 11 y—Y
Egn<y>—nl_zlhiE{UoK( - )}—n;hﬁ{”(mf( -
Since

see Lemma A.8,
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i=1
and
1 ~ ] ‘ Y—Ypii Y—Ypuj
S”(y)_#;;hzhj cov [UZK( " ),UJK( 3
J#i
As

A ksl (5} e o (5]

where ¢,,(e) is as in Lemma 9.5, we obtain

Moreover, by Corollary 10.1,

J
0<|i—j|<p

n n 1 h i n n 1 h .
DD EED OB o |

J
p<i—j p<j—i

>

which is bounded by

et QZHAJHZ,LQ].

As the quantity converges to zero as n — oo, we obtain

=1

an(y) — v(y)f(y) / K (z)dx as n — oo in probability.
Since fn y) | K(z)dz as n — oo in probability, the proof is completed. m

Proof of Theorem 10.3
Clearly v, (y) = gn(y)/fn (y), where

and
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e = s o P Pk (50

an application of Lemma A.8 and that of Toeplitz 4.4 leads to the conclusion that

Because

Egu(v) — v)f () [ K(a)ds as n - .

Passing to variance we get var[g,(y)] = Rn(y) + Sn(y) with

= g S (5]

(Zi:l i
and
i Y—Ypij
Su(y) = — 2z:z:cov {UK( p+>,UjK<)].
(Zi:l Z i=1 j=1 hi hj
J#i
Since

another application of the two mentioned lemmas yields

=0 (s g)

Moreover,
_ ) Iy = N~ N i
Snl = = (D0 2 VR >0 AT
iz i)™ i 5 =1 j
0<|i—j|<p p<i—j
RPN 2|
i:l j
<j—
which is bounded by
1)
(i o)’
n n n n h i n n 1 -
2PN SRS 9B SEANEIES o oL PR
i=1 j=1 =1 p<§7‘j i=1 p<Jj7i
which in turn is not greater than
T DOLES 3B S YPETRS oI e P
(Zl b i=1 i=1 hi J

p<i—j p<j—i
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Since {h,} is monotonic, the quantity is bounded by

n

il AJ h;
o DURE D

o0

n(y) 2
=S h 1+EZHA3H

which converges to zero as n — oo. Thus,

gn(y) — v(y)f(y) / K (z)dx as n — oo in probability.
Since, moreover, f,(y y) [ K(z)dxz as n — oo in probability, the proof is completed. m

Proof of Theorem 10.4
We have 2(y) = £(y)/i(y), where

) = K<y Y)z”: ( fﬁ)

h
and )
0 = — (z ;ny> > K (yﬁﬂ
Since
X Blugr (L2 E{v(Y)K y—Y
Bé(y) = {E; ((yhy>>} {EK(yi;) )}

applying Lemma A.10 we get

for almost every () y € R.
For the variance, we have

where

and
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Furhermore
N
2K (y_

y-Y y—Y ’
EFK EK
where 9, ((e)) is as in Lemma 9.5. Due to Lemmas A.10 and A.11, the quantity converges to a finite limit

as n — oo at almost every (¢) y € R. Thus, P,(y) = O(1/nh2) at almost every (¢) y € R.
Clearly

nhn| Py (y)] <

N
>~<
~——
=
—N
B
2
VR
<
g‘\
Ny
~——
——

IN

nhi|Qn(y)|

_ v VT
n cov UOK(yh p),UJ((yp'H)

hTL n h’l’b
< > hpi—t
o (1) o (50)

hn
. » |cov |UsK (y;Yp>,UiK (y_hy”*>
S niY Zhn L n 7Y n i
EK(y )z‘=1 EK(yh )
o () v ()

hn
EK (y_y) i=pt1 EK (y};Y)

hn, n

n

Application of Lemma A.11 and then Lemma 10.2 leads to the conclusion that @, (y) = O(1/nh2) at almost

every (¢) y € R. Thus
alé)] = 0 ()

at almost every () y € R. Finally

&(y) — v(y) as n — oo in probability,

at almost every (¢) y € R.
Since, for similar reasons, £(y) — 1 as n — oo in probability, the proof has been completed. m

Proof of Theorem 10.5

In the proof of consistency we apply the same arguments as in the proof of Theorem 10.1 dealing with the
kernel estimate. The only essential difference is that we use

1
[Dn(y) = Dy (@) < —Nly — z|
rather than (10.7). To verify this it suffices to notice that
N N
d d1/f1 1 .
ﬁDN(‘T) = (2 + kZﬂcoskx) = kz_lsmkm

which is bounded in absolute value by N/7. m
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Proof of Theorem 10.6

The proof is similar to that of Theorem 10.1. Examining the appropriate covariance we take into account
that the kernel is a Lipschitz function in the sense that, for any = € (—1,1) and all z,£ € [—1, 1], it satisfies
the following inequality:

|k (y, @) = kn(y, €)] = O(N*/2) |z — €.
To verify the above we begin with (10.11) to get

N
2 kwl) = 3 B R

2
k=0
and use the inequality (B.19), to obtain
N N
0 2k +1
—k < k| Py ( )| Py (
)] < X 2RI = 306G
Since, moreover,
Py(cos€) = 2 Ccos ."ch1 EJrz +0(k=3/?)
b ~ V 7wksiné 2 4 ’

for any & € (=7 +¢&,m — ), any € > 0, see Szegd [400, Theorem 8.21.8], we conclude that Py (y) = O(k~1/?)
for any y € (—1,1). Hence for any such y

N
<) 0?2 = O(N®/?)

’ z k=0

which leads to the desired inequality. m

Proof of Theorem 10.7

Since

Lkl a) = 32 )i o),

using (B.42) and (B.43) we obtain, for any fixed v,

< “UHO(k5/12) = 7/6y.
mné“}cﬁooax'kfv y, )| I;O )JO(K?/12) = O(NT/°)

Hence for any z and all ,£ € (—o0, 00),

kn (y, ) — kn(y,£)] = O(NT/%) |z — ¢.

which completes the proof. m

10.5 Bibliographic notes

The off-line kernel estimate has been examined in Greblicki [145,151], and Krzyzak [262] while semirecursive
versions, all with p = 1, have been studied by Greblicki, [156]. Orthogonal series estimates have been studied
by Greblicki [146], Krzyzak [262], Krzyzak, Sasiadek and Kégl [271]. Algorithms are consistent also when
the input signal is correlated, see Greblicki [160].



Chapter 11

Continuous-time Wiener system

11.1 Identification problem

In this chapter we identify a continuous-time Wiener system shown in Fig. 11.1. The input random process
{U(t);t € (—o0,00)} is stationary, white, Gaussian, has zero mean and the autocovariance function o%46(t),
where 0(t) is the Dirac impulse. The system consists of two subsystems. The first is a linear dynamic system
and the second a memoryless nonlinearity. The dynamic subsystem is described by the following state-space
equation:

X(t) =AX(t)+bU(t)
W(it) =cIX(t)

in which A,b, and ¢ are all unknown. Therefore A\(t) = cTeAtp, where X is the impulse response of the
subsystem. The dynamic subsystem is asymptotically stable which means that all eigenvalues of A have
negative real parts. Thus [~ A?(t)dt < oo and, consequently, both {X(t);¢ € (—o0,00)} and {W(t);
t € (—o0,00)} are stationary Gaussian processes.

The output of the subsystem is disturbed by additive noise {Z(t);t € (—o0, 00)}. Therefore, V() = W ()
+ Z(t). The noise {Z(t)} is a zero-mean stationary white Gaussian random process with autocovariance
function 028(t). The process is independent of {U(t)};t € (—00,o0)}. The other subsystem is nonlinear,
memoryless and has a characteristic m(e). Hence Y (¢t) = m(V(t)). The characteristic is a Borel measurable
function satisfying the following Lipschitz condition:

Im(x) —m(y)| < cmlz -yl (11.1)

for some ¢, and all z,y in R, the same as (9.4) for discrete systems. Moreover, the characteristic m(e) is
invertible and its inverse is denoted by m~!(e).
We identify both subsystems, i.e., estimate the characteristic m(e) of the nonlinear part, and the impulse

response A(e) of the linear subsystem from observations taken at input and output of the whole system, i.e.,
from {U(t),Y(t); t € (0,00)}.

—» A(t) [—» m(e) +—»

Figure 11.1: The continuous-time Wiener system.
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11.2 Nonlinear subsystem

Obviously V(¢) has zero mean and variance o2 = o fooo)\g (t)dt + 0%. Observe now that the pair (U(t —

7), V(t)) has a Gaussian distribution with marginal variances o7, 0%, and the correlation coefficient (o¢; /oy )A(T).

Therefore, E{U(t — )|V (t)} = (¢ /0% )A(T)V (t). In this way we have verified the following result.
Lemma 11.1 In the Winer system,

B{U(t—7)[Y(t) =y} = arm™(y),
where a; = (03, /0L )N(T).

The discussion in Section 9.2.1 concerning the existence of a density f(e) of Y in a discrete-time system
also applies in this situation. Since some results also require the density to exist, we assume sometimes that

m(e) is strictly monotonous and has a bounded derivative. (11.2)

Lemma 11.1 suggests the following estimate of a,m™1(y):

foen ()

o ()

where K (e) is a suitably selected Borel measurable kernel function and h(e) is a positive bandwidth function,
respectively. The choice of the kernel depends on the fact that f(e) exists or not.
Semirecursive forms of the estimate are as follows

/otU(g g (y Zé;g)) “

v(y) =

(y) = ; -
| g™ (y hé@) “

7
y— Y(€)>
K|=——*]d
() e
Theorem 11.1 Let m(e) satisfy (11.2). Let the kernel satisfy the following restrictions:

sup [ K (y)| < oo,
y

/ K (y)|dy < oo,
yK(y) — 0 as |y| — oo,

and, moreover,
|K(y) — K(2)| < cxly — |

for some ck, for all z,y € (—o0,00). If

h(t) — 0 as t — o0 (11.3)

and
th%(t) — oo as t — oo, (11.4)

then
(y) — v(y) as t — oo in probability (11.5)

at every y € m(R) where f(e) is continuous and f(y) > 0.
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Theorem 11.2 Let the kernel satisfy the appropriate restrictions of Theorem 11.1. If the bandwidth function
h(e) satisfies (11.3) and

t
t/ h(7T)dT — 00 as t — oo,
0

then
v(y) — v(y) as n — oo in probability

at every y € m(R) where f(o) is continuous and f(y) > 0.

Theorem 11.3 Let the kernel satisfy the appropriate restrictions of Theorem 11.1. If the positive bandwidth
function h(e) satisfies (11.3) and

IR
? A h27(7’)d7——70a8t—>00,

then
(y) — v(y) as n — oo in probability

at every y € m(R) where f(e) is continuous and f(y) > 0.

11.3 Dynamic subsystem

Since E{U(t — 7)Y (1)} = E{Y(¢)E{U(t — 7)|Y (t)}}, applying Lemma 11.1 we find the quantity equal to
a.E{Y (t)V(t)}. This verifies the following result.

Lemma 11.2 In the system,
E{U)Y (T +1)} = BA(T),

where B = (oy /ov)E{V({)Y (t)}.

Having proved the lemma, we propose the following algorithm to estimate x(7) = BA(7):

1t
i) =1 | v+ o
Theorem 11.4 Let m(e) satisfy (11.1). For any T € [0, 00),
E(&(T) — K(1))* = 0 as t — oo.

Proof. We have, E{&(7)} = E{U(0)Y (¢)} which, by Lemma 11.2, is equal to (7). Thus #(7) is an unbiased
estimate of SA(t) and its variance equals

t pt
i [ oo+ .0yt +midsn
t
= [ =9 eonUOY (). UV (r + )l
which, by Lemma 11.3, is bounded from above by

1/ 1 [
wr [ ¢=ollede < [ e e

The proof is completed. m
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Lemmas

Lemma 11.3 If (11.1) hold, then, for 0 < T < t,
[cov [U(0)m(V (7)), U(#)m(V (r +))]| < [[e= ]
with a finite .
Proof. Let 0 < 7 < t. Clearly V(7+t) = ¢Te 4 X (1) +&(7+t), where &(7+t) = f:H e AU (1)dr+Z(T+
t). Since pairs (U(0),V (7)) and (U(¢),&(7 + t)) are independent, cov [U(0)m(V (7)), U(t)m(&(T +t))] = 0.
Hence the covariance in the assertion is equal to
cov [U(0)m(V(r))U @) [m(V (7 +1)) —m(&( +1))]]
= ELUQ)U@&)m(V (7)) [m(V (1 + 1)) = m(&( + 1))}
— E{U0)m(V (7))} E{UQ0)[m(V (7 + 1)) = m(&(7 +1))]} -
Applying (11.1) we get
m(V (7 +1)) = m(E(r + 1)) < e [V(T +1) = (7 +1)] < e |cTe™ M X (7))
< em el [l IX ()]l
Thus the absolute value of the variance is not greater than
e llell [ || (B U 0)U ()m(V (1)) | X (7)]]]
+ [ELUO)m(V(n))} EU0) [X (7))
= e lle]l [le™ [ (B [U©)m(V () IX (1)]]| E|U]
+ [ELUO)m(V(n))} EU0) [X ()]
= [le= |

with a finite v. m
Our next lemmas are given without proofs since they are very similar to those presented in Section 10.4.

Lemma 11.4 Let the density f(e) of Y exist. If the kernel satisfies the appropriate restrictions of Theorem

10.2, then,
cov [ (L5 ) wo (P |

(
hh()() w(y), forO<[E—nl<T
M) x| ) gorr <61

i

e

h(n)

for some w(y) finite at every y € m(R) where both m~*(e) and f(e) are continuous.

IN

A= n(y) for T <n—¢

Corollary 11.1 Let the density f(e) of Y exist. If the kernel satisfies the appropriate restrictions of Theorem

10.1, then,
cov {U(ﬁ)K <yyf(;—+£)> UK <yY§LT+n))H

<{ hn(y), for0<|E—n| <7
e~ A=l n(y)  for T < |€ =]

for some n(y) finite at every y € m(R) where both m~1(e) and f(e) are continuous.

11.4 Bibliographic notes

Off-line and semirecursive kernel estimates have been examined in Greblicki [153,154].



Chapter 12

Other block-oriented nonlinear
systems

Thus far we have examined block-oriented systems of the cascade form, namely the Hammerstein and Wiener
systems. The main tool that was used to recover the characteristics of the systems was based on the theory
of nonparametric regression and correlation analysis. In this chapter we show that this approach can be
successfully extended to a class of block oriented systems of the series-parallel form as well as systems with
nonlinear dynamics. The latter case includes generalized Hammerstein and Wiener models. We highlight
some of these systems and present identification algorithms which can use various nonparametric regression
estimates.

12.1 Series-parallel block-oriented systems

The cascade nonlinear systems presented in the previous chapters define the fundamental building blocks
for defining general models of series-parallel forms. Together, all of these models may create a useful class
of structures for modeling various physical processes. The choice of a particular model depends crucially on
physical constraints and needs.

In this section we present a number of nonlinear models of series-parallel forms for which we can relatively
easily develop identification algorithms based on the regression approach utilized throughout the book.

12.1.1 Parallel nonlinear system

Our first example concerns a model in which the nonlinear memoryless element and the linear dynamic
system are connected in parallel, see Fig. 12.1. That is, we have the following input-output relationship:

Y, = m(Uy) + Vy + Zy, (12.1)

where V,, is the output of the linear subsystem. In general we have
Vo= XU, (12.2)
i=0

where the impulse response function {\;} satisfies Y72 A? < oc.
More specifically the state-space equation for the linear subsystem can be used, i.e.,

‘/n = CTXn + dUn

This corresponds to (12.2) with A\g = d and \; = ¢ A7=1h, j > 1. The noise process {Z;} in (12.1) is white
with zero mean and finite variance 0%. Let the input process {U,} be iid with the density f(e) and let,

123
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V. Z,
{Ai}

A

—| m(e)

Figure 12.1: The parallel nonlinear system.

additionally, EU2 < oo and Em?(U,,) < co. These conditions can assure that the output signal {V,,} is a
second order stationary stochastic process. The parallel nonlinear system can be interpreted as a system
where the linear part plays the role of the load or nuisance parameter that influences the signal to noise ratio
of the output signal. Indeed, (12.1) can be written as follows

Y, = ,U(Un) +&n + Zy, (12.4)
where -
(Un) = m(Un) + AoUn + E{Uo} > _ A (12.5)
=1
and .
& =Y Ai[Un_i — EU,_j]. (12.6)
=1

Thus, the parallel system can be expressed in the signal-plus-noise form with the signal p(u) and the noise
&n + Zn, where &, can be called the internal system noise. The total noise {&, + Z,} has zero mean and
finite variance

o0
var(Up) Z N+ 0%, (12.7)
i=1
but it is not white anymore since &; and ; are correlated for i # j.

From (12.4) we can readily obtain that E{Y,|U, = u} = u(u), and one can recover the nonlinearity m(u)
from p(u) up to an unknown linear function. However, if \g = 1 and E{Uy} = 0 then

m(u) = p(u) —u (12.8)

and a full recovery of m(u) from the regression function p(u) is possible. Indeed, due to (12.8) an estimate
of m(u) can be defined as
m(u) = i(u) —u, (12.9)

where as fi(u) we can use any nonparametric regression estimate (see Chapter 3-7), derived from the input-
output data {(U1,Y1),...,(Un,Ys)} generated from the model in (12.1).

Remark 12.1 In Chapter 2 we observed that the cascade Hammerstein system can also be written in the
form of (12.4). In this case we have

o0

w(Un) = m(U,) + E{m(Up)} Z A

and
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We can mow compare the influence of noise on both systems. Since the measurement noise is the same for
both systems it suffices to consider var(&,). In fact we have

ar(é,) = oo A2var(Uyp) for parallel system
Vatisn) = POy A2 var(m(Up)) for cascade system

7

Thus the influence of the noise is greater for the parallel system than for the cascade one if
var(m(Up)) < var(Up). (12.10)

Since it is known that var(m(Up)) can be closely approzimated by (m™ (EUy))? var(Uy) then we can conclude
that (12.10) holds for all the nonlinearities when |m™M (EUy)| < 1. Since we often have EUy = 0 then the
latter criterion is equivalent to |m(1)(0)| < 1. A large class of practical nonlinearities meet the following
constraint:

cau < mu) < cou.

If ca < 1 we can conclude that (12.10) holds. On the other hand if ¢y > 1, then the opposite inequality to
(12.10) is true and we may conclude that the cascade Hammerstein system is more influenced by the noise
than the corresponding parallel connection.

The generic formula in (12.9) allows us to form different nonparametric estimates of the nonlinearity
m(u). To focus our attention let us consider the generalized kernel estimate

nil Z?:l sz kb(uv Uz)
) = n=t 370 ky(u, Us)

where ky,(u, v) is the kernel function indexed by the smoothing parameter b = b(n).

—u, (12.11)

Remark 12.2 [t is worth noting that ky(u,v) = bk(b(u — v)) gives the classical convolution kernel esti-
mate with the kernel k(u) and with the window width b=1. On the other hand ky(u,v) = 22:0 we(u)pe(v)
defines the orthogonal series estimate with respect to the orthonormal basis {pe(u)} and with the trunca-
tion parameter b. Next, ky(u,v) = bk(bu,bv) defines the multiresolution class of kernel functions. Here

k(u,v) =372 d(u—j)¢(v —j) is the kernel corresponding to the scaling function ¢(u).
To establish the asymptotic properties of the estimate m(u) let us observe that under the condition
b(n) — oo as n — o0, and for a large class of kernel functions (examined in the previous chapters) we have
E {nl > Yiko(u, Ui)} = / ) f (@) kp(u, w)de — p(u) f(w), (12.12)

i=1 -

at every point u where both p(u) and f(u) are continuous. It is worth noting that the smoothness of p(u) is
determined by the smoothness of the nonlinearity m(u). In fact, if, e.g., m(u) is Lipschitz continuous, i.e.,

Im(u) —m(v)| < Lju = vl,

then
() = p(v)] < (L + 1)fu —v].
Regarding the variance of n= 3" | Y; ky(u, U;) we have

var{nleikb(u,Ui)} = ntvar{¥, ky(u, U,)}
i=1

n—1
20ty (1 - %) cov {Yy ko(u, Uy), Yo kp(u, Up)} . (12.13)

s=1

The first term in (12.13) is bounded by

i | " Y (@) (@) R 2,

— 00
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where 9(u) = E{Y,?|U,, = u} is a finite function if E{m?(U,)} < oo and E{U2} < co. Also for a large class
of kernel functions we can assume that

/ g(2)kE (u, z)dx < c(u,b)b, (12.14)
at every point u where g(u) is continuous.
Remark 12.3 The function c¢(u,b) appearing in (12.14) is bounded and its particular form depends on the

particular kernel function. For the convolution kernel, c(u,b) is independent of b. On the other hand, for
the multiresolution kernels (see Remark 12.2), c(u,b) = c(ub), where c(u) is given as follows:

oo
clu) =Y ¢ (u—3j).
j=—00
Thus, c(u) is a periodic function with the period equal to one. Note that for the Haar scaling function we

have ¢(u) = 1. The figure below depicts c(u) for the Daubechies scaling functions of order p > 2. Note that
the amplitude of c(u) decreases as p increases.

1.75
1.5
1.25

0.75
0.5

6 -4 -2 o 2 4 e

Figure 12.2: Function c¢(u) for the Daubechies scaling functions of order p = 2 (thin line) and p = 6 (thick
line).

Regarding the second term in (12.13) we note that the covariance in this term can be written as follows:

cov{Yikp(u, Us), Yoko(u,Uo)} = AsE{ks(u,Up)} E{Uou(Up)ks(u,Up)}
s—1 —1
+ )0 Amidsj cov{Uik(u, Us), Uz (u, Up) }.

1=—00 j=—00

The first term in the above formula tends to A, f?(u)u(u)u as b — oo. The second term can be decomposed
as follows:

-1 -1

33 Amidsj cov{Uiky(u, Us), Uy (u, Uo) }

1=—00 j=—00

s—1 -1
3> Aeidj cov{Uiky (u, Us), Uk (u, Up) }- (12.15)

i=0 j=—o0

Note that the covariance in the second term in (12.15) is equal to zero. In turn, the first term in (12.15)
converges to E{UZ}f?(u) > i1 Ast+jAj. All of these considerations show that the second term in (12.13) is
not greater than

) S A+ 3 e Il
s=1

s=1j=1
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where a(u) is a finite function independent of n. Note that the second term in the brackets is finite if
Yoo i |As] < co. The denominator in (12.11) represents a classical kernel density estimate that is known
to converge to f(u) as n — oo in probability. The convergence in probability will be abbreviated as (P),
whereas the rate in the probability sense (see Appendix C) as Op(e). We can summarize the aforementioned
discussion by stating the following theorem.

Theorem 12.1 Let m(u) be the generalized kernel estimator defined in (12.11) with the kernel function
which meets (12.14). Let E{m?(Up)} < oo and E{UZ} < co. Suppose that Y oo, |Xs| < oo. If

b(n)

b(n) =00 and —= —0 asn— o0

then
m(u) — m(u)(P) asn — oo,

at every point u where m(u) and f(u) are continuous.

Arguing in the similar fashion as in Chapter 3 we can also show that for twice differentiable nonlinearities
we have the usual convergence rate

m(u) = m(u) + Op (n*2/5) .

Regarding the problem of identification of the linear subsystem (we assume that Ay = 1) of the parallel
model let us observe that

Ryu(s) =7\, s=1,2,... (12.16)
where Ry (s) = cov(Yy,,U,_s) and 72 = var(U,). Now A\, can be estimated by
o RYU(S)
A== (12.17)

where Ryy(s) and 72 are the standard estimates of Ry/(s) and 72, respectively; see Section 2.3.
The above results allow us to form a nonparametric estimate of the linear subsystem in the frequency
domain. Indeed, formation of the Fourier transform of formula (12.16) yields

Syy(w) = ?Aw), |w| <, (12.18)

where Sy (w) = > oo Ryu(s)e "“ is the cross-spectral density function of the processes {Y,,} and {U,}.
Moreover,

Aw) =) Ae (12.19)

is the transfer function of the linear subsystem.
Owing to (12.18) and the standard spectral estimation theory we can propose the following generic
nonparametric estimate of A(w):

Aw)=#72 3 w(s/N)Ryu(s)e™, (12.20)
|s| <N

where w(t) is called a convergence factor (data window) that is a function defined on [—1,1] and usually
satisfies w(0) = 1, and |w(¢)| < 1. The popular choices are:

w(t) = {0.54 +0.46 cos(¢)}1(]t] < 1) (Tukey-Hamming window)

and
w(t) = {1 —6[t]> +6[¢|*}1(|]t| < 1/2) +2(1 — [¢[)*1(1/2 < |t| < 1) (Parzen window).

In (12.20) N is the truncation parameter that can be chosen by the user or more objectively by the
asymptotic analysis of the estimate A(w) In fact, such analysis shows that for a large class of data windows
and if N = N(n) — oo with N(n)/n — 0 then the estimate A(w) converges to A(w). The data-driven choice
of N in (12.20), and generally in the context of nonlinear system identification, would be an interesting issue
to pursue.

To gain insights on the above introduced estimation techniques, let us consider the following example.
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Example 12.1 Consider the parallel model with the first-order stable autoregressive dynamic subsystem

Xn = aXyu_1+ Uy,
Y, = Xpo+mU,)+2Z,, n=0,+1,£2,....

where |a| < 1. In our simulations we assume that the noise Z, is uniformly distributed over [—0.1,0.1] and
the input U, is uniform on [0,10]. The nonlinearity m(u) = (5u® — 2u® +u)e=®. Simple algebra shows that
the regression function p(u) = E{Y,|U, = u} is equal to

pi(u) = m(u) +u+ E(U),

where v = a(1 —a)~'. Hence, m(u) can be estimated from an estimate fi(u) of the regression function p(u)
as follows:
m(u) = fi(u) —u—Uy,7, (12.21)

where U, is the standard empirical mean estimate of E(U), and % is an estimate of the factor v. There are
two possible estimates of v. In fact, note first that A\; = o’ and therefore a = X\1. Using the estimate proposed
in (12.17) we can estimate the parameter a by a = R%z(l). Then 4 = a(1 — a)~! is the plug-in estimate of
~v. For values of a close to £1 this can be an unstable estimate. Another estimate can be constructed based

on the fact that v = >";2 \; and then on the observation that, see (12.19),
v =A(0) — 1.

Hence we have 4 = A(0) — 1, where A(w) is defined in (12.20).

To assess the performance of m(u) we use the following criterion measure:
n
Error=E{n"! Z |m(U;) — m(Uj)|2 ,
j=1

where 30 repetitions of the input-output data were used to evaluate the average operator. The generalized
kernel estimate of p(u) (see (12.11)) was used and applied in formula (12.21). The kernel ky(u,v) was
generated by the Laguerre orthonormal polynomials, i.e.,

where {¢;(u)} is a Laguerre orthonormal polynomials basis. The property of such an estimate was extensively
studied in Section 6.4, where it was shown that for s differentiable nonlinearities and input densities we can
choose the truncation parameter b as b = cn'/® with the corresponding mean squared error being of order
O(n_(zs_l)/zs). Figure 12.83 depicts the Error versus n for the parallel system with a = 0.1. The plug-in
estimate of v in (12.21) was used.

For each n the value of b minimizing the Error was chosen. The selection of b is an important issue and
Figure 12.4 shows the Error versus b for n = 100. The optimal b* = 19 with the corresponding Error = 0.16
was observed. Figure 12.5 displays the plot of m(u) and (u) for n = 100, b = 19. The behavior of the
estimate at the boundary uw = 0 s clearly revealed. The relatively large bias of the estimate for u — 0
is due to the fact that the Laguerre series does not generally converge at u = 0. To fix this problem we
can consider the Cesaro summation modification of our expansion which is known to converge at u = 0,
see [400]. If the value of m(0+) is known then we can use the boundary corrected version of (12.21), i.e.,
m(u) = m(04) + f(u) —u — 1(0) which converges to m(u) for uw > 0 and to m(0+) for u = 0.

Analogous experiments were performed for the Hammerstein system with the parameters identical to those
of the parallel model. The optimal b* = 23 with the corresponding Error = 0.083 was observed. Hence the
Error for the parallel model is larger than that of the cascade connection. This phenomenon was discussed
in Remark 12.1 and in this particular case we can verify that the condition in (12.10) is satisfied.
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Figure 12.3: Error versus n for the parallel system.
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Figure 12.4: Error versus b for the parallel system, n = 100, optimal b* = 19.

mx)

Figure 12.5: The characteristic m(u) = (5u® — 2u? +u)e™", u > 0 (dashed line) and its estimate 772(u) (solid
line) for the parallel system, n = 100, b = 19.

12.1.2 Series-parallel models with nuisance characteristics

The Hammerstein cascade plays a fundamental role in numerous applications. Nevertheless, the departure
from its basic structure can often appear in practice. In this section we consider block-oriented systems that
are combinations of series and parallel connections. We consider either a linear dynamical subsystem or a
nonlinear element as nuisance parameters that disturb standard identification procedures of the Hammerstein
system.

Let us first begin with the Hammerstein system with known nuisance dynamical subsystem {&;} con-
nected in parallel with the nonlinear element m(e). This system is depicted in Fig. 12.6. The input-output
relationship of this system is given by

Yo =Y AVai+ Zy, (12.22)
=0
where
Vo =m(Up) + Y &Unj. (12.23)
j=0

Under assumptions that are identical to those in the previous section, i.e., that {U,} is an iid input process
with EU,, = 0 and that Ay = 1, we can obtain the following formula for the regression function p(u) =
E{Y,|U, = u}:

p(u) = m(u) +u+ 7, (12.24)

where v = E{m(Uy)} Z;‘;l Aj is the constant which has already appeared in the Hammerstein system.
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Figure 12.6: Parallel-series system with nuisance dynamics.

Formula (12.24) suggests that the nuisance dynamics {;} has a limited influence on the problem of recovering
the nonlinearity m(u).

On the other hand, the dynamical system {¢;} has a critical influence on recovery of the impulse response
{Ai} of the second dynamical subsystem. Indeed, it can be easily shown that the correlation Ry (s) =
cov(Yy,,U,—s) can be expressed in terms of {§;} and {)\;} by the following formula:

Ryu(s) = aXs +7° ) A&y, (12.25)
7=0

where 72 = var(Up) and a = cov(m(Up),Up). Since Ao = 1 and 72 can be estimated from the input signal,
the constant a can be determined as a = Ry (0) — 72.

Since {¢&;} is known, the formula in (12.25) gives a set of linear equations which can be solved with respect
to {A\;}. Plugging standard estimates for 72 and Ryy(s) we can easily form the corresponding estimate of
{A\i}. The convolution structure of (12.25) makes the solution of the identification problem particularly

simple in the frequency domain. Hence, formation of the Fourier transform of (12.25) yields
Sy (w) = aA(w) + T?A(w) E(w), (12.26)

where E(w) = Y o0 ) &€ is the transfer function of the linear subsystem {¢;}. Solving (12.26) for A(w)
and then replacing Syy(w) by a lag window estimator (see (12.19)) we can form a nonparametric estimate
of Aw).

A system that is a complement to the one examined above is the parallel-series system with nuisance
nonlinearity 6(e), see Fig. 12.7. Here we have

Yo=Y AVai+0(Vo) + Zn, (12.27)
i=0
where V,, = m(U,,). In this case the regression function p(u) = E{Y,|U, = u} is given by
() = m() + 6(m(u)) + a, (12.28)

where o = E{m(Uy)} > o=, Ai. Hence the presence of f(e) critically influences the recovery of the system
nonlinearity m(e). An approximate solution of (12.28) (with respect to m(u)) for given 0(u) and p(u) is
required in order to form an estimate of m(u). For instance, the method of steepest descent can be used
with the initial solution m ) (u) = p(u) and the consecutive iterations

Mgy (w) = mgy(w) = e {mey(u) + 0 (mey(w) — p(u)}

for £ =0,1,.... Here, {7¢} is the sequence controlling the step size in the iteration process. Concerning the
linear subsystem we can easily conclude from (12.27) that for s > 1 we have

cov(Yy, Un—s) = As cov(m(Uy), Up).

This with A\g = 1 allows us to recover the linear subsystem {);} in the presence of the nuisance nonlinearity
in the identical way as for the standard Hammerstein system.
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Figure 12.7: Parallel-series system with nuisance nonlinearity.

12.1.3 Parallel-series models

A system of that finds application in mechanical engineering, e.g., engine transmission modeling, is pictured
in Fig. 12.8. The system consists of the Hammerstein series model connected in parallel with another
dynamical system having the characteristic {£;}. Unlike in the previous section both linear subsystems are
unknown.

The input-output description of the system is the following:

Yy, = Wy + Vi + Zn, (12.29)

where
Wo =Y Aim(U,_;) and Vo= &U, ;. (12.30)
=0 =0

It is readily seen that the regression p(u) = E{Y,|U, = u} is given in this case by

y

{&}

> m(e) > {A)

Figure 12.8: Parallel-series system with two linear subsystems.

wlu) =m(u) +u+ a, (12.31)

where a = E{m(Up)} 3272, Aj + E{Uo} 372, §;. Hence the standard nonparametric regression approach is
applicable in this case with an easily formulated estimate of the nonlinearity m(e).

Concerning the linear subsystems we must use the higher order covariance functions (cumulants see
Section 12.2) in order to recover {\;} and {&;}. Let us assume, without loss of generality that the density
function of the input signal is symmetric around zero and that m(e) is an odd function. Then we have

E{YnUn—s} = )\sE{UO m(UO)} + gsE{Ug} (12'32)
and
E{Y,U2_} = \E{U} m(Un)} + &.E{US) (12.33)

for s = 1,2,.... Note that under our assumptions E{Uym(Up)} # 0 and E{U3m(Up)} # 0. In addition,
since A\g = & = 1 then we have E{Uym(Uy)} = E{Y,,U,} — E{U2} and E{U3m(Uy)} = E{Y, U3} — E{U{}.
This combined with (12.32) and (12.33) allows us to find closed-form formulas for As; and & in terms of
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the cross covariance and the third order cross cumulants of the stochastic processes {U,} and {Y,}. See
Section 12.2 for a discussion on properties of cumulants.

The extension of the system shown in Fig. 12.8 to the case of a parallel model that consists of Hammerstein
models in each path is named the Uryson model. This connection is shown in Fig. 12.9 and is described by
the following input-output relationship:

Y, =W, +V, + Z,, (12.34)

where

Wo=> AimUn_;) and Vo= &g(Un ). (12.35)
=0 =0

It is clear that this system is not identifiable and one must assume that one of the components of the system

{&i}
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Q
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Figure 12.9: Uryson parallel-series system.

is known. For instance if g(e) is given, then analogous to (12.32) and (12.33) we have
E{YrLUn—s} = AéE{UOm(UO)} + fsE{UOQ(UO)} (1236)

and
E{Y,U_} = AE{Usm(Uo)} + £ E{USg(Up)}. (12.37)

The normalization Ao = &, = 1 and the knowledge of g(e) yield the closed-form solution for {\;} and {¢;}.
Furthermore, we can represent the nonlinearity m(u) in terms of the regression function p(u) = E{Y,|U, =
u} as follows:

m(u) = p(u) — g(u) + a, (12.38)

where a = —E{m(Up)} 372, Aj — E{g(Uo)} 372, &i-
Hence, the formulas in (12.36), (12.37), and (12.38) provide building blocks in forming nonparametric
estimates of the characteristics of the Urson system.

12.1.4 Generalized nonlinear block-oriented models

It has already been observed that the majority of systems introduced in the previous sections (see, e.g.,
(12.4)) can be written in the signal-plus-noise form. The signal part characterizes the nonlinearity we wish
to estimate, whereas the noise part includes all dynamics present in the system plus other nuisance nonlin-
earities. This observation motivates the introduction of a more general class of nonlinear composite models
which includes most of the previously defined connections. The system is characterized by a nonlinearity
which is embedded in a block oriented structure containing dynamic linear subsystems and other “nuisance”
nonlinearities.
The structure of the system is depicted in Fig. 12.10 and is given by:

Yo = p(Up) + 0(Up—1,Up—3,...) + Zn, (12.39)

where (o) is a nonlinearity to be identified. The process {9, = 7(Up—1,Upn—2,...)} is the “system noise”
that is induced by the system dynamics, i.e., by past input signals (U, _1,Up—2,...). For most practical
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Figure 12.10: Generalized block-oriented system.

systems it is sufficient to assume that the system noise has the following additive form:

M =Mn T N2n + -+ Nin, (12.40)

for some finite J. Furthermore, an individual component 7, , of 1, is of the form of a Hammerstein system,
ie.,

oo
Nron = Z /\7',t 87'(Un—t);
t=1

where s,(e) are measurable functions such that Es.(Up) = 0, var{s.(Up)} < oo, and > ;2 A2, < oo,
r =1,...,J. Fig. 12.11 depicts the structure of the system noise. Let us note that under the above

s1(e) {/\Lt}

Y

{Ase}

s(e)

Y

Figure 12.11: The structure of the system noise process {7, }.

conditions, the system noise {n,} is a well defined stationary stochastic process with with En, = 0 and
var{n,} < co. The following remark illustrates some of the aforementioned concepts.

Remark 12.4 The linear form of the system noise allows us to put all the previously studied structures
within the framework of the system in (12.39) and (12.40). In fact, for the Hammerstein system we have
J =1 with {\;} = {\;} and s1(uv) = m(u) — E{m(Uy)}, and for the parallel system, s1(u) = u — E{Up}.
Also for these systems we have p(u) = m(u) + E{m(Up)} >-721 A and p(u) = m(u) + u+ E{Up} Y ooy N,
correspondingly.

For the parallel-series system depicted in Fig. 12.8 we note that (see (12.29) and (12.30)) p(u) is given
by (12.31). The system noise is defined by two components, i.e., J = 2 with {A1;} = {N\;}, {2} = {&},
and s1(u) = m(u) — E{m(Uy)}, s2(u) = u — E{Uy}. Hence, the integer J reflects the number of dynamical
subsystems which are present in the given composite nonlinear structure.

The structure of the system in (12.39) and (12.40) reveals that
p(u) = E{Y,|U, = u}. (12.41)
Hence, one can recover the nonlinearity p(u) from the regression function of Y;, on U,. Let us apply the
generalized kernel method (see (12.11)) for estimating u(u), i.e., we have
() = Iz Yok U)
nY N ke(u,U;)

(12.42)
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We have already noted that in order to study the asymptotic behavior of fi(u) it suffices to examine the
expression g(u) = n= 'Y " Yiky(u,U;). We know that Eg(u) — p(u)f(u) as b — oo. The covariance
structure of §(u) is more involved and the following lemma helps to tackle this problem.

Lemma 12.1 Let {Y,} be an output process of the system defined in (12.59) and (12.40). Then for any
measurable function a(e) and for m < n we have

J
cov(Yna(U,),Yima(Uy)) = E{a(Uy)} Z Arn—m cov (s, (Uy), u(Up)a(Up))

r=1

J oo
+ EQ{a Uo } Z Z )\r,é/\r,é-‘rn—mE{Swz«(UO)}'

r=1 (=1

The proof of this lemma is straightforward and is left to the reader. It is worth noting that the covariance
depends only on the difference n — m and this plays an important role in the evaluation of the covariance
structure of the estimate ji(u).

Let us now evaluate var{g(u)}. It is clear that

var{g)} = o var(Yaky(u, Un)} +202 3y
=2 (=
= Ti(u)+ Ta(u). (12.43)

1
COV(YVZ‘]{J[)(’UJ, UZ), ngb(u, Ug))
1

Owing to (12.39) we obtain
Ty (u) = n~tvar{u(Un ) ks (u, Uy} + 0t (var{n, } + o3) E{ki (v, Uy,)}, (12.44)
where 0% = var{Zy}. Thus by virtue of the assumption in (12.14) the term T} (u) is not greater than
c(u, b)n~ b(p? (u) + var{n,} + o) f (u), (12.45)

where the role of the factor ¢(u, b) was discussed in Remark 12.3. Application of Lemma 12.1 to the covariance
in To(u) (see (12.43)) yields

J
cov(Yiky (u, Us), Yeko(u, U;)) = E{ky(u,Uo)} Z Ar,i— cov(sy(Uo), p(Uo) ks (u, Uo))
r=1
J oo
+ Ez{kb(u, Uo)} Z Z )\r,u)\r,u+i7€E{5$(U0)}'
r=1v=1
The right-hand-side converges (as b — o) to
J J oo
U)Z)\r,ifﬁsr +f2 ZZ)\TV rV4i— EE{S UO }_wz ( )
r=1 r=1v=1
Then due to the fact that . )
)
Gig(u) =ny <1 - > Yi(u)
=2 (=1 =1 n

we find that the term T5(u) does not exceed

on~! ; (1 - ;) |4 (u)].

The Cesaro summation formula and the fact that Y .o, |;(u)| < co imply that To(u) = O(n™1).
All these considerations prove the following theorem.
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Theorem 12.2 Let ji(u) be the generalized kernel estimator defined in (12.42) with the kernel function
which satisfies (12.14). Let E{s?(Up)} < 00 and Y ooy |Ars| < oo, r=1,...,J. If

b,

b(n) — oo and B asmn — oo

then
Au) = p()(P) asn — oo,
at every point u where p(u) and f(u) are continuous.
Writing the estimate fi(u) in (12.42) in the ratio form §(u)/f(u) and using the “ratio trick”, i.e., writing
g(w) = p(u) f (w) f(u) = f(w)
f(u) f(u)

we can see that the asymptotic behavior of fi(u) is controlled by the second term in the above representation.
Then the evaluation of the variance of this term in a similar fashion as in the proof of Theorem 12.2 shows
that

fi(u) = p(u) + + (A(w) = p(u)) (12.46)

. _,, (var{nn} +0%)

var{fi(v)} = c(u,b)n " th—"T"- 27
()} = ) o

The Taylor’s expansion argument applied to the term E {W} (for twice differentiable nonlineari-

ties and input densities) gives Efi(u) = p(u) 4+ O(b~2). This combined with (12.47) yields the usual optimal
rate

+0(n7"). (12.47)

f(w) = p(u) + Op(n=?/?),
where the asymptotically optimal choice of the bandwidth b(n) is b*(n) = an'/>.

It is worth noting that this asymptotic b*(n) does not depend on the correlation structure of the system
noise {n, }. In fact, owing to (12.47) it depends only on the overall noise variance var{n, } + c%. In practice,
however, one must specify b(n) based only on the available training data. Such an automatic choice of
the bandwidth can be conducted by two main strategies. The first one (called often the plug-in technique)
involves utilizing an asymptotic formula for the optimal b*(n) and then estimating unknown quantities that
appear in the formula by some pilot estimates. To be more specific, let us consider a version of (12.42) as a
standard kernel estimate. Hence, let

fi(u) ZZYth(U—Uj)/ZKh(U—Uj% (12.48)

where Kj,(u) = h™'K(h~'u). Here h is the bandwidth and K(e) is an admissible kernel function (see
Chapter 3). Proceeding as in the proof of Theorem 12.2 (see also Chapter 3 and Appendix A) we can show
that

var{n, o2 o
var{ji(u)} = (nh)l({"f(z};z)/_ K% (u)du(1 4 o(1))

and

Bfi(u) — p(u) = 122

5 /OO u? K (u)du(1 + o(1)),

— 00

where p(u) = u? (u)—l—QW. Hence, by forming the mean-squared error var{fi(u)}+(Ef(u)—u(u))?,

we can readily obtain an expression for the asymptotically best local bandwidth that minimizes the error,

ie.,
1/5
. var{n,} + 0% }
h*(u) = C(K){ —tmI T2z L 12.49
=00 { (1249
oy 1/5
where C(K) = {ffooo K?(u)du (ffooo uzK(u)du> } is the factor that depends only on the kernel K (u).

For example, the standard Gaussian kernel gives C(K) = 0.7763. . ..
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The prescription in (12.49) gives a local choice of the bandwidth which could be difficult to implement in
practice as one must recalculate h*(u) at every point within the support of p(u). Nevertheless, in a similar
way (see Appendix A), one can derive a formula for the asymptotically best bandwidth that minimizes the
global integrated mean-squared error, i.e., we have

1/5
. var{n,} + o2
e {nf“;o @Q(U)f(j)du} | (12:50)

In order to use (12.50), we must determine two unknown quantities, o = var{n, }+o0% and 0 = [°°_©?(u) f(u)du =

E{©?(Up)}. To estimate § we can first simplify the formula for ¢(u) by using a standard family of distribu-
tions of the input signal {U,} and a simple parametric model for u(u). For example, let the density function
of the input signal be Gaussian N (0, 72). Then since f(V)(u)/f(u) = —u/7% we can replace p(u) by

() = 1@ () — 2 (w)u/7%.

Next a quick parametric model (for instance the fourth order polynomial) can be applied to obtain an
estimate of z(u) and its first two derivatives. A standard estimate of 72 along with the estimates of p™) (u)
and ) (u) give an empirical version of 1(u). As a result

G=n S 3R
=1

can serve as an estimate of 6.

Regarding the variance o¢ we can use the approximate residuals é; = Y; — i(U;) to form a standard
estimate of o2. Here ji(u) is a version of (12.48) using a preliminary bandwidth value, e.g.,h, = n~1/°%. Yet
another method is to estimate o2 directly from the output data using difference-type methods. This requires
ordering the input data. Thus we use the rearranged training set

(U(1)7Yr[1])7 (U(Q)a }/[2])5 R (U(n)7yr[n])7

where Uy < Uy < -+ < Upy, and Y|;)’s are paired with U;’s; see Chapter 7 for such concepts. The

simplest difference-type estimates of the variance o2 are

. — 2
52 n—l Z Y[t+1]*

2

and )
&25#75_ (Yiega) — 2V} + Yieq))”
6(n—2) = [t+1] ] * Ye-11) -

A detailed overview of difference-based methods for inference in nonparametric regression with correlated
errors is given in [213,307]. Note, however, that the difference techniques have been mostly studied in the
fixed design estimation framework, i.e., when the variable U; is a fixed deterministic point.

All the aforementioned considerations and (12.50) lead to the following plug-in estimate of the bandwidth

hpr = C(K) {Z;}US. (12.51)

The plug-in methods are tailored to specific estimation algorithms and they require a large amount of prior
information about the smoothness of unknown nonlinearities. They, however, reveal a good performance in
many studies concerning nonparametric regression with correlated errors.

Fully automatic methods for selecting smoothing parameters in nonparametric regression are based on
various resampling strategies. A popular choice is a cross-validation principle that seeks the bandwidth fALCV
for (12.48) that minimizes

‘1Z{Y U) Y2w(U;), (12.52)



12.1. SERIES-PARALLEL BLOCK-ORIENTED SYSTEMS 137

where [i_;(u) denotes the version of (12.48) obtained by omitting the sample (U;,Y;). The weight function
w(u) is used to alleviate the behavior of the estimate at boundary points. It is known that the accuracy of
hev is acceptable if data are independent. In the case of correlated errors the standard cross-validation rule
breaks down as it tends to select a value of A which is much smaller than the optimal one. The criterion
CV(h) can be modified to adapt to correlated errors by dropping out blocks of samples instead of single
samples. Yet another method is to construct a preliminary estimate ji(u) with a large value of h. Then, we
form the residuals é, = Y; — i(U;) in order to obtain a modified version of the cross-validation criterion. A
minimizer of this criterion is, in turn, used as a next value of h. Further references and additional details on
the problem of selecting smoothing parameters in the presence of correlated errors can be found in [318]. Tt
is worth noting these contributions are dealing mostly with a specific parametric class of correlated errors
(like ARMA type errors) being additionally independent of the regression function. In our case the errors are
defined by a general linear process with the correlation structure depending on the unknown nonlinearity,
see Remark 12.4.

Example 12.2 7o evaluate the accuracy of our identification algorithms for small and moderate sample sizes
we perform some simulation studies. In all our experiments the input signal {Uy} is uniformly distributed
over the interval [—3,3]. The measurement noise {Z,} is also uniformly distributed in [—0.1,0.1]. We apply
the generalized kernel estimate as in Example 12.1 with the multiresolution kernel ky(u,v) = Z;’;im o(u —
J)d(v — j), where the scaling function ¢(u) is obtained from the Haar multiresolution analysis, i.e., ¢(u) =
1(0 < w < 1). The range of the input signal implies that we can specify the truncation parameter b as
b=3x 27, where J is the resolution level. The efficacy of the identification procedure ji(u) is measured by
the criterion Error introduced in Example 12.1.
In the first experiment a nonlinearity (see Figure 12.12 (a))

1 if u € [0.125,0.25] U [0.375,0.5] U [0.875, 1]
m(u) = -1 4fue[-0.125,-0.25] U [-0.375,—0.5] U [-0.875, —1] (12.53)
0 otherwise

is used in three different settings, i.e., for the memoryless, cascade and parallel models. Since m(u) in (12.53)
is piecewise constant, this is an example of the nonlinearity well adapted to the Haar multiresolution basis.

1F
10

AN AN
JVVV IRVRYRY

o
o

-10

Figure 12.12: Nonlinear characteristics, (a) the nonlinearity in (12.53), (b) the nonlinearity in (12.56).

The cascade and parallel models are described by the following state equations, respectively:

Xn = —0.2Xn,1 + m(Un)

{ Y. — X127 : (12.54)
X, = 02X, +U,

{ Y, = Xn+m(Un)+ 2, (12.55)

It is worth nothing that we have Em(U,,) = EU, = 0 and therefore [i(u) and fi(u)—u are consistent estimates
of the nonlinearity m(u) in the cascade and parallel models, respectively. Figure 12.13 depicts the Error
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as a function of the sample size n. It is seen that the Error for the memoryless model is the smallest.
Surprisingly the Error for the cascade model is about 2-3 times smaller than that of the parallel structure.

0.00175 0.008 0.02

0.0175
0.0015

0.006 0.015
0.00125

0.0125
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0.004 0.01

0.00075
0.0075
0.0005 0.002
0.005

0.00025

(a) (b) (c)

Figure 12.13: Error versus n for the nonlinearity in (12.53), (a) memoryless system, (b) cascade system, (c)
parallel system.

The value of the resolution level J has been set to 3 in all three cases. This is due to the fact that this
value minimizes the Error for a small and moderate number of observations. In fact Figure 12.14 displays
the Error versus J for n = 150 observations. A clear global minimum at J = 3 is seen. Hence the optimal
partition of the u-axis is 1/27 = 1/8. Note that this agrees with the structure of the nonlinearity in (12.53)
which is constant on the intervals of the size 1/8.

0.14
0.14
0.2
0.12
0.12

0.1
0.1 - 0.15

0.08 0.08

0.1
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0.04 0.04
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0 0

Figure 12.14: Error versus J for nonlinearity in (12.53), (a) memoryless system, (b) cascade system, (c)
parallel system.

In the second experiment a nonlinearity in (12.54), (12.55) that is not well adapted to the Haar basis has
been selected, i.e.,

10exp(—10u) +2 for0 <u <0.5

m(u) = { 3 cos(10mu) foru > 0.5

and —0(—u) for uw < 0. Figure 12.12 (b) displays this nonlinearity. Figure 12.15 depicts the Error versus
m for the cascade and parallel structures based on n = 150 observations. Since the nonlinearity is not well
suited for the Haar basis, larger values of J are required; the optimal J equals 5 for the cascade model and
6 for the parallel model. For the memoryless model the value of J is even larger and equals 10. The overall
performance of fi(u) is now considerably poorer.

Finally the model with the nuisance nonlinearity has been taken into account, i.e., the model represented
by the following equation:

(12.56)

{ Xo = —02X,_1+m(Uy) +mo(Un) (12.57)

Y, = X,+2, ’

where mo(u) = 0.1u? is the nuisance nonlinearity and m(u) is defined as in (12.56). Figure 12.16 displays
the Error versus J. An optimal resolution level is equal to 5 for n = 150 observations. In the same figure
(Fig. 12.16 (b)) we show the Error of the version of (12.57) where the dynamical subsystem is set to zero
(i.e., the value —0.2 in (12.57) is replaced by 0). Let us observe that the optimal J is now considerably
greater and equals 9. This reveals that the presence of dynamical subsystems in composite models to some
extent helps in identification and it greatly influences the accuracy of identification algorithms for recovering
nonlinear elements.
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(a) (b)

(2) (b)

Figure 12.16: Error versus J for the system with two nonlinearities.

12.2 Block-oriented systems with nonlinear dynamics

Thus far we have considered nonlinear systems where the dynamics and the nonlinearity were clearly sepa-
rated. In particular we have extensively studied the cascade models of the Hammerstein type. There are,
however, certain qualitative limitations to the dynamics of cascade models with memoryless nonlinearities,
just as with linear models. For example, the chemical reactor considered in [97] exhibits an underdamped
oscillatory response to positive step perturbations. The static nonlinearity in the Hammerstein model can
only influence the magnitude of the step input to the linear subsystem and not its dynamic character. Thus,
positive-going and negative-going step responses for Hammerstein models may be different in magnitude,
but they will be the same in character.

In this section we propose a new model structure that generalizes the Hammerstein model by including a
nonlinearity that has its own dynamics with a finite memory in front of a linear dynamical system. Hence a
nonlinear element is no longer memoryless and it possesses its own “local” memory typically of a short length;
the linear dynamic system is in charge of long range effects. The primary advantage of our model is that it
is very flexible while still retaining considerable structural simplicity. This model structure is described in
detail in the next section and important special cases are discussed to illustrate its relationship to the other
structures mentioned and examined in the previous chapters. By relating the identification problem to a
certain equation involving regression functions we present a class of nonparametric identification algorithms
for determining the dynamic nonlinearity from input-output data. The issue of linear subsystem identification
is also addressed. Here the theory of cumulants is utilized. An important case with a Gaussian input process is
also examined. Special attention is given to structures which play an important role in selected applications.
These structures include the additive Hammerstein model with the nonlinear memory, and the sandwich
system with the input linear subsystem possessing a finite memory. Consistent nonparametric estimates of
these system nonlinearities and linear subsystems are developed.

12.2.1 Nonlinear models

Let us begin by recalling the Hammertein system with the nonlinearity m(e) and the linear subsystem {\;},
ie.,

Yo =Y Xim(Un—i) + Zn. (12.58)
=0
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As previously mentioned, the Hammerstein model has a number of shortcomings in capturing important
dynamic features of the dynamical nonlinear system. In order to alleviate these problems we propose the
nonlinear dynamic model of the form shown in Fig. 12.17, where A is the unit-time delay operator. Hence,
the model has a cascade structure and it consists of a dynamic nonlinear element with a memory of length p
followed by a linear dynamic system with the impulse response function {\;}. The characteristic of the first

Un

Y

Y
\ 2]

T
B
=
DN
=

m(e e ... @) o {N]

Figure 12.17: The Hammerstein system with the nonlinear dynamics of order p.

subsystem is denoted by m(e,e,... ) and it maps p + 1 consecutive input variables (U,,Up—1,...,Un—p)
into the scalar output V,,, i.e.,

Vo =m(U,, Up—1, ..., Un_p), (12.59)
where m(e,e, ..., @) is a measurable function of p + 1 variables. The output signal of the linear subsystem

{Ai} is disturbed by a stationary white random noise sequence Z,, yielding

o0
Y, = Z NViri + Zn. (12.60)
1=0

Throughout this section we shall assume that the linear subsystem is stable, i.e., >~ |Ai| < co. Moreover,
we assume that Em?(U,,Up_1,...,U,—p) < 00, 0% = var Z,, < oo, and the input signal {U,,} is a sequence
of iid random variables. By virtue of Lemma 12.5 (see Section 12.2.6 ) the output {Y,} is a stationary
stochastic process with

o0
var{Y,} < (p+ 1) var{V,,} Z INi|? + 0% (12.61)
i=0
The nonparametric identification problem for the system in (12.59) and (12.60) consists of estimating the
nonlinearity m(e,e,... o) and the linear subsystem {\;} without any further assumptions on the system
characteristics. It is worth noting that the memory length of the nonlinear dynamics, i.e., p, should also be
estimated. A large value of p is, however, not advisable due to the curse of dimensionality, i.e., the precision
of estimating the p + 1 function m(e,e, ..., e) is generally very poor (see Chapter 13 for a discussion of the
problem of estimating multivariate functions).
There is a large class of practical block-oriented nonlinear models which fall into the description given in
(12.59) and (12.60) and we will illustrate this by a series of specific examples.

Example 12.3 (Hammerstein system with a delay). This is the most obvious special case of our model that
has already been extensively discussed in previous chapters. However, using formula (12.59) and defining

m(Un,Unfl,...,Un,p) :g(Un,d), 0 S dgp, (1262)

we obtain the Hammerstein model with the static nonlinearity g(e) applied to the input signal delayed by d-
time units. This is depicted in Fig. 12.18, where the Ay is the d-time units delay operator, i.e., AqU, = Uy, _g4.
The standard identification problem for this model is to recover g(e) and {\;} from the input-output data
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Uﬁ Uﬁfd L% mﬁz Y%

—[ A | )

A\

Figure 12.18: The Hammerstein system with the delayed input.

{(U1,Y1),...,(Un,Yn)}. For the iid input we can follow (recall that \g = 1) the developments of Chapter 2
and obtain the following relationships
cov(Yn, Up_q—;) .
A= DI Tnmdog) g 12.63
T cov(Y, Un_q) J ( )
and
E{Yn|Un—a = u} = g(u) + co, (12.64)

where co = E{g(Uo)} 272, Aj-

Formula (12.63) allows us to form a correlation type estimate of the impulse response sequence of the dy-
namical subsystem and the corresponding transfer function. On the other hand (12.64) leads to the regression
type nonparametric estimate of g(u).

It is worth noting that such obtained estimates of the system characteristics assume knowledge of the
time delay d. If this is not the case, one should estimate d from the training data. For a system without the
linear part, i.e., when Y, = V,_q+ Z,, we can use the classical correlation theory and estimate d as

d= arg max { |n ! Z Y;U;_s

0<s<
sSSP j=s+1

The expression under the absolute value is the consistent estimate of cov(Yy,,U,—_s) which is equal to zero if
s # d. It is worth noting that the issue of estimating the time delay in discrete time stochastic nonlinear
systems has rarely been addressed in the literature.

Example 12.4 (Additive model). Power amplifiers utilized in communication systems work at the saturation
point with a non-flat gain over the frequency band and hence must be modeled as a nonlinear dynamical system
with a short memory depth. A popular model [360] for this is described by (12.59) and (12.60) with p = 1
and

m(Un, Un—1) = g1(Un) + 92(Un-1), (12.65)

where the static nonlinearities gi(e) and g2(e) are to be estimated from the training data. The system is
depicted in Fig. 12.19.

g1(e)
Vi W, Y,
%—> {ni}

Un1 go() _T

Figure 12.19: The Hammerstein system with the nonlinear dynamics of the additive form.

In [450] a special case of (12.65) of the following semiparametric form

m(Una Un—l) =alU, + g(Un—1) (12.66)
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has been studied in the context of modeling chemical reactors. Here one wishes to estimate the parameter a
as well as the nonparametric nonlinearity g(e). Note that in [450] the nonlinearity g(e) has been specified to
have the parametric polynomial form.

Example 12.5 (Multiplicative model). An alternative to the additive structure introduced in the previous
example is the multiplicative model

m(Un,Un—1) = 91(Un) 92(Un—1). (12.67)

This model can be more suited in applications where the inputs are multiplied (like mizing and modulation
processes) rather than added. From the approzimation theory point of view, the additive function g (u)+g2(v)
defines a linear approximation of the function m(u,v), whereas gi(u)ga2(v) is a bilinear, hence, nonlinear
approzimation. The latter can often be more accurate.

Example 12.6 (Sandwich model). The model corresponding to (12.59) and (12.60) with

p
(U, Un—1,-. - Un_p) =g (Z aiUn_i> (12.68)
i=0

is commonly referred to as a sandwich model. In fact, in this model the univariate nonlinearity g(e) is
sandwiched between two linear systems. This system plays an important role in a number of applications
ranging from communication technology to biological systems. In our case the first linear subsystem is of a
finite memory with the characteristic {a;,0 <1i < p}, whereas the second one is of an infinite order with the
characteristic {\;}. This system is depicted in Fig. 12.20. The nonparametric identification problem here
is to identify the linear subsystems and the nonlinearity g(e) without any parametric assumptions on the
system characteristics. It is clear that if g(e) is a linear function then one cannot indiwidually identify each

{Ai}

—{ {a;,0<i<p} > g(e)

Y

Figure 12.20: The sandwich system with the input linear subsystem of the memory length p.

linear subsystem. As we will see in this section the presence of the nonlinearity in the sandwich system helps
us to identify all the components of the internal structure from input-output measurements alone.

In the next section we describe a method for nonparametric identification of the system in (12.59) and
(12.60). For simplicity of notation we will mostly focus on the case with p = 1. This case is advisable since
systems with short input memory depth are probably the most useful due to the already mentioned curse of
dimensionality.

As well, in the next two sections we also describe the basic strategies for recovering the nonlinearity
m(e,e,...,e) and the impulse response function {\;} of the Hammerstein system with nonlinear dynamics.
We begin with the problem of recovering the nonlinearity followed by the linear subsystem identification.

12.2.2 Identification algorithms: Nonlinear system identification

Let us begin with the case p = 1, i.e., we wish to recover the function m(u,v) from the statistical character-
istics of the input-output process {(Up,Ys)}. To do so let us define the following regression functions

ri(u) = E{Y,|Un = u}, (12.69)

and
ro(u,v) = E{Y,|U,, = u,U,—1 = v}. (12.70)

The following theorem gives a fundamental relationship between the nonlinearity m(u,v) appearing in the
system defined in (12.59) and (12.60) and the regression functions 71 (u) and ro(u,v).
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Theorem 12.3 Let us consider the system in (12.59) and (12.60) with p = 1. Let the input signal {U,} be
a sequence of 1id random variables. Then we have

m(u,v) =ra(u,v) — A\r1(v) + ¢, (12.71)

where

Cc = E{m(Ul, Uo)} {)\1 + (/\1 - 1) i )\1} . (1272)

=1

Proof of Theorem 12.3 : By (12.60) and the fact that {U,,} is a sequence of independent random variables

we have
o0

E{Yo|Un = u, Uy 1 = v} = m(u,v) + M E{m(v,Us)} + E{m(U,Up)} > _ \i
i=2
and -
E{Y,|U, = v} = E{m(v,Up)} + E{m(Ur,Uo)} > _ \;.
i=1
Eliminating the common term E{m(v,Up)} from the above equations yields the formula in (12.71). The
proof of Theorem 12.3 is thus complete. B

Remark 12.5 Similar derivations as in the proof of Theorem 12.3 can be, in principle, carried out for the
system with a longer input memory. Indeed, some algebra shows that for p = 2 we have

m(uo,ul,u2) = T3(U0,U1,U2) — )\17‘2(11,1,’[1,2) — ()\2 — A%)rl(UQ) =+ Ci,
where r3(ug, ur, uz) = E{Y,|U, = ug, Upn—1 = u1,Up—2 = us} and
00
c1 = E{m(Ug, U, Uo)} {1 + (/\1(1 — /\1) + Ay — 1) Z/\Z} .
1=0

The determination (up to a constant) of the system nonlinearity m(ug, uy, us) requires the evaluation of three
regression functions and the knowledge of A1 and Ao. Generally, one can conjecture that for the system with
the memory length p we have

p
m(uo, ut, - .., Up) = Tpy1(to, U, ... up) + E 675 (Up—jt1s- -5 Up—1,Up) + Cp,
j=1
where §; depends on Ai,...,\; and rj(uo,u1,...,u;) is the j-dimensional regression function of Y, on

(U Up_1, -\ Un_js1)-

The result of Theorem 12.3 explains that m(u,v) can be determined from a linear combination of two
regression functions. The knowledge of A1 and the constant ¢ is also required. This result (which is similar
to the requirements of the standard Hammerstein system) is a simple consequence of the cascade nature of
the system and the fact that the signal {V,,} interconnecting the subsystems is not accessible. The constant
¢ is equal zero if E{m(U;,Uy)} = 0. This takes place if the density of U, is even, whereas m(u,v) is an
odd function with respect to one of the variables, i.e., either m(—u,v) = —m(u,v) or m(u, —v) = —m(u,v).
Furthermore, often in practice we have m(0,0) = 0 and then we can eliminate the constant ¢ in (12.71), i.e.,
we have

m(u,v) = {ra(u,v) — r2(0,0)} — A {r1(v) — r1(0)}.

Hence, we now need to calculate the regression functions in two points, i.e., (u,v) and (0,0). It is also
informative to evaluate the factor

i=1
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that determines the constant ¢ in (12.72), for some simple dynamical subsystems. Hence for the AR(1)
model
Wp=aW,_1+V,, |a|<1

we have \; = a’ and Y Ai=a(l— a)~! giving v = 0. Consequently the constant c is zero. On the other
hand for the AR(2) model
Wp=aW,_ 1+ bW, _o+ V,, \a| + |b‘ <1,

we have v = —b(1 — a — b)~!. Similar calculations for the ARMA(1, 1) process
Wy =aWy, 1+ Vy + bV, 1, ‘Cl| <1

yield v = (a4 b)b(1 —a) ™.

Let us now reexamine the formula in (12.71) for the special cases discussed in Examples 12.3-12.6 in
Section 12.2.1. In Example 12.3 we introduced the Hammerstein system with the delayed input. Formulas
(12.63) and (12.64) provide an explicit prescription for recovering the system characteristics from the cross
covariance and the regression function of the output and input signals. This readily yields consistent non-
parametric estimates of the system characteristics. The details of these developments can easily be found
by the reader. Let us now turn to Example 12.4 concerning an additive nonlinearity.

Example 12.7 (Additive model). Owing to Theorem 12.3 and (12.65) we can write
91(u) + g2(v) = r2(u,v) — Airi(v) + ¢ (12.74)

where ¢ = {Eg1(Up)+Eg2(Uo) }y, v being defined in (12.73). The problem which we face is how to extract the
individual nonlinearities in (12.74) from the knowledge of the right-hand-side of (12.74). In Chapter 18 we
shall introduce the general concept of marginal integration for additive models. Nevertheless, the simplicity
of the method allows us to apply it in the present situation. Hence, denoting by f(e) the density of the input
signal {U,}, the marginal integration strategy begins with integrating formula (12.74) with respect to f(v),

i.e., we have
(o]

/_oo {g1(u) + g2(v) } f(v)dv = /_ {ra(u,v) — M1 (v) + e} f(v)do. (12.75)
By this and noting that [*_ra(u,v)f(v)dv = E{Y,|U, = u}, and [*_r1(v)f(v)dv = E{Y,} = {Eg(Uo) +
Ega(Uo)} Y720 Ai we obtain

91(u) = E{Y,|U,, = u} + o, (12.76)

where

oo oo
o] = — {Egl(Uo) Z/\z + EgQ(UO) (Z i — 1> } .
i=1 i=1
Integration, as in (12.75), with respect to f(u), and the observation that ffooo ro(u,v) f(u)du = E{Y,|Up—1 =
v} yield
92(v) = E{Y,|Up—1 = v} — ME{Y,|U, = v} + g, (12.77)

where
az = Eg1(Uo)(y — 1) + Eg2(Uo)y

and vy is defined in (12.73).

Thus, (12.76) and (12.77) provide a simple prescription for recovering the system nonlinearities from the
regression functions E{Y,|U, = u} and E{Y,|U,—1 = v}. The constants oy and ag can be set equal to zero
if, e.g., Eg1(Up) = Eg2(Up) = 0. The latter holds under some symmetry properties of g1(e), g2(e), and f(e).
Also if g1(0) = g2(0) = 0 (the case often met in practice) then we can eliminate the constants in (12.76) and
(12.77) and write

g1(u) = E{Y,|U, = u} — E{Y,|U,, = 0}, (12.78)

and
92(v) = E{Y,|U,—1 = v} — E{Y,,|Up—1 = 0} — M[E{Y,|U,, = u} — E{Y,|U,, = 0}]. (12.79)
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The estimates for gi1(u) and g2(v) are now straightforward to obtain: estimate the regression functions
E{Y,|U, = u} and E{Y,|U,—1 = v} by using, e.g., a kernel type estimator, and then plug them into (12.78)
and (12.79).

An interesting semiparametric case of the additive system is defined in (12.66), i.e., here g1(u) = au
and gz2(u) = g(v). Let EUy = 0 and Eg(Uy) = 0 without loss of generality. Then g(v) can be recovered by
(12.77), where ag = 0. Also

au = r1(u),
where we recall that 1 (u) = E{Y,|U, = u}. This readily implies that
E{r1(Uo)Uo}
= —— 12.
a E{U2) (12.80)

This gives the following generic estimate of a

nil Z?:l Ul’f’l(U7)

_ n 2 )
=ty Ui

where 71(u) is a nonparametric estimate (e.g., the kernel estimate) of r1(u). Note that the averaging in

(12.81) drastically reduces the variance of the nonparametric estimate and allows us to show that a converges
to the true a with the \/n rate.

&:

(12.81)

Example 12.8 (Multiplicative model). For the multiplicative model introduced in Example 12.5, formula
(12.71) of Theorem 12.3 takes the following form:

g1(u)g2(v) = ra(u,v) — Airi(v) +c.

Reasoning as in Example 12.7, i.e., by taking the marginal integration of the above equation with respect to
f) and f(u), respectively, we can easily obtain

gl(u) = alE{Yn|Un :u}+/817
QQ(U) = QQ[E{Yn‘Un—l = ’U} - AlE{Yn|Un = U}} + 527

where a1 = 1/Eg2(Uyp), az = 1/Eg1(Up), 1 = —Eg1(Up) Yooy Xis B2 = Eg2(Up)y. Here we must assume
that Eg1(Uy) # 0 and Eg2(Uy) # 0.

Hence, we recover the nonlinearities up to multiplicative and additive constants. Some a priori knowledge
about g1(u) and go(v) allows us to eliminate some of these constants.

Example 12.9 (Sandwich model). For the sandwich model in (12.68) with p =1 and ag = 1, we can write
formula (12.71) of Theorem 12.3 in the following form

g(u+av) = ra(u,v) — A\ir1(v) + ¢

or equivalently
g(u) =r2(u—av,v) — \ir1(v) +c, (12.82)

where ¢ = yE{g(U1 + aUy)}, v being defined in (12.73).
The formula in (12.82) holds for any v and one could choose v =0, i.e., we have

g(u) = ra(u,0) — \r1(0) + c.

Under the commonly met condition
9(0) =0, (12.83)

this gives the following reconstruction formula
9(u) =r2(u,0) —r2(0,0). (12.84)

This seems to be an attractive and simple way of estimating g(u) via the two dimensional regression function
ro(u,v). Nevertheless, the statistical efficiency of such an approach is reduced since we can show that for twice
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differentiable nonlinearities we have the rate Op (n‘1/3), instead of the optimal univariate rate Op (n_2/5)
(see Chapter 13 for a discussion of the problem of estimating multivariate functions). In order to obtain an
improved rate we must apply the average operation in (12.82). In fact, integrating (12.82) with respect to
f), we obtain

g(u) = E{ra(u—aly,Uy)} — ME{r1(Uo)} + ¢
= E{Tg(u — an, U())} +c1, (1285)

where ¢ = —Eg(Uy + alUp) Yoo Ni.
Note also that under condition (12.83) we can rewrite the formula in (12.85) as follows:

g(’u) = E{’I‘Q(U — CLU(), Uo)} — E{’I"Q(—CLU(), Uo)} (1286)

The theoretical average operation appearing in (12.85) (or (12.86)) can easily be replaced by an empirical
average, i.e., E{ra(u — aUy,Uy)} is estimated by

n~t ZTA‘Q(U —alUj, Ul),
=1

where 7o(u,v) is a certain nonparametric estimate of the regression function ro(u,v).

We shall demonstrate in Chapter 18 that the average operation is able to reduce the variance of a nonpara-
metric estimate of a multivariate regression function and therefore improve the rate of convergence. Summing
up we can fully recover the nonlinearity in the sandwich system (under condition (12.83)) by applying the
following estimate:

n
?](’LL) :'fL_l Z{f’g(u—dUZ,UZ) _TAQ(_ELUZ' UZ)}, (1287)
i=1
where a is a consistent estimate of the parameter a. We shall discuss in Section 12.2.8 how to estimate the
linear subsystems of the generalized Hammerstein system with dynamic nonlinearity. It is worth noting that
the formula for g(u) in (12.84) does not depend on the characteristics of the linear subsystems. We can
conjecture that the estimate in (12.87) can have the proper Op (n’2/5) rate of convergence.
Thus far we have considered a simple case of the sandwich model when the input dynamical subsystem is
of the FIR(1) type. Remark 12.5 provides the solution which covers the FIR(2) type subsystem. In fact, we
have that

g(uo + ajuy + agug) = ’/‘3(U0, Ui, UQ) - /\17“2(1,61, UQ) — ()\2 - /\?)Tl (UQ) + Ci, (1288)

where the constant c1 is defined in Remark 12.5. Similarly as in (12.85) we can apply the average operation
(with respect to f(uy)f(ug)) to (12.88), i.e., we can obtain

g(u) = E{T’g(u — a1U1 — (ZQUQ, Ul, UQ)} — )\1E{T2(U1, UQ)} — ()\2 — )\%)E{Tl(Ug)} -+ Cy.
Nezxt, using E{r2(Uy,Us2)} = E{r1(Uz2)} = E{Y,,} and simple algebra yield
g(u) = E{rs(u — a1Uy — axUs, Uy, Us)} + ca, (12.89)

where ca = —E{g(Uy + a1U;1 + a2Us)} Zfil Ai. Hence, the solution is a direct analog of the case in which
p =1 given in (12.85). This allows us to form the following fundamental result concerning the recovery of
the nonlinearity in the sandwich system with the input linear subsystem of the memory length p.

Theorem 12.4 Let us consider the sandwich system

p

X, = Un+zatUn—ta
t=1

Vi = g(Xn)7

Yo = > AVaj+Z,

Jj=0
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with 1 < p < oo. Let the input signal {U,} be a sequence of iid random variables. Then we have

P
g(’U) = ETP"Fl (U — Z atUn—t7 Un—ly ey Un_p> + Cp, (1290)
t=1
where -
cp=—Eg(Xn) Y A
i=1
and

Tpt1(Uo, U1, U2, . .., up) = E{Y,|Up = uo, Up—1 =1, ..., Up—p = Up}

is the p 4+ 1-dimensional regression function.

The procedure for estimating g(u) is now clear. Using (12.90) in Theorem 12.4 and assuming that
condition (12.83) is met, we have the following analog of (12.87)

n p
g(u) = nt Z {fp_;,_l (u—Z&iUg_i,Ug_h...,Ug_p)

t=p+1 i=1
P
_TAp—i-l <_Z&iU€—ian—la---aU€—p> } ; (1291)
i=1

where 11 (Uo, U1, . . ., Up) IS a nonparametric estimate of the regression function rpy1(ug, u1, ug, ..., up), and
{a;,1 < i < p} is an estimate of the input linear subsystem {a;,1 <i < p}. Again the average operation can
alleviate the variance of 7py1(ug, w1, ..., up) such that §(u) can have the univariate optimal rate Op (n=2/%)
independent of the input subsystem memory length p.

Remark 12.6 The special case of the sandwich system is the Wiener model. In fact we have A\j = 00 and
the corresponding input-output relationship is the following:

p
Y, = (Un + ZaiUn_l) + Z. (12.92)

=1

In this case the constant ¢, in (12.90) is equal zero and, due to (12.90), we have

P
g(u) = Erpp (U - ZaiU¢7U1,U27-~~,Up> .

i=1

It should be noted that this formula can be directly derived from (12.92). Consequently, the estimate of g(u)
is given (from (12.91)) by

n P
g(u)=n"" Z Tp+1 (U - Z&iUe—i,Ue—h . -,Ue—p> : (12.93)
=1

l=p+1

This gives the estimate of the system nonlinearity that is believed to have the optimal rate of convergence.
Note that the estimate in (12.93) does not assume that g(u) is invertible, that the input signal is Gaussian,
and that the measurement noise Z, is zero. These are important assumptions which were employed in
the inverse regression strateqy examined thoroughly in Chapters 9—-11. Nevertheless, the inverse regression
method was applied for a general linear subsystem, whereas the estimate in (12.93) works only for the p-th
order moving average process. In Chapter 14 we will propose much more efficient methods for estimation of
the Wiener system being parametrized by an univariate nonparametric function g(e) and a finite dimensional
vector of parameters {a;,1 < i < p}. This semiparametric nature of the system will be greatly exploited and
extended to a large class of semiparametric nonlinear systems.
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12.2.3 Identification algorithms: Linear system identification

In this section we wish to address the issue of identification of the linear subsystem {\;} of the generalized
Hammerstein model defined in (12.59) an and (12.60). This is the part of our system that gives infinite
memory effects and its recovery is an important problem. We will make use of the theory of cumulants
which is thoroughly examined in [37].

Let X = (X1,...,X,)T be a p-dimensional random vector. The p-th order cumulant, cum (X1, ..., X)),
of X is the coefficient of the term "%ty ---t, in the Taylor series expansion of the cumulant-generating
itTX

function log F {e , where t = (t1,to,... ,tp)T. The cumulants can be viewed as a generalization of

classical moments but they have a number of useful invariant properties which are not shared by classical
moments. Here we list the properties that are the most useful and directly applicable for the nonlinear
system under consideration.

1. If a1,...,a, are constants then we have
cum(a1 X1, ...,apXp) = a1 -+ apcum(Xy, ..., X,).
2. If any subset of the vector (X1,...,X,)? is independent of those remaining, then

cum(Xy,...,X,) =0.

3. Cumulants are additive in their arguments, i.e., for any random variables U and V we have
cum(U +V, Xq,...,Xp) =cum(U, X4, ..., X,) + cum(V, X4, ..., X}).

In particular
cum(X; 4+ U, ..., X,) = cum(Xq,..., X,) + cum(U, Xo, ..., X,)

and
cum(X; +a,...,Xp) = cum(Xy,..., Xp),

where a is a constant.
4. If (X1,...,X,)T is independent of (Z1,...,Z,)T, then

cum(Xy + Z1,..., Xp + Z,) = cum(Xy, ..., Xp) +cum(Zy, ..., Zp).
Note that cum(Xq,...,X,) is well defined if E|X;---X,| < oo, which is implied by E|X;|? < oo,

i =1,...,p. It is also worth noting that cum(Xy,..., X)) is symmetric in its arguments. The second-,
third-, and fourth- order cumulants are given by

cum(Xl,Xg) = E{(Xl —EX]_)(X2 —EXQ)},
cum(Xl, XQ,Xg) = E{(Xl - EXl)(XQ - EXQ)(Xg - EX3)}, (1294)
Cum(X17X2,X37X4) = E{(Xl 7EX1)(X2 7EX2)(X37EX3)(X47EX4)}

—cum(X7y, Xo) cum(X3, X4) — cum(Xy, X3) cum(Xs, Xy)
— CllHl(Xl, X4) Cum(Xg, Xg)

Hence, the second-order cumulant is just the covariance between two random variables, whereas the third-
order cumulant is the third-order centered moment of three random variables.

An important special case of the aforementioned discussion occurs when X; = X for all j. It is also well
known that cumulants can measure the degree of nonnormality since the cumulants of degree greater than
two for a Gaussian random process vanish.

For the stationary random process {X,,} recorded at the time instants ¢,t — 7y,...,t — 7, we have

cum(Xy, X7y, Xy r)) = Rx. x (71,72, ..., Tp). (12.95)
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Hence the p-th order cumulant is a function of p — 1 variables. In particular, we obtain
cum (X¢, X¢—r) = Rxx(7), cum (Xy, Xpory, Xiory) = Rxxx (71, 72), (12.96)

where Rx x(7) and Rxxx (71, 72) are the covariance function and the third-order cumulant function of the
stationary stochastic process {X,,}, respectively.

Let us now apply (without loss of generality) the cumulant theory to our system of order p = 1. Hence
let us consider cum(Yy,4¢, Uy, Up—1) for £ > 1. Since Y,, = W,, + Z,, and due to properties 2 and 3 (listed
above) we have

cum(Yy 10, Up, Un—1) = cum(Wiig, Up, Up—1).

By this formula, properties 2 and 3, and the fact that W,, = Z;O:o )\jm(Un,j, Un—j—1) we obtain

Cum(Yn-‘r@; U’ru Un—l) = Cum()\é—lm(Un—i-lv Un)a Un7 Un—l) + Cum()\fm(Una Un—l)a U’I’H Un—l)
+ Cum(>\g+1m(Un,1, Unfg), U,, Unfl). (1297)

Since U, —; is independent of (U,,U,+1) then due to property 2, the first term in (12.97) is equal to zero.
Similarly, the independence of U, of (U,_1,U,—2) sets the last term in (12.97) to zero. The application of
property 1 to the second term in (12.97) yields

cumYp4¢,Un,Up—1) = A¢cum{(m(Un,Up—1),Un,Un—-1). .
(Yst, Un, Un_1) = Ao cum(m(Un, Un 1), Un, Un 1) (12.98)

Note that the above formula is well defined if E|UyUym(Uy,Up)| < oo, or E|Ug|® < oo and E|m(Uy,Up)|® <
oo, which is a stronger requirement.

In order to eliminate the multiplicative constant in (12.98) let us recall that Ay = 1. Then, by analogous
considerations to those presented above, we get

Cum(Y;za Un7 Un—l) = Cum(m(Un7 Un—l)7 Una Un—1)~ (1299)

It is, however, important to note that under typical symmetry assumptions on m(e, ) (if it is an odd function
in both arguments) and f(e) (if it is an even function) the expression on the right-hand-side of (12.99) is
equal to zero. To circumvent this difficulty we observe that (12.98) holds also for nonlinear transformations of
U,—1 and U,,. For the most practical situations the quadratic transformation is sufficient. Hence, assuming
that EU2 < oo we have

cum(Yy 4, U2, U2 ) = Npcum(m(Uy, U, 1), U2, U2_}), £>0.
This gives the following formula for A,:

v cum(Y, 1, U2, UZ_)
t= Cum(Yn7U72L7U7%71) '

(12.100)

For a general nonlinear subsystem with a memory length of order p we have, by analogous considerations,
the following formula for As:
cum(Y, 10, U2, ..., UZ_ )
- oam(Y,,U2,... U2 )

(12.101)

The aforementioned developments are summarized in the following theorem.

Theorem 12.5 Let us consider the nonlinear system in (12.59) and (12.60). Let the input signal {U,} be
a sequence of iid random variables. If

E{|mUn,...,Unp)|UZ---U:_,} <0 (12.102)

then we have
\, — Cum(Yn+va72w"'?Ur%fp) {=1.2
0= cum(YnaU%w--7U2 )7 =1,2,....

n—p
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Note that the condition in (12.102) is implied by
E{|m(Un,...,Uy—p)[P™?} <oo and E|U,|[*™ < cc. (12.103)

Theorems 12.3 and 12.5 give a complete solution for the identification problem of the nonlinear system defined
in (12.59) and (12.60) in the case of p = 1. The extension to the nonlinearity with larger memory length is
possible by combining the result of Theorems 12.4 and the result shown in Remark 12.5. Nevertheless, as we
have already mentioned, it is not recommended to use the nonlinearity with large memory length due to the
curse of dimensionality. In most practical cases the use of p = 1 or p = 2 is sufficient to grasp the essential
nonlinearity effects of the underlying physical system. In the case p = 1, see (12.71), the nonlinear recovery
needs the knowledge of \;. Owing to the result of Theorem 12.4, we have
cum(Y,,11,U2,U2_,)

= . 12.104
M cum(Y,,U2,U2_)) ( 04)

Note that due to (12.94)
O (Vos1, U2, U2,) = B (U2, — BUZ_ (U2 — BUZ)(Yoss — FYar)}

Hence, to form an estimate of {\¢} based on the result of Theorem 12.4 is straightforward. Indeed, we ought
to replace the moments appearing in the formula for cumulants by their empirical counterparts. In fact, an
estimate of Ay resulting from Theorem 12.4 takes the following form:

S = P i (U = UDWUE = UR) (Yie = Vo)
n=tY N L (UP, = U)(U =U) (Y, = Y,)

where U2 and Y,, are empirical counterparts of the mean values EU? and EY,,, respectively.

Hence Theorems 12.3 and 12.5 lead to fully nonparametric methods for estimating the system character-
istics. Nevertheless, in the examples introduced in Section 12.2.1 we have faced the semiparametric problem
of estimating additional parameters which specify the low dimensional form of the system nonlinearity. This
is a particularly important issue for the case of the sandwich system and its special case, the Wiener system.
An important case study which follows concerns the sandwich system. Here the p + 1-dimensional system
nonlinearity, see (12.68), is characterized by the one dimensional function g(e) and the linear projection
of the last p observations of the input signal, i.e., U, + Z§:1 a;Up—j. The latter defines the input linear
subsystem of the sandwich model with the memory length p.

Example 12.10 (Sandwich system). In Theorem 12.4 we provided a full characterization of the sandwich
system nonlinearity in terms of the p-dimensional projection (obtained via the process of marginal integration)
of the p + 1-dimensional regression function, see formula (12.90). This formula, however, depends on the
characteristic of the input linear system {a;,0 < i < p}. The semiparametric nature of the problem allows
us to use the methodology which will be thoroughly studied in Chapter 14. The main idea of this approach,
however, can now be easily illustrated for the sandwich system.

For simplicity of presentation let us assume that p =1 and Eg(X,) =0, i.e., the constant ¢y in (12.85)
is equal to zero. Then we have (see (12.85))

g(v) = Era(v —a*Up—1,Upn—1),

where a* denotes the true value of the impulse response of the input linear system, i.e., X,, = U, +a*Up,_1.
Also let us recall that ro(u,v) = E{Y,|U, = u,U,—1 = v}. Denoting

9(v,a) = Era(v — alUn—1,Un—1), (12.105)

for some a we observe that g(v,a*) = g(v). Let also X,,(a) = U, + aU,—1 such that X, (a*) = X,,. The
semiparametric strategy begins with forming a pilot estimate of the function g(v,a) for a given a, i.e., we

pretend that the parameter a is known. A generic estimate of g(v,a) can easily be written as follows (see
(12.87)):

glv.a) =n"Y fa(v —ali1,Uisy), (12.106)
=2
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where To(u,v) is any consistent nonparametric estimate of the regression function ro(u,v).

The estimate §(v,a) in (12.106) can be used to form the prediction of the output of the system nonlinearity
g(e), i.e., the process {Vi(a) = §(X¢(a), a)} predicts (for a given a) the signal {V;}. Unfortunately, the process
{V;} is not observed and in order to form the predictive error criterion we must pass {Vi(a)} through the
linear system {\;}. This leads to the following definition of the predictive error:

Qula) =n~" SV - Vi), (12.107)

where -
Yi(a) =Y NVij(a). (12.108)

=0

It is natural now to estimate a* as follows:
a = argmin Q,(a).
a

Note that in the above formulation of the estimation problem we used the true value {\;} of the impulse
response function of the output linear system. Theorem 12.5 describes the cumulant based method for esti-
mating {\;} that is entirely independent of the remaining characteristics of the system. This could lead to

the modified version of Yi(a) in (12.108) , i.e.,
N ~
Yi(a) =Y AVioi(a), (12.109)
§=0

where N is the truncation parameter defining how many A;’s should be taken into account.

It is worth noting that the aforementioned semiparametric approach can easily be extended to the case of
the input linear system with the memory length p. In fact, we must use the formula in (12.90) in Theorem 12./
instead of (12.105), i.e., we can write (12.90) in the following vector form:

g(v,a) = Er,y1(v—a’l,,U,), (12.110)

where U,, = (Up—1,..., Un,p)T. Here the parameter a = (ay,. .. ,ap)T characterizes the class of input linear
systems such that a* is the true value of the impulse response of the linear system. Consequently, we can
form the prediction error as in (12.107) and (12.109) with the estimate in (12.106) taking the following

form:
n

g(v,a) =n"" Z fpr1(v —al U, Uy).
i=p+1

Also note that in this case the process {Vi(a),p +1 <t < n} is given by Vi(a) = §(X,(a),a) with X,(a) =
U; + aTU;. An estimate of a* is then obtained as the minimizer of the predictive error Qn(a) defined
analogously to (12.107). This type of the semiparametric least squares error estimate is generally difficult
to calculate since we need a numerical optimization procedure for minimizing the criterion Qn (a) which is
typically not a convex function of a.

In Section 14.7.3 we propose a direct estimate of a* utilizing the theory of the average derivative estimate
of the multiple regression function.

12.2.4 Identification algorithms: the Gaussian input signal

In Chapters 9-11 we have developed efficient nonparametric estimates of the Wiener system based on the
assumption that the input signal is Gaussian. This restriction can also be efficiently utilized in the context of
the Hammerstein system with nonlinear dynamics. Indeed, thus far we have assumed the white noise input
signal and we have proposed the cumulant based approach to identify the linear part of the system. On the
other hand, the nonlinear part was recovered by the regression method and has mostly been confined to the
system with short memory length.
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In this section we wish to take an advantage of a restricted class of input signals, i.e., we assume that the
input signal {U,} to the system pictured in Fig. 12.17 is a stationary Gaussian process with the covariance
function Ryy (7). We will examine both linear and nonlinear parts of our system and we start with the
former.

Linear system identification

The development of identification algorithms for the linear part of the system in (12.59) and (12.60) will make
use of several identities which relate the cross-covariance of input and output signals with the covariance
of the input signal alone. We begin with the following important result due, originally, to Brillinger [36].
This result concerns an identity for the cumulant function of a Gaussian random vector and its nonlinear
transformations.

Lemma 12.2 (Brillinger) Let (Xi,...,X7,Y1,...,Yx)T be a nonsingular Gaussian random vector with
X1,..., X  being independent of each other. Let G : RY — R be a measurable function of J variables such
that

E{|G(Xla"'7XJ)Y1 YK‘} < 0.
Then we have
cov(Xs, Y1) cov(Xg, Yi)
(var(X,))K ’

J
cum(G(Xy,...,Xy),Y1,...,Yk) = ZO‘S

s=1

(12.111)
where ag = cum(G(X1,..., Xy), Xs, ..., Xs).

Proof of Lemma 12.2 : We will make use of Properties 1-4 of cumulants listed at the beginning of this
section. Also let us recall the following property of the multivariate normal distribution. For Z ~ N;(m, ¥)
there exists a nonsingular d x d matrix C such that ¥ = CCT and Z = Ce + m, where e ~ Ny(0,1), i.e.,
the components of e are independent with the N (0, 1) distribution. Moreover, C can be specified as a lower
triangular matrix.

First let us note that since the cumulants are blind to an additive constant (see Property 3), we can
assume, without loss of generality, that (X1,..., X, Y1,...,Yx)T is of a zero mean random vector with the
J+ K x J+ K covariance matrix . Then we can represent the random variables X,.(r = 1,...,J) and
Yi(s=1,...,K) in terms of the J + K x J + K matrix C = {¢; ;} and the vector (e1,ez,...,e;+x)’ with
independent N(0, 1) elements, as follows

X, =crrer (12.112)
and
J+s
Y= crisuer. (12.113)
/=1

Owing to Properties 2 and 3 of cumulants, independence of {e;}, and (12.112) and (12.113) we can write

J
cum(G(Xq,...,Xy),Y1,...,Yk) = Zcum(G(Xl, ooy X)), CI41,5€5, - - -5 CI4 K, 5€s)
s=1

Cs,s Cs,s

)

J
= Zcum (G(Xl, X)), c‘]-~_1’54)(757 A CJ'*'K“"‘XS> (12.114)
s=1

Let us write the matrix C in an explicit form

[c oo
=% &l

where C; and C, are J x J and K x K lower triangular matrices, whereas D is the K x J matrix. Then we
note that C; = diag{cs s,1 < s < J} and due to the representation ¥ = CCT we obtain

cov{(X1,...,Xy),(Y1,...,Yk)} = C;DT.
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Thus we have that cji1,5¢s,s = cov(Xs, Y1), ..., Cotk,sCs,s = cov(X,, Y) and consequently we can rewrite
(12.114) as follows:

cov(Xs,Y7) - cov(Xg, Yi)

(c3,)" '

J
> eum(G(Xy,..., X)), X, .., X)
s=1

Noting that ¢2 , = var(X,) we can arrive to the formula in (12.111).
The proof of Lemma 12.2 is thus complete. B

It is worth noting that the K + 1 order cumulant on the left-hand-side of (12.111) measures the multi-
linear dependence between the Gaussian vector (Y1,...,Yx)? and the nonlinearity G(Xj,..., X ), which is
a transformation of the another Gaussian vector (Xy,..., X ;)T. Hence, the formula in (12.111) says that
the cumulant is proportional to the product of the covariance functions between the Gaussian vectors. The
sequence {a} appearing in (12.111) is a combination of the moments of the form E{G(Xy,...X;)X?},
1 < ¢ < K and can be explicitly evaluated in terms of the average derivatives of G(X1,...,X ;). In the
context of the nonlinear system analysis, the result of Lemma 12.2 is particularly useful for block-oriented
nonlinear systems which have single variable nonlinearities. This will be explained in the remarks given
below.

Remark 12.7 The result of Lemma 12.2, established by Brillinger [36], generalizes a number of known
identities concerning correlation properties of a stochastic process observed as an output of a nonlinear
system fed by a stationary Gaussian process. In this remark we give the most classical version of (12.111)
often referred to as Bussgang’s Theorem.
Hence let {U,} be an univariate stationary Gaussian process with the covariance function Ryy(T). Let
also
Vi = g(Un) + Zn,

where {Z,} is independent, but otherwise arbitrary, of {U,} stochastic process, and g(e) is a measurable
function. Consider the cross-covariance of {Vy,} and {U,}

Ryuy(r) = cov(Vy, Up—r) = cov(g(U;), Up—r). (12.115)

Recalling that the second order cumulant is the covariance function we recognize that the right-hand-side of
(12.115) is the simplest version of (12.111) corresponding to J = K = 1, where Y7 is identified as U,_,,
whereas X1 as U,. Thus, we can readily obtain

Ryy(7)
= —_— . 12.11
RVU(T) COV(Q(U0)7 U07 ) Var(U[)) ( 6)
Let {U,} have the marginal density f(u) ~ N(0,0%). The following identity can be easily verified
wf(u) = —o% fO(u). (12.117)

This allows us to evaluate the coefficient cov(g(Uy),Us) = E{g(UoUy)} in (12.116). Indeed, assuming that
the nonlinearity g(e) is differentiable, and using (12.117) along with integration by parts we obtain

E{g(Un)Uo} = ot E{g") (U0)}.
Consequently we have the following version of (12.116)
Ryy(r) = aRyy (), (12.118)

where o = B{g™M (Uy)}.

Formula (12.118) is a classic result due to Bussgang; see [320] for a direct proof of this identity. This is
also called the invariance property, meaning that regardless of the nonlinearity applied, the input and input-
output covariance functions are identical up to a scale factor. In [16] and [278] various extensions of (12.118)
to non-Gaussian processes were given. This theory is based on the concept of diagonal expansions of bivariate
densities with respect to an orthonormal complete system of functions. In the case of a bivariate Gaussian
distribution the Hermite polynomials appear in the orthogonal representation. In [316] the most general class
of stochastic processes (separable processes) for which the invariance property holds was established.
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Remark 12.8 In considerations concerning the sandwich system and other nonlinear problems based on the

third order cumulants we need the version of Lemma 12.2 corresponding to J =1 and K = 2. Thus (12.111)

takes the form

cov(X1, Y1) cov(X1,Yo)
(var(X1))?

Application of this identity to the static system V,, = g(U,) + Z,,, in Remark 12.7 yields

cum(G(Xl),Yl,Yg) = cum(G(Xl),Xl,Xl)

(12.119)

Ryuu(m,m) = cum(Vy,Up—r, Upn—ry)
cov(Upn, Up—r, ) cov(Up, Up—r,)
(var(Uy))? ’

= cum(g(Up), Uo, Up)

For {U,} being the zero mean stationary Gaussian process with var(Uy) = o2, we can find that
cumn(g(Uo), U, Us) = o E {g® (U0) }

provided that g(u) is twice differentiable. In fact, the twice application of (12.117) and integration by parts
gives

E{g(U0)U3} = *E {¢® U0) } + o E {g(U0)} -

This provides the following generalization of Bussgang’s theorem, see (12.118),
Ryyu(m1,m2) = BRuv (1) Ruu (T2),

where 8= E {g® (Up)}.

Hence, the third order cumulant is invariant with respect to nonlinear transformations possessing two
derivatives. It is natural to conjecture that the p+ 1 order cumulant caom(Vy,, Up—7y, Up—rys . - ., Un_Tp) will
be invariant for all nonlinearities g(e) with p derivatives.

The main shortcoming of the identity in (12.111) is that the random variables X1,..., X ; are assumed
to be independent. This prevents us , from using (12.111) directly for nonlinear systems with multivariate
nonlinearities.

Nevertheless, in the case when the vector X = (Xi,..., X ;)7 is dependent, the matrix C; appearing in
the decomposition of the covariance matrix is fully lower triangular; see the proof of Lemma 12.2. There-
fore, instead of (12.112) we have X = Cjey, where e; = (e1,...,e;)T . Then reasoning as in the proof of

Lemma 12.2 we obtain
J
cum(G(Xy,...,Xy),Y1,...,Yk) = Zcum(G(X), CJI41,5€ss - - - CI+K,5€s)- (12.120)
s=1

We can now substitute each e by using the solution e; = CI1X. Since C; is lower triangular the solution
is easily written as

s—1
o Xs — Zgzl Cs,0€¢
- )

Cs,s

s=1,...,J.

es
Then recalling that
C.CT =cov(X) and C;DT =cov(X,Y)
we can find ¢4 ses, 1 < j < K appearing in (12.120) in terms of cov(X) and cov(X,Y). The solution of
these matrix equations gives a formula for cum(G(Xy,...,Xs),Y1,...,Yk) in terms of
{cum(G(X1,..., X ), Xs,.. ., Xs), 1 < s < J},

{ecov(X,,Y;),1<j <K, 1<s<J)},

as well as {cov(Xs, X,),1 < s,r < J}. The last term makes the resulting formula more complicated than
the one established in Lemma 12.2.
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As an example of the procedure outlined above, let us consider the case J = 2 and K = 1 with
(X1, X2,Y)T being a Gaussian vector with zero mean and covariance matrix ¥ such that var(X;) =
var(Xs) = 02, and correlation p = cov(Xy, X2)/02. Then some algebra (left to the reader) gives

COV(C—rY(‘le7 XQ), Y) = COV(G(Xl, )(2)7 Xl)al + COV(G(Xl, )(2)7 XQ)G,27 (12121)

where

_ocov(X1,Y) — peov(Xs,Y)
o =2
Note that if p = 0 we can arrive to the identity in (12.111).

There is a way of dealing with the case of the dependent random vector X = (X1,..., X ;)T based on the
covariance matrix decomposition and a formula for differentiation of composite functions. Since the case of
K =1 is the most common in applications let us examine the version of Lemma 12.2 with J > 1 and K = 1,
i.e., let us consider cov(G(Xy,...,Xs),Y) with (Xi,...,Xs,Y)T being the J + 1-dimensional nonsingular
Gaussian vector with zero mean and covariance matrix . The following lemma gives an expression for

cov(G(X1,...,X7),Y) in terms of the average derivative of the nonlinearity G(e,...,®) and covariance
between X and Y.

_ocov(X9,Y) — peov(Xy,Y)

and as =0 1= 2

a]; =

Lemma 12.3 Let (X1,...,X;,Y)T be a nonsingular Gaussian random vector with zero mean and covari-
ance matriz ¥. Let G : RY — R be a measurable function of J variables such that

E{|G(X1,...,X))Y|} <
and

0G(X1,...,X ;)
{5

}<oo, s=1,...,J.

Then we have ;

cov(G(X1,...,X;),Y) = bsycov(X,,Y), (12.122)
s=1

where by, = E{W}

Proof of Lemma 12.3 : Similarly as in the proof of Lemma 12.2 let us start with the decomposition of
the matrix ¥ as ¥ = CCT, such that
C— [Cl 0}

d’ ¢

and C1d = cov(X,Y). Here C; is the J x J - lower triangular matrix, d is the J x 1 vector, and ¢ is a

number. Then we have
X =Cie and Y =dTe+ e,

where (¢) ~ N;41(0,I), and I is the unit diagonal matrix. Hence we obtain
cov(G(X1,...,X1),Y) = cov(G(Cye),d"e) = dT E{G(C;e)e}, (12.123)
where the expectation is taken with respect to the random vector e. Without loss of generality let us

consider the first component of the J x 1 vector E{G(Cie)e}. Hence we wish to evaluate E{G(Cie)e; }.
Since e ~ N;(0,1), it suffices to examine the integral

/_OO G(Clz)zlf(zl)dzl, (12.124)

where z = (21, ...,25)" and f(z;) is the standard normal density function. The fact that z; f(z1) = —f1)(z)
and integration by parts give the following version of the integral in (12.124)

/_Z {;zlG(Clz)} F(z1)dzn.
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To evaluate a%lG (C1,2) note that due to the formula for differentiation of composite functions we have for
x=Ciz

0 aG(xl,...,a:J)8x1 8G(w1,...,xJ)8a:J
Z G(C - 2\ WS Pe , TIA e 2 P
82’1 ( 1Z> 8351 521 + + GxJ 821
0G(x1,. .., oG (zx1,. ..,
_ Gy oy G @ )
6951 ’ 8IJ ’
where vi = (c1,1, . .. ,CJ71)T is the first column of the matrix Cj.

Denoting by VG(x) the gradient vector of G(x) we have shown that
E{G(Cie)e1} = E{VTG(X)}v;.

Repeating the above calculations for each component of the vector E{G(Cie)e}, we obtain the following
representation for (12.123):
dT(B{VTG(X)}vy,..., B{VTG(X)}v,)T, (12.125)

where v1,..., vy are the column vectors of the matrix C;. By changing the order of summation we see that
(12.125) is equal to
EBE{VTaX)V(dTcy,...,d"c))T,

where cq,...,c; are the J x 1 vectors representing the rows of matrix C;. Noting finally that d”c; =
cov(X;,Y), 1 <i<.J we can complete the proof of Lemma 12.3 B

Remark 12.9 The version of (12.111) which can be useful for the generalized Hammerstein system corre-
sponds to the case when K =1 and J > 1. Hence, (12.111) reads as

J
cov(Xs, Y1)
cov(G(Xy,..., X ), Y1) = gcov(c(xl, LX), XS)W, (12.126)
provided that X4, ..., X are uncorrelated Gaussian random variables.
In the context of nonlinear systems this formula can be interpreted as follows. Let
Vo =9Un,Up-1,...,Un—p) + Z, (12.127)

be a nonlinear finite memory system, where {Z,} is independent of {Un} - a zero mean white Gaussian
process with the variance o%. Note that for the independent input the covariance Ryy () = cov(Vy, Un_;)
is nonzero only for 0 < 1 < p. Then according to (12.126) and for 0 < 7 < p we have

RVU (T) = COV(g(Un, Un—la ey Un—p)v UIL—T)

COV(Un—87 Un—T)
var(Up—s)

p
= Z COV(g(Un, Un-1,---, Un—p); Un—s)
s=0

cov(g(Un,Up—1,...,Un—p),Upn—r)

form+1—p<n<n+r.
For differentiable g(e,e,... ) we can apply (12.117) and integration by parts, i.e., we obtain

ag(Un, Unfl, ey Un,p)
8Un—7’ .

E{Q(Unv Un-1,..., Unfp)Unf'r} = UgE{

Hence we have

Ryy(r) = 0’E { 99(Un,Un—1- -+, Un—p) }

12.12
v, (12.128)

for0 <71 <p.
It is worth noting that there is no further information contained in higher order moments with respect to
the input process. In fact, we have cum(V,,Up—r,, Upn—r,) = 0 for all 71 # 7.
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In order to generalize (12.128) to the correlated input process {Uy} we can apply Lemma 12.3. Hence by
virtue of (12.122) we readily obtain

Ryy(r Zb Ruu(r —s) (12.129)
where Ba(U.. U -
bszE{ 9(Un, g; ”‘p)}, 0<s<p. (12.130)

It is seen that for Ryy(s) = 02040, i.e., when {U,} is independent we can confirm formula (12.128).

The formula in (12.129) can be interpreted as a linear time-invariant approximation of the nonlinear
system in (12.127). In fact, it is straightforward to verify that a solution of the following minimization
problem

2
P
s=0

must satisfy the equations in (12.129). That is, the optimal mean-square error linear time-invariant system
which approximates the nonlinear system in (12.127) is given by the FIR(p) model with the characteristic
{bs,0 < s < p}, where by is defined in (12.130).

The results of Lemmas 12.2 and 12.3 and the discussion in Remark 12.9 allow us to establish a simple
relationship between the correlation functions Ry (7), Ryu(r) and the impulse response function {A;} of
the linear subsystem of the Hammerstein system with nonlinear dynamics defined in (12.59) and (12.60).
Hence, let the input signal {U,} be a zero mean stationary Gaussian process with the covariance function

RUU (T)
Let us first note for the linear part of the system

=> AV + Zn,
j=0

we have the following convolution formula:
oo
RYU( ) = cov YTMUYL ‘f' ZA COV n—js n 7— Z)\JRVU(T—j) (12132)
§=0

We can now directly apply the result of Remark 12.9, see (12.129), and evaluate the cross-covariance shown
above (12.132). Indeed, by virtue of (12.129), Ryy(7) is also given in the form of the convolution between
the sequence {bs} and {Ryy(s)}, i.e., we have

RVU Zb RUU T*S

This and (12.132) yield the following theorem.

Theorem 12.6 Let (12.59) and (12.60) define the Hammerstein system with the nonlinear dynamics m(U,,
Un—1,---,Un_p). Let the input signal {U,} be a zero mean stationary Gaussian process with the covariance
function Ryy (7). Suppose that

E{m(U,,Un-1,...,Un—p)Un—j|} <00, j=0,1,...,p,
and that m(e, e, ... ) is a differentiable function. Then we have the following convolution relationship
Ryy(r) ={\*xbx*x Ryy}(7) (12.133)

8m(Un, Un717 sy Un*p) -
b. = E =0,1,...,p.
j { 6Un_j 3 ] 07 ) » D

where
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Analogous to Remark 12.9 we can argue (see (12.131)) that {\s*bs} defines the impulse response function
of the optimal mean-square error linear time-invariant system which approximates the Hammerstein system
with nonlinear dynamics. The problem of best linear time-invariant approximations of nonlinear systems
and their application to system identification has been an active area in recent years; see [294] [379] for
recent results and further references on this important issue.

Formation of the Fourier transform of (12.133) gives

SYU(UJ) = A(W)B(M)SUU(OJ). (12.134)

This formula reveals that one can recover (up to a multiplicative factor) the spectral characteristic of the
linear subsystem from the spectral densities Syy(w) and Syy(w).
In an important case of p = 1 we can explicitly write

Syy(w) = A(w)SUU(UJ){bQ + ble_iw} (12.135)
where Om(Us, Un_1) Om(Un, Un_1)
_ m(Up,Up—1 _ m\Un,Un—1
bp=F {aUn } and b =F {5'Un—1 } .

It is quite straightforward to evaluate the coefficients (b, b1) for some specific nonlinearities. Hence for the
polynomial nonlinearity of order not greater than 3, i.e., when

m(u,v) = Z apeufot,

0<k+£<3

one can calculate that
bo = a1o + (a12 + 3az0)o? + 2as1 Ry (1)

and
b1 = ap1 + (a21 + 3ag3)0? + 2a12Ryv (1),

where 02 = var(Up).

For the cubic nonlinearity Zk 1o=3 apeu®v? the terms aqg, ag; in the above formula should be set to
zero. If there exists an identification procedure which can recover the nonlinearity m(u,v) independently
of the linear subsystem then one can estimate the numbers (bg, by). This is, however, a rare case since the
cascade nature of the system allows us to recover its characteristics only up to some unknown constants.
Nevertheless, in Theorem 12.5 we have described the p 4 2- order cumulant based method for recovering the
linear subsystem characteristic {\;}. This method is very inefficient and complicated to implement. Indeed,
the formula for Ay given in Theorem 12.5 requires the p+ 2 - order cumulants and becomes highly inefficient
for ¢ greater than p.

The main assumption employed in Theorem 12.5 is that the input signal is white but not necessarily
Gaussian. In the following remark we wish to find out what can be gained if the input is a white Gaussian
process.

Remark 12.10 For the input signal being a white Gaussian process, we can write formula (12.133) as
follows

Ryy(r) = o Z Ar—ebe, (12.136)
=0

where 0 = var(Up).
Without loss of generality let us consider the second order nonlinearity (p = 1). Then due to (12.1536)
we readily have
b = O’iZRYU(O) and by = 0'72RYU(1) — A1bo.

These explicit formulas can lead to a direct estimation technique for the numbers (bg,b1), and consequently
a nonparametric estimate of A(w). In fact by virtue of (12.135) and the fact that Syy(w) = o2, we have

Syu(w)
ag + are~w’

Aw) = (12.137)
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where ag = RYU(O) and ayp = RYU(l) — )\IRYU(O)-

Note that in the formula for a; we still need to know A1. Here, we can recall expression (12.104) which
determines \1 from the third-order cumulant of the input-output signals, i.e., A1 can be obtained from the
following formula:

Cum(Yn-‘rla Urzm U72L—1)
cum(Y,, U2, U2_,)

1=

Hence, a nonparametric estimate of A(w) that can be derived from the cross-spectra Syy(w) requires limited
additional help from higher order statistics. Generally, for the p-order nonlinearity the nonparametric recov-
ery of A(w) in terms of Syu(w) needs the values of A1,...,\,, that can be obtained from the p + 2 - order
cumulants given in Theorem 12.5.

Thus, the computational saving in estimating the linear subsystem in the case of an uncorrelated Gaussian
input is very essential for small and moderate values of p. In typical cases when p = 1,2 the aforementioned
considerations lead to much more efficient identification algorithms which essentially employ only the second
order statistics of input-output data.

The aforementioned considerations point out that there can be some benefits in using higher order spectra
even in the case of independent Gaussian input. If the input is correlated and there are several linear systems
present in the overall nonlinear structure then it is necessary to go beyond the second order spectra. This will
be transparent in the case of the sandwich system (see Example 12.6) where we have two linear subsystems
separated by the nonlinearity. Since this structure plays an important role in many applications it is treated
separately in the section below.

Nonlinear system identification

For Gaussian inputs, it is natural to employ Hermite polynomials to represent the system nonlinearities. In
fact, as we mentioned in Section 6.6 (see also Appendix B.5) the Hermite polynomials constitute an orthonor-
mal basis with respect to the weight function e . In order to obtain Hermite polynomials orthogonal with
respect to the standard normal density function, we need to slightly modify the definition of the Hermite

polynomial. Hence let
Hy(z) = (—1)%‘902/2 (e“”z/z)(k)

be the k-th modified Hermite polynomial. Then it is easy to show that H(z) is related to the classical
Hermite polynomial Hy(z) (see Appendix B.5) by the following formula

Hy(a) = 2752 Hy (2 /V2).

Consequently the system {hy(z) = (2°k!)~1/2Hy(2/v/2)} defines the orthonormal basis with respect to the
standard normal density. Here is a list of a few Hermite polynomials hy(x):

1 4
— '+ —=x,...
2v6 V6 26

It is also worth noting that the scaled version hy(z/c) of hy(x) defines the the orthonormal Hermite poly-
nomials with respect to the N(0,02) density function. We wish to propose an estimate of the nonlinearity
m(u,v) that defines the system in (12.59) and (12.60) using the polynomials {hx(z)}.

Hence, without loss of generality, let us assume that the input signal {U,,}, exciting the system depicted
in Fig. 12.17, is a zero mean uncorrelated Gaussian process with unit variance. Let us also consider the
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system in (12.59) and (12.60) corresponding to p = 1. Then, by virtue of the result of Theorem 12.3 we have
m(u,v) = r2(u,v) — A1 (v), (12.138)

where additionally we have assumed that E{m(U,Up)} = 0. Since EY,2 < oo (see (12.61)), then we can
expand the regression functions r5(u,v) and 71(v) in terms of the Hermite polynomials {hj(z)}. In the case
of r1(v) this is standard orthogonal functions representation, whereas for 5 (u,v) we need a two-dimensional
extension. The latter can be easily done by using a product basis {hy(u)he(v) : k,£ = 0,1,...}; see also
Chapter 13 for representations of multivariate functions. Hence, we have the following representations:

ZZak t.eh—g(u)he(v) (12.139)

k=0 ¢=0
and ~
~ > bl (v), (12.140)
where o oo )
ag = / / o (t, V)b (w)he(v) f (u) f (v)du dv
and

= [ " (0) () f(0) o,

— 00

respectively. Noting that f(u) is the density of U,, it is important to observe that
ake = E{Yuhp(Up)he(Un—1)} and by = E{Y,he(Un)} . (12.141)
This and (12.138)-(12.140) readily lead to the following orthogonal series estimate (see Chapter 6) of m(u,v):
riu(u, v) = fa(u,v) — A7 (v), (12.142)

where \; is estimated via the third cumulant formula in (see (12.104)) and

N k
Po(u,0) = > ak—pohk—o(Whe(v), F1(v) = bphi(v) (12.143)
k=0 ¢£=0
with . .
are=n""> Yih(Uphe(Uj—1), br=n""> Y;h(Uj). (12.144)
j=2 j

The formulas (12.143) and (12.144) define standard orthogonal series estimates with the truncation parameter
N. Note that aj, and Bk are unbiased estimates of ay ¢ and by, respectively. We have already noted (see
Chapter 6) that N controls the bias-variance tradeoff. In fact, let us consider the estimate #2(u, v). By virtue
of Parsevals formula the mean integrated squared error (MISE) of #3(u,v) can be decomposed as follows:

MISE(7y) = E/ / (o (u,v) — o (u, v)) 2 f (u) f (v)dudv

- ZZvar (ar—c.e) Z Zak 0 (12.145)

k=0 £=0 k=N+1£=0

The first term represents the integrated variance of 73(u,v) and is an increasing function of N. The second
term in (12.145) is an integrated bias of 75(u,v) and it decreases with N. Arguing as in Section 12.2.4 (see

also Section 6.5) we can show that the first term in (12.145) is of order O { N°/E } On the other hand, the

second term in (12.145) tends to zero as N — oo for all nonlinearities which satlsfy

E{m?*(Uy,Up)} < oo. (12.146)

NB3/6
d n

An analogous analysis for the estimate 71 (v) shows that MISE(#) if N — oo an — 0. Since A; —

A1(P) then we have the following theorem.



12.2. BLOCK-ORIENTED SYSTEMS WITH NONLINEAR DYNAMICS 161

Theorem 12.7 Let us consider the nonlinear system in (12.59) and (12.60). Let the input signal {U,} be
a zero mean uncorrelated Gaussian process with unit variance. If (12.146) holds and if

5/3
N(n) — oo and MHO
n
then for the estimate m(u,v) in (12.142) we have
MISE(m) — 0

as n — oQ.

It should be also noted that if m(u,v) is defined on a finite interval then we can replace the condition
N5/3(n) N(n)
—— —0by == —0.

7ﬁeggabrding the rate of convergence it suffices to examine the bias terms, i.e., we wish to evaluate the rate
at which Y77 v Z?:o a%_“ and 7 ., bF tend to zero as N — oo. This analysis is independent of the
dependence structure of data generated by our system and can be done along the lines of the analysis in
Appendix B.5, see also [190].

Hence let o
O"MIm(u,v)

Outvi

be the partial derivative of m(u,v) of order i + j. We can show that if

m®) (u, v) =

. 2
E { (m(”) (U, Uo)) } <oo, forall0<i+j<s (12.147)

holds, then we have
o] k 0o
> D ai 1, =0(N"*) and > b =0(N").
k=N+1 =0 k=N41
Combining this with the result of Theorem 12.7 we can conclude that under condition (12.120) and if

3

N(n) = n3+s (12.148)

then we have X
MISE(i) = O (n*T) . (12.149)

For the nonlinearity m(u,v) which is defined on a finite interval and meets (12.147) we have a faster rate,
ie.,

MISE(ri2) = O (n~ #+7) (12.150)
with the asymptotically optimal selection of the truncation parameter N(n) = n+1. For s = 1 the rate in
(12.149) is O (n_%), whereas the rate in (12.150) is O (n_%).

It is worth noting that the rate in (12.150) is known to be the best possible rate of convergence for
recovering a bivariate function possessing s derivatives.

12.2.5 Sandwich systems with a Gaussian input signal

In this section we illustrate the theory developed in the previous section in the important case of the sandwich
system. We shall see that the restriction put on the input signal to be a Gaussian process allows us to relax
the assumption that the input linear system is of a finite memory.

Let us consider the sandwich system introduced in Example 12.6 (see also Fig. 12.20). The system has
the input linear subsystem with the impulse response function {a;,0 < j < p}, and is excited by a zero-mean
stationary Gaussian process. Recalling that

p
M(Uns . Unp) =g | Un+ > _ajUn; |,

=1
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we can easily find that the sequence b; in Theorem 12.6 is given by
bj = ajE{g(l)(Xn)}7
where X, = Uy, + 3_7_, a;U,—;. This yields
P
Ryy(r) = OZZ%RUU(T*J'), (12.151)
§=0

where o = E{g™")(X()}. This applied to formula (12.133) gives the following counterpart of (12.134):

Syv(w) = aA(w)A(w) Sy (w). (12.152)

Since we wish to identify both A(w) and A(w), then it is seen that this single equation is not sufficient to
construct individual estimates of A(w) and A(w). With the help of the third-order cumulants we can form
another equation involving the unknown A(w) and A(w).

Hence let us consider

Ryuu (7—17 T2) = Cum(yru Un—r, Unf'rz)

o
Z Af Cum(g(XYL—é)7 Un—n ) UTL—Tz);
£=0

where properties 1 and 3 of cumulants have been used. By virtue of Lemma 12.2 (applied with J = 1 and
K = 2) we can obtain

cum(g(Xy), Xo, Xo)
{var(Xy)}?

This combined with the fact that the cross-covariance function Rxy(7) between {X,,} and {U,} is given by

cum(9(Xn—¢),Un—r,, Un—7,) = cov(Xpn—¢,Upn—r,) cov(Xpn—g,Up—r,).

P
Rxu(r) =Y acRuu(t — ) (12.153)
=0
allows us to write the following relationship:
Ryyu(mi,72) = 52 MRxu(m1 — O)Rxu(me —£), (12.154)
(=0

where § = cum(g(Xo), Xo, Xo)/{var(Xo)}*.
Let us now define the cross-bispectrum of the processes {Y,,} and {U,} as the two-dimensional Fourier
transform of Ryyy(m1,72), ie.,

o0

Syvu(wi,we) = Y Y Rypu(n,m)e termten),

T1=—00 Ta=—00
Hence, formation of the two-dimensional Fourier transform of the formulas (12.154) and (12.153) gives
SYUU(thUQ) = 5A(W1)A(QJ2)A(L01 + WQ)SUU(wl)SUU(LUQ). (12155)

This is the second expression besides (12.152) which involves the unknown characteristics A(w) and A(w)
expressed in terms of the spectral characteristics of the input-output signals of the sandwich system.

It is worth noting that formula (12.152) was derived from the general result described in Theorem 12.6.
This result restricts the input nonlinearity to be of finite memory. Direct calculations easily show that we
can admit an infinite memory input linear subsystem, i.e., the formula in (12.153) takes the following form:

Rxu(r) = arRuu(T —0).
=0
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Next we have Ryy (1) = > ,og AeRvu (T — €), where due to the Bussgang identity (see Remark 12.7) we

obtain Ryy (1) = o Rxp(7), o/ = cov(g(Xo), Xo)/ var(Xp). Reasoning as in Remark 12.7 we can show
o = E{g"(Xo)}, provided that g(e) is a differentiable function, i.e., o = a, where a was introduced in
(12.151).

All these considerations lead to the following theorem.

Theorem 12.8 Let us consider the sandwich system

Xn = Un + Z;)il atUnft;
Y, = Zj:O )\jVn_j + Z,

with the input signal {U,} being a stationary Gaussian process with the covariance function Ryy(T). Suppose
that

BE{|X3g(Xo)[} < oc. (12.156)
Then we have the following relationships
Syu(w) = aA(w)A(w)Suu (w) (12.157)
and
Syvu(wr,wz) = BA(w1)A(w2)A(wr + w2)Suv (w1)Suv (w2), (12.158)

where a = cov(g(Xo), Xo)/ var(Xo) and 8 = cum(g(Xo), Xo, Xo)/{var(Xo)}2.

We should note that if g(e) is a twice differentiable function then the condition in (12.156) is equivalent
to E{|g®(Xo)|} < co. In fact (see Remarks 12.7 and 12.8), we have

o =B{g(Xo)} and 8= E{g®(Xo)}. (12.150)

It is worth noting that the formulas in (12.159) hold for not necessarily zero-mean Gaussian input process.
Indeed, this is an important issue since it is required that «, 3 # 0 for the result in Theorem 12.8 to be
meaningful. For the zero mean input process, the Gaussian density of X is an even function and consequently
we have o # 0 and 8 = 0 for the nonlinearity g(e) that is an odd function, or vice versa « = 0 and 5 # 0
for the nonlinearity g(e) that is an even function. Hence, a practical recommendation is to use the input
Gaussian process with EU,, = p # 0. Then we have EX,, = p>.,° ap # 0, provided that 37,2 as # 0.
The latter is equivalent to A(0) # 0, and this is met for a large number of linear systems. It should be
noted, however, that for high-pass filters we have A(0) = 0; see [254] for a detailed discussion of this issue.
Furthermore, as we have already noted if g(e) is a linear function then there is no chance of separately
identifying A(w) and A(w).

The formulas in (12.157) and (12.158) allow us to develop a fully nonparametric strategy for estimating
the linear subsystems of the sandwich model. In fact, owing to (12.157) and (12.158) we have

Syvu(wi,wo)Suv(wi +wa) B A(wi)A(ws)

= . 12.160
Svo(en + w2)Suv(@)Soulws)  a Alwr +w2) (12:160)
By noting that A(w)A(—w) = |A(w)]? and then by setting wy = —w; = —w, we have
|Syvu(w, *W)|1/2
Aw)| =L , 12.161
|A(w)] Soo(@) ( )
here L — | 4400w @ 72 g5 i that Syy(w) > 0 for all w. Next (12.157) yield
wnere = BSy 0 (0) , and 1T 1S Known a vul\w) = or all w. ex . yields
1
Aw) = 1_Svelw) (12.162)
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Formula (12.161) gives a prescription for the recovery of the amplitude of A(w). Since Syy(w) > 0, (12.160)

£ Syvu (wi,w2)

pe o Hence let

the phase of A(w) is determined by the phase o

B Syvu(wi,ws) B
Y(wi,ws) = arg {SYU(W1+W2)} and 6(w) = arg{A(w)}.

Then due to (12.160), we readily obtain
O(w1) + 0(w2) — O(wr + wa) = (w1, wa). (12.163)

This is a functional equation with respect to §(w) for a given ¢ (w1, wsz). Note that if (w1, ws) = 0, then
(12.163) is the classical Cauchy functional equation with a general unique solution #(w) = cw, ¢ being an
arbitrary constant. Differentiating (12.163) with respect to wq and wo, we get

02 (w) = =8 (wr, wa)/Ow1 Ows,

where w = wy + we. For many practical systems 6(w) is linear for w — 0+. Hence we can assume that
0(0+) = 0 and 6 (0+) = —ng, which is given. These initial conditions allow us to express f(w) in terms of
Y(wi,ws). It is worth noting that for a class of systems commonly referred to as minimum-phase systems
the phase 6(w) can be determined from the magnitude |A(w)].

Summing up we have obtained the following procedure for recovering the transfer functions A(w) and
A(w) of the linear subsystems. First we determine the amplitude of A(w) from formula (12.161). This is
followed by the recovery of the phase of A(w) using (12.163) and the above outlined procedure for extracting
O(w) = arg{A(w)}. Having A(w) = |A(w)]e?“) we can finally get A(w) from (12.162). This gives the
procedure for reconstructing A(w) and A(w) being virtually independent on the form of the nonlinearity
g(e). The multiplicative constants appearing (12.161) and (12.162) can be determined if some a priori
knowledge about A(w) and A(w) is known, e.g., that the gain factors A(0), A(0) are known.

Formulas (12.157) and (12.158) allow us to discriminate between two important special cases of the
sandwich system. Indeed, if A(w) is all-pass filter, i.e., A(w) = 1, we obtain the Wiener system, and then
(12.157) and (12.158) yield

Syvu (w1, wa) p
St~ o (12.164)
On the other hand, if A(w) =1, i.e., we have the Hammerstein system, and from (12.157) and (12.158)

Syvu(wr,w2)Svu(wi +ws)  f (12.165)

Syu(wi +w2)Syu(w1)Svr(w2)  «

Hence, the constancy of the expressions on the left-hand-side of (12.164) and (12.165) can be utilized (once
the formulas are estimated from training data) to form test statistics to verify the plausibilities of the
respective systems.

Regarding the nonlinear part of the sandwich system we can combine the general solution given in Theo-
rem 12.4 and the estimation technique from Section 12.2.4 that employs the Hermite orthogonal polynomials.
Unfortunately, the result of Theorem 12.4 forces us to assume that the input signal is white Gaussian. More-
over, the input linear system must be of finite memory. Hence, without loss of generality, let p = 1, i.e., we
have X,, = U,,+aU,—1. Then an estimate of g(e) can be obtained by averaging an estimate of the regression
function ro(ug,u1) = E{Y,|U, = ug, Un—1 = u1}. Thus, we have (see Theorem 12.4)

n
gla) =n"" Y {ia(z — al;, Uy) — io(—al;, U) } (12.166)
i=1
where @ is a certain estimate of the parameter a of the input linear system. Note that in this case A(w) =
1+ae™, ie., a= A(0)—1 and a can easily be determined from the aforementioned algorithm for recovering
A(w); see the discussion following (12.161).

Furthermore, since the input is Gaussian we can apply in (12.166) the estimate 79(ug,u;) defined in
(12.143), i.e., we have

N k
2o, ur) = Y an—pehn—o(uo)he(ur) (12.167)

k=0 ¢=0
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and
n

WS nt ZY}B}C(UﬂBg(Uj,l).

Jj=2

Since the averaging operation reduces the variance of a nonparametric estimate (see Chapter 13 for further
discussion of this issue), we can conclude (see the discussion below Theorem 12.7) that estimate §(x) in
(12.166) can reach the optimal rate of convergence O,(n~2/%) for twice differentiable nonlinearities defined
on a finite interval. The extension of the estimate in (12.166) to the input linear system with the memory
length p > 1 is straightforward. In fact, we can apply the result of Theorem 12.4 and then an orthogonal series
estimate of the p + 1-dimensional regression function rp41(uo,...,u,) = E{Y,|U, = uo,...,Up—p = up}.
The latter is a multivariate extension of (12.167) , i.e.,

Fogr (o, p) = > Gachig (o) - P, (up)

0<k<N
with .
a=n"">" Yihgo(U;) - e, (Uj—p),
j=p+1
where we used the multi-index notation k = (ko, ..., k,).

12.2.6 Convergence of identification algorithms

In this section we establish conditions for convergence of a nonparametric identification algorithm for recov-
ering the system nonlinearity m/(e, e) of the system depicted in Fig. 12.17. We use the result of Theorem 12.3
which allows us to propose the following plug-in estimate of m(u,v):

mu,v) = fo(u,v) — M (v) + ¢, (12.168)

where the constant ¢ is specified in Theorem 12.3. Moreover, 73(u,v) and 71(v) are certain nonparametric
estimates of the regression functions ro(u, v) and r1(v), respectively. Next, A1 is the cumulant based estimate
of Ay discussed in Section 12.2.3, see formula (12.104). The constant ¢ in (12.168) can be eliminated if either
E{m(Uy,Uy)} = 0 or m(0,0) = 0. In the latter case one must modify the estimate m(u,v) in (12.168) as
follows

i, v) = {Fa(u, v) — 72(0,0)} — Ay {71 (v) — 71(0)} . (12.169)

In this section we make use of the standard kernel regression estimate (see Chapter 3) although other
nonparametric techniques can be easily applied. Hence, we define

ha(ut,) nt Y0 YiKy (u = Uj) Kp(v —Uj—1)
’ n—1 Z?ZQKh(u—Uj)Kh(v—Uj,l) ’

(12.170)

and .
T Y YK (0 - U))

7“1(’0) - 1 Z?:l Kh(’U — U]) )

(12.171)

as the kernel estimates of the regression functions o (u, v) and r1 (v), respectively. Here K} (u) = h= K (h~tu),
where h is the bandwidth (smoothing parameter) and K (u) is an admissible kernel function (see Chapter 3).
Note that 72 (u, v) in (12.170) is the two-dimensional version of the kernel estimate, where the bivariate kernel
K (u,v) is of the product form, i.e., Kj(u,v) = Kjp(u)Kp(v). See Chapter 13 for a further discussion on the
issue of estimating multivariate functions.

The goal of this section is to provide a detailed proof of the convergence of the estimate m(u,v) to
the true nonlinearity m(u,v). We also examine the issue of the convergence rate and show that the kernel
estimate m(u,v) tends to m(u,v) with the optimal rate. Let f(e) denote the density function of the input
signal {U,,}. For our future developments we need the following technical lemma.
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Lemma 12.4 Let {(V;, K;)} be a sequence of independent and identically distributed random vectors in R?
such that E(VE) + E(K2) < co. Let

1=—00

be a linear process with Y .o |xi| < oo. Then fort >1

cov(W, K, WoKo) = E*(Ko)var(Vo) D Xixi+t

i=1

+ E(Ko)E(Vp) cov(Ko, Vo)xe Y _ xi + E(Ko) cov(VoKo, Vo) xoxt-
i=1

The proof of this result can be obtained by straightforward algebra.
We shall also employ the general fact that for a stationary stochastic process {X;} with a finite second

moment we have
n—1

V&I‘(Xl 4+ -4 Xn) = nvar(Xl) +2 Z(TL — j) COV(X(), Xj) (12172)
j=1
The next result provides the way of handling the variance of the sum of a p-dependent random sequence,
i.e., any two terms of the sequence are independent if the difference between their subscripts is larger than
.

Lemma 12.5 Let &,&s,... be a sequence of random variables such that E; = 0, B < oo, i = 1,2,.. ..
Assume that for a nonnegative integer p the random variables &; and &; are independent whenever |i— j| > p.

Then forn >p
2

E(Y 4| <+1))_ EE.
j=1 j=1

Proof of Lemma 12.5 : Let us block the process {¢;} into groups of independent random variables, i.e.,

dG={a+Gut+ Yt +{o+Gut At ot}
=1

where each block has LPLJ elements. Then

2

IN

(p+1) {E(gl+£p+2+'”)2+E(§2+£p+3+"')2+"'E(£p+1+§2p+2+"')2]

E Zgj
j=1

(p+1)) EE.

j=1
This concludes the proof of Lemma 12.5. B

We need the following assumptions on the system nonlinearity m(e, ) and the linear subsystem charac-
teristic {\;}:

E{m*(Uy,Uy)} < oo, (12.173)

YN < . (12.174)
j=0
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Furthermore, we employ a class of bounded kernels that meets the following condition (see Chapter 3 for
further facts about admissible kernels):

/ | K (u)|du < oo, |u| |K(u)] =0 as|u|] — oco. (12.175)

For such kernels we can establish, as shown in Appendix A (see also Chapter 13 for a further discussion on
multivariate kernels), that if [, [¢(u,v)|dudv < oo then

h=? //R 061, &) K (“ ;€1> K (” ;§2> de, dés — o(u,v) {/_O; K(u)du}2 ash—0,  (12.176)

at every point (u,v) of continuity of ¢(e,e).
Now we are in a position to form the theorem concerning the consistency of the kernel estimate m(u,v)
of m(u,v).

Theorem 12.9 Let the assumptions of Theorem 12.8 be satisfied. Suppose that conditions (12.173)- (12.175)
hold. Let m(e o) and f(e) be bounded and continuous functions. If

h—0 and nh®>— oo (12.177)

then
m(u,v) — m(u,v),(P) asn — oo,

for every point (u,v) at which f(u)f(v) > 0.

Proof of Theorem 12.9 : Owing to Theorem 12.3 let us first note that

ro(u,v) = m(u,v) + A /_OO m(u, z) f(z)dz + 1 (12.178)
and -
ri(v) = [ m(v,2) f(2)dz + ca, (12.179)

where the constants ¢; and ¢y can easily be derived from the proof of Theorem 12.3. Hence by (12.178) and
(12.179) the smoothness of the regression functions ra(u,v) and r1(v) is determined by the smoothness of
the nonlinearity m(u, v) and the input density f(u). In fact, if m(u,v) is a continuous and bounded function
on R? then by Lebesgue’s dominated convergence theorem we can conclude that the integral

| mtw2)ses

— 00

is a continuous function in v. Consequently, both regression functions ro(u,v) and r1(v) are continuous. By
virtue of (12.168) it suffices to consider the convergence of the estimate ra(u,v) in (12.170). The estimate
72(u,v) is of the ratio form, i.e.,

Fo(u,v) = (12.180)

where

n
an(u,v) =n~" ZYjK;L(u —U;)Kp(v—Uj_1),

=2

and by, (u,v) is defined by the denominator of (12.170). First note that
E{an(u,v)} = E{Y,Kp(u—U,)Kp(v—U,-1)}
= // ro(ur, uo)Kp(u — ur) Kp(v — ug) f(uo) f (u1)dugduy . (12.181)
R2
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By (12.176) we can readily conclude that the integral in (12.181) tends to

ra(u, v) f(u) f(0) {/Z K(u)du}2 as b — 0. (12.182)

Let us express a,,(u,v) in the following form:

where K; = Kp(u — U;)Kp(v — Uj_1). We need to show that vara,(u,v) — 0. First, it follows from
Y, =W, + Z, that

an(u,v) — Bay(u,v) =n~! Z {(W;K; — E(W;K;)} +n~! Z Z;K;. (12.183)

Jj=2 Jj=2

The second term in (12.183) has a zero mean. Next, the second moment of this term is equal to

n2(n—1)E(Z3)E(K?) < B(Z%)(nh?)"'h2E {K2 (“ _hU1> K2 (” _hUO> } .

By virtue of (12.176) we have

h—2E {K2 (“‘hUl) K> (”‘hUO)} = () () {/Z K2(u)du}2 as h— 0.

Thus, under the condition (12.177) we have shown that the second term in (12.183) tends (P) to zero as
n — oo.

Let us now consider the first term in (12.183). We begin with the observation that W; = >".° o AV,
defines the linear stationary process with 1-dependent residuals {V; = m(U;, Uz—1)}. Let us assume, without
loss of generality, that EV; = 0. Then, due to Lemma 12.5 we get

EW} <2EVZY A7
t=0

By this, the stationarity of {W;}, and (12.172), we can express the second moment of the first term in
(12.183) in the following way:

n—2
n"2(n —1)var(W, K,) +n~2 Z(n —1—1t)cov(W; K, WoKy) = Py (u,v) + Rp(u,v). (12.184)

t=1

To evaluate the term P, (u,v) let us denote 7, = ZJOZ2 AjVn—;. Then, we have

P, (u,v) 20t var{( AoV, + MV _2) K, } + 20~ tvar{n, K, }
AN var{V, K, } + 4 in "t var{V,, 1 K, } + 2n~ tvar{n, K, }

AINDTIE{VAK2Y + 4N B{V? (K2} 4+ 2n P var{n, } EK2, (12.185)

IN A IA

where we note that 7, is independent of K,,. Owing to (12.176) we have

nIE{V2K2Y = (nh?)"h2E {m2(Un, Un_1)K? (“ _hU"> K? (“ - 2]"*1 > }

Q

(nh?) ™ m?(u,v) f(u) f(v) {/_0; KQ(u)du}2 as h — 0.
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By analogous derivations the second and third terms in (12.185) are of order

o 2
(012 ) ) B 20, U} { [ K2y
and
oo 2
ey s [ Kl
respectively. Hence, we have shown that
P,(u,v) =0 ((nhQ)’l) : (12.186)
In order to evaluate the term R, (u,v) in (12.184) let us write
W, = We + W, (12.187)

where W¢ =370 Ao;Va; and WP = 30 A (241)Vaj41. Analogously let Wy = W§ + Wg. It is
important to note that W, W, W, and W are linear processes with independent residuals. Using the
decomposition in (12.187) we can represent the covariance cov(Wi K, WyKj) in (12.184) as follows

cov(W, K¢, WoKy) = cov(WiKy, W§K) + cov(W Ky, W5 Ky)
+ cov(WP K, W§ Ko) + cov(WP Ky, W Ko). (12.188)

The terms in the above formula can be directly evaluated by the application of Lemma 12.4. In fact, for
cov(We Ky, W§K) we have
cov (W Ky, W5 Ko) = E(Ko)E(Vi Ko)éoé: + E*(Ko) E(Vg) Zfz‘fwt?
i=1

where & = A for i =0,2,4, ..., and & = 0 otherwise. Hence the covariance cov(W¢ K, W K) is a function
of the time lag t. Moreover, by virtue of (12.176)

B(VEKo) — m?(u,v) f(u)(v) { / o; K2<u>du}2 as b — 0

and
E(Kp) — f(u)f(v) {/_O; KQ(u)du}2 as h — 0.

The remaining terms in (12.188) can be treated in the identical way. As a result

Rn(%v):n”(n—l)ni(l— ! )7(?5),

n—1
t=1

where the sequence (t) can be written in an explicit way and due to (12.174) >~;7, |y(¢)| < oo. Then, by
Cesaro’s summability theorem we can conclude that R, (u,v) = O(n~!). Thus, we have shown that

an(u,v) = ro(u,v) f(u) f(v) {/Z K(u)du}2 (P) asn — oo.

Moreover, we have

var{a,(u,v)} = O ((nhz)_l) . (12.189)

By analogous considerations we can prove that the term b, (u,v) in (12.180) tends (P) to

rasof [~ K(u)du}Q.
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This proves that
fo(u,v) — ro(u,v)(P) asn — oo.

In the identical way we can obtain 1 (v) — 71 (v)(P) as n — oo. Furthermore, we know that A; — A;(P) as
n — oo. Then recalling (12.168) and Theorem 12.3 we can conclude the proof of Theorem 12.9. B

The result of Theorem 12.9 can be used to evaluate the rate at which m(u,v) converges to m(u,wv).
Indeed, by virtue of (12.168) we note that

m(u,v) —mu,v) = (Fo(u,v) — ro(u,v)) — A (F1(v) — 1 (0)) = (A — A1) 71 (v). (12.190)

Since A; — A tends to zero with the parametric rate O p(n~1/2), it is sufficient to examine the first two terms
n (12.190). The most critical is the first term since it represents the error of estimating a function of two
variables, whereas the second term concerns a function of a single variable. Hence, let us evaluate the rate
at which 72 (u,v) —r2(u,v) — 0. To do so, we use the representation of 73(u,v) in (12.180) and the following
identity (we called this the “ratio-trick” in (12.46)):

an(t,) = ra{t; )on (1, v) F@)F () ~ b 0)
flu) f(v) P (v) ;o (12.191)

where, without loss of generality, we assumed that ffooo K(u)du = 1. Owing to Theorem 12.9, the rate at
which #9(u,v) — ra(u,v) — 0 is controlled by the first term in (12.191). First, the proof of Theorem 12.9
reveals (see (12.189)) that the variance of the first term is of order O((nh?)~!). Regarding the bias we know
that some smoothness conditions on m(e, e) and f(e) must be assumed. Hence, let m(e, o) and f(e) have
two continuous and bounded derivatives on their support sets. Let for a general kernel function K (e,e) on
R? consider the following convolution integral

// (€1,&)K < €1 v hfz)dfl d&2, (12.192)

where ¢(e, ) has two continuous and bounded derivatives. The kernel K (e, o) is a symmetric function with
respect to both arguments and [, K(u,v)du dv =1, [[p,(u® 4+ v?)K (u,v)du dv < co. Then by Taylor’s
formula the convolution in (12.192) is given by

Fo(u,v) — rao(u,v) = + (F2(u,v) — ra(u,v))

o(u,v) + — { // GK(&,&)d6 des + / EK(&1,8)déy déo | +o(h).  (12.193)
If K (e, @) is a product kernel then (12.193) takes the following form:
0?p(u,
plu,v) + = [ agjé V) (w ] / E2K (£)de + o(h?). (12.194)

Application of (12.194) to the first term in (12.191) with ¢(u,v) = ro(u,v)f(u)f(v) (for the evaluation of
the term a,,(u,v)) and ¢(u,v) = f(u)f(v) (for the evaluation of the term b, (u,v)) yields

Erq(u,v) — ro(u,v) = O(h?). (12.195)

Hence, by the aforementioned discussion, (12.190), and the fact that var#e(u,v) = O((nh?)~!) we obtain
the next theorem on the convergence rate of the estimate r(u,v).

Theorem 12.10 Let all the assumptions of Theorem 12.9 hold. Let m(e,®) and f(e) have two continuous
and bounded derivatives on their support sets. Suppose that the kernel function K(e) is symmetric and
75 w?K (u)du < co. If

h=cn~1/6

then
m(u, v) m(u,v) + Op(n~1/3), (12.196)
) >

for every point (u,v) at which f(u)f(v
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It is worth noting that the second term in (12.190) tends to zero with the rate Op(n~2/%). The rate
in (12.196) is known to be optimal for estimating functions of two variables possessing two continuous
derivatives. It is clear that this is a faster rate than that in (12.196). Furthermore, our method of proof is
based on the “ratio-trick” which immediately gives the mean squared error rate, i.e., we have

E{m(u,v) —m(u,v)}? = O(n=2/3).

The result in (12.196) can be extended to the case when m(e, o) and f(e) have s, s > 1, continuous and
bounded derivatives. To do so we need (in addition to the conditions of Theorem 12.9) the kernel function
K (o) of the sth order, i.e., K (o) meets the following restrictions:

/ wWK(u)du=0, i=1,2,...,5—1

— 00

and
e}
/ |u® K (u)]|du < oc.

— o0
In Chapter 3 (see also Appendix A) we provide a simple method for obtaining kernel functions of higher
order. Under the above conditions we can show (using the technique identical to that used in the proof of
Theorem 12.10) that if

I
h =ecn 26D

then '
(u, v) = m(u,v) + Op (n*fsw) (12.197)

for every point (u,v) at which f(u)f(v) > 0. Clearly the mean squared error is O (n_ 2<52fr1>>. It is also

worth noting that the rate Op(n~'/4) for s = 1 corresponds to the case when m(e, ) and f(e) are Lipschitz
continuous functions.

The technical arguments used in proving Theorems 12.9 and 12.10 can be carried over to the case of
the system with nonlinear dynamics of order p. Then (see Remark 12.5) one must estimate the p + 1-
dimensional regression function resulting in the following rate for recovering the system nonlinearity (for
twice differentiable nonlinearities and input density functions):

Op (n*ﬁ) . (12.198)

This rate reveals an apparent increase of the estimation error with p. This is the well-known curse of
dimensionality that is present in any multivariate estimation problem. To appreciate this phenomenon let
us calculate the sample size N > n required for the system with nonlinear dynamics of order p > 1 to
have the identical accuracy as the system of order p = 1. Hence owing to (12.196) and (12.198) we have
N~ = n=%, i.e., N = n®, where a = (p +5)/6p. Since 1/6 < a < 1 we can conclude that to obtain
a given degree of precision of a nonparametric estimate, the sample size must grow exponentially with the
system order p. Hence, as we have already mentioned, the system with the input memory length p = 1,2 is
sufficient for most practical cases. The long memory effects are taken care of by the linear subsystem which
we allow to have an infinite memory.

12.3 Concluding remarks

In Section 12.2 we examined the generalization of the Hammerstein system that includes the nonlinearity
possessing its own memory. This model has been shown to be very fruitful since it generalizes a number of
important structures, e.g., the Wiener and sandwich systems. One can also propose a generalized Wiener
model being a counterpart of the system in Fig. 12.17, i.e., the model depicted in Fig. 12.21. Here the
input-output description of the system is given by

Yo =m(Va, ..., Vap) + Zn, (12.199)
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U, V.

— N}

Y

Figure 12.21: The Wiener system with the nonlinear dynamics of order p.

where V,, = Z;io NiUn—j.
This seems to be an attractive alternative to the system in Fig. 12.17 with the input nonlinear dynamics.
Unfortunately, the system in (12.199) is not identifiable for most common cases. Indeed, by taking

b
MV, Vat, o Vo) =g [ Va+ Y _aiVaj |

Jj=1

we have
Yn = g(an * An * Un) + va

i.e., there are two linear systems in a series connection and this defines a non-identifiable system.

There exists a broad class of nonlinear systems which can be tackled by the nonparametric regression
approach. These systems do not have a block-oriented structure and their interpretability and flexibility to
use in practice can be very limited. In particular, one can consider the following nonlinear counterpart of
ARMA models :

Y, =mYn-1,Y—2,..., Y. Un, Up—1,....Up—p) + Zp, (12.200)

where m(e,...,0)is a p+ ¢+ 1 - dimensional function and {Z,} is a measurement noise. The nonlinearity
m(e,...,e) is a regression function of Y;, on the past outputs Y,,_1,Y,—_o,...,Y,—, and the current and past
inputs Uy, Up—1,...,U,—p. Thus, it is a straightforward task to form a multivariate nonparametric regression
estimate of m(e, ..., e), see (12.170) and Chapter 13. The convergence analysis of such an estimate will
strongly depend on the stability conditions of the nonlinear recursive difference equation

Yn = m(yn—la Yn—25--- 7yn—q7 Up, Up—1,- - - ;un—p)-

With this respect, a fading-memory type assumption along with the Lipschitz continuity of m(e, ..., e) seem
to be sufficient for the consistency of nonparametric regression estimates. Nevertheless, the accuracy of
nonparametric regression estimates will be greatly limited by the apparent curse of dimensionality. In fact,
for m(e,..., ) being a Lipschitz continuous function the best possible rate can be

Op (n_ﬁ> .

For the second order system (g = p = 2) this gives a very slow rate of Op(n~/7). To improve the accuracy
we can apply the system introduced in Section 12.2 which can be viewed as a parsimonious approximation
of the system (12.200). An alternative approach could be based on an additive approximation of (12.200),
i.e., one can consider the following additive system:

Y, =mi(Yoo1) + mo(Ya—2) + - +mg(Yo—g) + 90(Un) + 91(Un—1) + - - + gp(Un—p) + Zy, (12.201)

where m;(e)’s and g;(e)’s are univariate functions. The estimation of such a system is much simpler than
the model in (12.200) and consists of estimating the individual one-dimensional components {m;(e), g;(e)}.
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In fact, we can expect (assuming that all of the nonlinearities in (12.201) are Lipschitz) the optimal rate
Op(n~'/3) (independent of p and q) for recovering the additive system. Furthermore, in (12.201) the
nonlinear contribution of input signals U,,U,_1,...,U,—, and the past outputs Y,,_1,Y,_2,...,Y,_4 can
easily be monitored and displayed. Nonlinear autoregressive time series models have been extensively studied
in the statistical literature; see [105,402,403] for a review of this topic. In particular, nonparametric inference
for these models has been initiated by Robinson [356]. Nonlinear additive time series structures have been
considered in [52]. We examine additive systems of the block-oriented form in Chapter 13.

Thus far it has been assumed that during the time of data measuring, the set of generating units and the
structure of receivers do not change, hence nonlinearities and dynamic characteristics of the underlying sys-
tem remain unchanged. An interesting extension of the aforementioned systems would relax this assumption
and examine time-varying counterparts of block-oriented systems.

12.4 Bibliographical remarks

Series-parallel connections introduced in Section 12.1 have been examined in the parametric framework in a
number of contributions, see [22], [299], [51], [18], [432], and the references cited therein. The nonparametric
regression approach to identifying the parallel system was proposed in [192], and next studied in [195].
Nonparametric kernel and orthogonal series algorithms were examined and their convergence properties were
established. Nonparametric techniques for series-parallel models with nuisance characteristics were studied
in [230], see also [232]. In [349] a parallel-series model with polynomial nonlinearities was investigated,
whereas the Uryson model was discussed in [108].

Generalized nonlinear block-oriented models of Section 12.1.4 were first introduced in [331], see also [230],
[232], [231], and [332] for further studies.

Block-oriented systems with nonlinear dynamics examined in Section 12.2 generalize a number of previ-
ously examined connections and have been mentioned and applied by several authors [360], [97], [195], [450],
[334], and recently re-examined in [95] . No consistent estimates of the system characteristics have been
established. A fully nonparametric approach to the identification of these generalized models has been de-
veloped and thoroughly examined in [326]. The theory of cumulants and its use in nonlinear system analysis
and nonlinear signal processing is presented in [37], [313], [300]. Bussgang’s invariance theorem, originally
proved for a single input nonlinear static element excited by a stationary Gaussian process, was extended
to the multivariate case by Brillinger [36] . This seminal paper has been largely overlooked in work that
followed [377], [95]. The extension of Bussgang’s theorem to non Gaussian processes has been presented
in [16], [278], [316].

The sandwich system plays an important role in numerous applications [343], [432], and has been exam-
ined in [22], [254], [36], [452]. A parametric class of nonlinearities has been assumed. The basic theorem
assuring that from input-output measurements alone, we can extract information about the internal struc-
ture of the sandwich system, was proved in [33]. A fully nonparametric method for recovering the system
nonlinearity is presented in [327].

The problem of finding optimal linear approximations of nonlinear systems has been recently tackled
in [294], [95], [379].

The class of nonlinear systems defined in (12.200) has been examined in the control engineering literature
under the name NARMAX models [53,54]. Mostly parametric estimation techniques have been investigated,
see, however, [338] for a nonparametric approach to such systems. The nonparametric inference of nonlinear
autoregressive type time series models has been thoroughly studied in the statistical literature [52,105, 356,
402,403].
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Chapter 13

Multivariate nonlinear block-oriented
systems

Thus far we have examined the identification problem for block-oriented systems of various forms which
are characterized by a one-dimensional input process. In numerous applications we confront the problem
of identifying a system which has multiple inputs and multiple interconnecting signals. The theory and
practical algorithms for identification of multivariate linear systems have been thoroughly examined in the
literature [451]. On the other hand, the theory of identification of multivariate nonlinear systems has
been far less explored. This is mainly due to the mathematical and computational difficulties appearing
in multivariate problems. In this chapter, we examine some selected multivariate nonlinear models which
are natural generalizations of the previously introduced block-oriented connections. An apparent curse of
dimensionality that takes place in high-dimensional estimation problems forces us to focus on low-dimensional
counterparts of the classical block-oriented structures. In particular, we examine a class of additive models
which provide a parsimonious representation for multivariate systems. Indeed, we show that the additive
systems provide simple and interpretable structures which also give a reasonable trade-off between the
systematic modeling error and the estimation error of an identification algorithm. The theory of finding an
optimal additive model is examined.

13.1 Multivariate nonparametric regression

As in all the previous chapters we will make use of the notion of a regression function. We need the
extension of this concept to the multidimensional case. Hence, let (U,Y’) be a random vector taking values
in R? x R. Then the conditional moment m(u) = E{Y|U = u} is referred to as the regression function of
Y on the random vector U. If E|Y| < co then m(u) is a well defined unique measurable function such that
E|lm(U)| < co. If, in addition, EY? < oo then m(U) can be interpreted as the orthogonal projection of YV’
onto the closed subspace of all random variables Z = 1 (U) such that EZ%co. In particular, m(u) solves the
problem of the minimum mean squared error prediction of Y given ¢ (U), i.e.,

m(e) = arg mgi)nE(Y —(U))?,

where the minimum is taken with respect to all measurable functions ¢ (e) from R? to R, such that E?(U) <
oo. If there is not any a priori information about the form of m(e) then we are dealing with the case of
nonparametric regression which can be estimated by a number of local smoothing techniques. Hence, let
{(U1,Y1),...,(U,,Y,)} be a training set drawn from the same distribution as (U,Y’). Throughout this
chapter we assume that the process {U,,Y,,} is stationary and therefore the regression function E{Y,,|U,, =
u} does not vary with time.

A generic form of a general class of kernel methods for estimating m(u) can be written as follows:

) = 1 Eiy Yl U)
n‘l Z?:l KB(U, Uz) ’

(13.1)

175
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where Kg(u,v) is a kernel function defined on R? x R? and B is a smoothing “parameter” that scales the
kernel. The parameter B can have various multidimensional forms, i.e., B can be a symmetric positive-
definite matrix which allows us to adapt to the linear dependence structure between the coordinates of u
and {U;}. A simpler form of the bandwidth assumes that B is a diagonal matrix with elements (by, ..., bg).
Such a choice provides adjustment for different scales in the coordinates of u and {U;}. The simplest choice
specifies a single global bandwidth b for all the coordinates.
There are numerous forms of kernel functions in the d-dimensional space. A common choice is the
convolution kernel
Kg(u,v) = Kg(u—v), (13.2)

where the scaling provided by the bandwidth matrix B, is such that Kg(u — v) = |B|K(B(u — v)), where
K (e) is the “scale-free” kernel function. The convolution kernels are invariant to translations in an input
space and they define the classical kernel regression estimate.

Two common forms of K(e) in (13.2) are radial and product types of kernels. In the former choice a
kernel depends on the distance between the arguments, i.e., K(u—v) = K(|Jlu — v||). In the latter a kernel

is a product of univariate kernels applied to the individual coordinates of the vector u = (u1,...,uq)7, i.e.,

K(u) = Ki(u1) - - Ka(ua), (13.3)

where Kj(e),...,K4(e) are various admissible kernel functions (see Chapter 3 and Appendix A). It is
worth mentioning that the kernel estimate 7 (u) in (13.1) equipped in the convolution kernel of the product
form (13.3) is invariant under different scaling factors of the input random vector U. This property is
desirable from the practical point of view, since the components of U may represent various incommensurable
characteristics.

Figure 13.1 shows the bivariate kernel of the product form Ky (u1,us) = hl_lKl(hl_lu1)h2_1K2(h2_lu2)
scaled by the bandwidth vector h = (hy, hs). Here Kj(u) = (2)1/2¢=%"/2 is the Gaussian kernel and
Ks(u) = 3(1 — u?)1(Ju| < 1) is the optimal Epanechnikov kernel (see Chapter 3). The bandwidth vector is
set to the following values:

(h1,hs) = {(1,1),(1,0.25); (0.25,1), (0.25,0.25)}.

Figure 13.1: Two-dimensional product kernels for (hy, h2) € {(1,1),(1,0.25); (0.25,1), (0.25,0.25)}.

A rich class of non convolution kernels can be obtained from orthogonal representations of a multivariate
functions, see Appendix B for a related discussion on the one-dimensional case. The kernel function Kg(u, v)
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generated by an orthonormal system {wy(u)} is of the form

Kp(u,v) = > wi(w)w(v), (13.4)
k<B

where B is the truncation parameter vector, and {wy(u),k > 0} is an orthonormal basis with respect to
some weight function A(u) defined on the set Q C R?. Hence,

/Q wie () we (WA (W)dU = Gree.

The notation |k| for the multi-index k = (ky,...,kq) denotes the norm. The vector summation in (13.4)
may have different meanings depending on the notion of the norm used for the multi-index k. For example,
the norm |k| = max(ky,...,kq) yields the cubic summation with a single truncation parameter B. Other
summation types may need a several truncation parameters. The choice of the weight function A(u) is
essential for generating various forms of orthonormal systems in @ C R%. The simplest choice is to use a
product weight, i.e.,

)\(u) = )\1 (ul) s )\d(ud), (135)

where {\;(u),1 <i < d} are well-defined univariate weight functions. This yields the concept of the tensor
product orthonormal systems, i.e., then we have

wg(u) = w,i1 (uq) - -wgd (uq), (13.6)

where {w} (u), k > 0} defines an orthonormal basis on 2; C R, i = 1,...,d (with respect to the weight \;(u)),
such that Q = Q; x --- x Q4. This is a particularly simple way of generating multivariate orthonormal bases
and corresponding kernel functions. This also allows us to design an appropriate support for the input
variable u. For example, in two dimensions, we can define the following orthonormal system:

Wy ky (U1, U2) = iy (U1)lky (u2), k1, ke >0, (13.7)

where {pg(u)} and {lx(u)} are Legendre and Laguerre orthonormal polynomials, respectively (see Ap-
pendix B). This defines the orthonormal basis on the set = [—1,1] x [0,00). In Fig. 13.2 we depict
a collection of the polynomials in (13.7) for (k1,k2) € {(2,0),(2,2),(3,1);(4,0), (4,2),(8,4)}. It is also pos-

10| 10 10

8 8 8|

6 6| 6

4 4 4

2 2 2

0 [o] 0|

10 10 10

Figure 13.2: Density plots of the polynomials pg, (u1)lg, (u2), =1 <wuyp < 1,0 < up < 10.

sible to construct non-product orthogonal systems by using a general weight function. For example, a radial
weight function of the form wy(u) = ¢(1 — |Jul|?)1(|lul| < 1) yields a class of orthogonal Appell polynomi-
als within the unit ball {u : ||ul| < 1}, see [89] for an extensive study of the theory of multidimensional
orthogonal polynomials.
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Let us now turn to the problem of the statistical accuracy of nonparametric regression estimates. The
consistency of nonparametric regression estimates can be obtained under very general conditions. In fact,
there exists an elegant and powerful result due originally to Stone [395], which allows us to verify the global
consistency of all nonparametric local averaging regression estimates, i.e.,

ri(u) = _Z Vin(W)Y;, (13.8)

where the weights {v;,(u)} depend on the input data {U,} and are often such that Y ;" v;,(u) = 1. The
weights provide local smoothing and can be generated by various techniques, e.g., kernel methods, partition
type estimates or nearest neighbor rules. In fact, the kernel estimate 7i(u) in (13.1) takes the form (13.8)
with the weights

Vip = _Ks(wUy) i=1 n
mn Z?:l KB(U,Ui) B} ) )
Assuming that the training set {(U1,Y1),...,(U,,Y,)} is a sequence of independent random variables one

can show that under some general conditions on {v;,(u)} the estimate (13.8) can converge to m(u) in the
Lo sense, i.e.,
lim E{(m(U) —m(U))}* =0. (13.9)

This is a deep result since the consistency holds for all possible distributions of (U,Y") and no smoothness
of the regression function is required. Such distribution-free (universal) results have been verified for various
nonparametric estimates. As well, the pointwise universal properties have been established; see [204] for
extensive studies on the distribution-free theory of nonparametric regression. The situation becomes less
ideal if one relaxes the assumption of the data independence; this case is important for dynamical system
identification. Here it is known (see [204]) that if {(U,,Y,)} is a stationary and ergodic process then there
is no universally consistent regression estimate (in the sense as in (13.9)).

Yet another issue in the multivariate regression problem is the inverse relationship between the accuracy
of nonparametric estimates and the dimension. To illustrate this point, let us consider the problem of the
convergence rate for a classical kernel estimate with product type kernel functions. Let

nt Y YiKn(u—U)
m(u) - n_l 2?21 Kh(u _ Uz) )

(13.10)

where
Kn(u) = hy 'K (hy uy) - by 'K (b tug). (13.11)

Hence, we use a single kernel function K(u) for all coordinates and the smoothing factor varies in each
direction. We will find this kind of kernel function very versatile in our additive modeling of nonlinear
system (see Section 12.2).

For our subsequent developments concerning the convergence rate of rii(e) in (13.10) we need the following
multidimensional counterpart of the result in Appendix A (see Section A.2.2).

Lemma 13.1 Let

en(u) = [ Kn(u—v)p(v)dv
Rd

i=1

—1
be the convolution integral with Kn(u) = (Hd hi) K(hi'ui,...,hi uq), where K(uy,...,uq) is the

d-dimensional kernel function such that

and fit
0 ifi#j
uu; K (u)du = Lol
/Rd K {Mi(K) ifi=j
with pu;(K) = [pa uiK(u)du < oc.
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Suppose that p(u) has two bounded derivatives. Then we have

4520
en(u) = p(u) + % Z 652(2 )h?ui(K) +o0 (max (hf)) : (13.12)

1<i<d

The proof of this result is standard and is based on Taylor’s expansion. Note that for the product kernel
(13.11) the factor p;(K) is equal to [, u?K (u)du < oo for all i =1,...,d.

Let the kernel function K(u) in (13.11) be a symmetric function which satisfies the conditions of
Lemma A.l in Appendix A. Let us assume that the data {(Uq,Y7),...,(U,,Y,)} are éid. Arguing along
the lines of the analysis given in Chapter 3 (see also the proof of Theorem 12.10) we can show that if the
regression function m(u) and the input density f(u) are continuos then

. B 1 . o?(u)
var{r(u)} = (K) )

nhy - hy
at every point u where f(u) > 0. Here 6?(u) = var{Y|U = u} and v(K) = ([, K2(z)dz)d.
To evaluate the bias of m(u) we can decompose 7i(u) as in (12.46) in Chapter 12 and then apply
Lemma 13.1. Hence, assuming that m(u) and f(u) have two bounded derivatives, then at every point u
where f(u) > 0 we have

(1+0(1)) (13.13)

1 d
Em(u) = m(u) + i,u(K) Z Yi(u)h? + o <max (hf)) , (13.14)

1<i<d

where u(K) = [ u?K(u)du and ;(u), i = 1,...,d, are some bounded functions.
Combination of (13.13) and (13.14) can readily lead to a formula for the mean squared error. This can
be minimized with respect to the bandwidth vector h = (hq,...,hq) yielding the optimal choice

hi = am YA+ (13.15)

for some positive constants a;, i =1,...,d.
Hence, the asymptotic choice of the different bandwidths is almost identical (up to the multiplicative
constant). Plugging (13.15) into the mean squared error gives the rate

E{m(u) — mu)}?=0 (n_T) . (13.16)

This is rather a pessimistic result since the convergence rate is inversely proportional to the dimensionality
of the input variable. In the next section we examine low dimensional approximations of fully nonparametric
regression in order to mitigate the dimensionality problem.

13.2 Additive modeling and regression analysis

Fully nonparametric regression models in multivariate systems suffer the curse of dimensionality. In order
to ease this phenomenon we consider a class of nonparametric additive models where a multidimensional
regression function is approximated by the sum of univariate functions. We begin with a function approxi-
mation result that describes how to find an orthogonal projection of a function of several variables onto the
subspace of additive functions.

13.2.1 Approximation by additive functions

Let us consider a class of measurable functions m(e) defined on R? and such that

m?(u)w(u)du < oo, (13.17)
R
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where w(e) is a positive and integrable function on R?. Let us denote a class of functions satisfying (13.17)
as Lo(w). We wish to characterize a low-complexity approximation of m(e) € La(w) by means of functions
of the additive form, i.e., we seek the orthogonal projection of m(e) onto the following linear subspace:

A={g € Ly(w) : g(u) = g1 (u1) + - + ga(ua)}, (13.18)

where the additive components {g;(u;),1 < i < d} are univariate functions. It is clear that the additive
representation is not unique since the model g(u) = g1(u1) + g2(u2) + - -+ + ga(uq) is not distinguishable
from g(u) = {g1(u1) — ¢} + g2(u2) + - - - + {ga(uq) + ¢} for any constant ¢. Thus we need some identifiability
conditions on {g;(u;),1 < i < d} in order to find an unique additive approximation of m(e) € Lo(w). For
identifiability we may assume that

R

Here w;(e) is the marginal function of w(e), i.e.,

wilw) = [ wwdu,

where du_; denotes the integration with respect to all variables but the 7th. Yet another way of making the
additive approximation unique is to require that the weighted area under the additive function g(u) is equal
to the weighted area of m(u), i.e.,

/ m(u)w(u)du = / g(u)w(u)du. (13.20)
R R
It is worth noting that (13.20) makes the choice of g(u) unique but not the choice of the individual components
{gi(u;),1 < i < d}. The constrains in (13.19) give the unique choice of the individual components.

The error of the additive approximation is the squared distance in the Lo(w) space. Hence let

J(m; g) = /R m(w) — g(w)]u(u)du (13.21)

for g(e) € A, be the measure of the additive approximation of m(e). We wish to find g(e) € A which
minimizes J(m;g). Such a solution is the orthogonal projection of m(e) onto the subspace A. The following
theorem is fundamental for our subsequent considerations as it characterizes the optimal additive model.

Theorem 13.1 Let m(e) € Ly(w). Suppose that w(e) is a positive and integrable function on R%. The
unique additive function g*(u) = gi(u1) + --- + g;(ua) which minimizes J(m;g) is characterized by the
following system of equations:

d
* w(u) . w(u)
(1) = - “(u; o 13.22
g7 (ur) /RH m(w) ;/R i (i) g (13.22)
subject to the constraints
[ ity wn)du, =0, (13.23)
R
forr=1,...,d.

It is worth noting that because g*(e) is the orthogonal projection of m(e) onto the subspace A therefore

J(m;g*) = . m?(uw)w(u)du — /Rd g*?(0)w(u)du. (13.24)

The optimal additive approximation of m(e) is thus given by

m(u) ~ gi(u1) + - - + gq(ua),
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where {g*(u,)} are characterized by the solution given in (13.22) and (13.23).
It is informative to write the system of equations (13.22) in the case of functions of two variables. Hence
we have

gi(u1) = /mU17u2 u?u)z)dQ /Rgék(uz)mdu%
i) = [ mlun) “2’“)% —Agr<ul>“wdul,

with the identifiability condition [y, g5 (u,)w,(u,)du, =0, r = 1,2.

Proof of Theorem 13.1 : In the proof we make use of the calculus of variations. Hence, let us consider
variations in the components {g,(u,)} of the additive function g(u):

gr(ur) = gr(up) + €70, (uy), r=1,....d (13.25)
where {e,} are small positive numbers and {d,(u,)} are arbitrary functions. Inserting (13.25) in J(m;g)
we get a function J(ey,...,e4) depending on (g1, ...,£4). The functional J(m;g) has a minimum value for
g*(e) i
aJ(e1,. ..
%ﬁd) =0 for (e1,...,64) =(0,...,0),r=1,...,d.

This is equivalent to

/Rd< ZQZ “2) (ur)w(u)du=0, r=1,....d.

Because this must hold for an arbitrary choice of functions {6, (u,),r =1,...,d}, it follows that

/Rd _m(u)w(u)du, Z/ (Wdu_,, r=1,....d. (13.26)

Noting that the right-hand-side of (13.26) is equal to

- (ur u)du_, ; du_,
i) [l u+§/ g7 (ws)u ()

we can conclude the proof of Theorem 13.1. B

A particularly simple solution of equations (13.22) and (13.23) takes place for the weight function w(u) of
the product form. Hence, if w(u) = H?Zl w;(u;) then we can observe that due to the identifiability condition

(13.23) the integral
ey ()
/Rd—l 9i (ul)wT(ur)du—T

appearing in (13.22) is equal to zero. This readily yields the following important result.
Theorem 13.2 Let all the conditions of Theorem 13.1 hold. Moreover, let the weight function w(u) be of

the product form w(u) = Hle w;(u;). Then, an unique additive function g*(u) = g7 (u1) + -+ - + g5 (uq)
which minimizes J(m; g) is given by the following equations:

o (up) = / mw_(Wdu_,, r=1,....d, (13.27)
Rd—1

where w_,(u) = H?ir w; (u;)-
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The solution in (13.27) can be interpreted as the weighted marginal integration of the function m(u) with
respect to d — 1 variables. The identifiability condition (13.23) required for the solution (13.27) is satisfied
if the weight function w(u) is even and all the additive components are odd. This is often unrealistic for
functions m(u) which are positive on the support of w(u). Then, we can modify the solution in (13.27) by
subtracting a constant such that the global constraint in (13.20) is met. Hence, we can use

gr(u,) = /Rd_1 m(u)w_,(u)du_, — ¢, (13.28)

where ¢ = (1 —d ™) [ m(u)w(u)du. It is easy to verify that for such a choice of ¢, the condition (13.20) is
satisfied. Note that we assumed, without loss of generality, that |, rWr(v)dv=1,7=1,...,d. The following
examples shed some light on further aspects of additive modeling.

Example 13.1 Let us consider the function m(u) = uy---uq. Let w(u) = 1jgqja(u), ie., the weight
function is supported on the hypercube [0,1]%. Simple algebra resulting from (13.27) shows that the following
functions

g (uy) =2"442u, -1}, r=1,...,d

give the unique solution of the equations (13.22) and (13.23). Note that the solution consists of linear
functions symmetrical with respect to the point w = 1/2.

Due to (13.24) the corresponding error is J(m;g*) = 379 — %2_%. On the other hand, we can apply the
strategy in (13.28) which leads to non-symmetrical solution

gy (ur) = 272, — (1 - 1/d)}.

The corresponding error is 3¢ — 2724 (% + 1), which is smaller than that for the symmetrical additive
approzimation. Note that m(u) is positive on the support of w(u) and the solution gf(u,) is less negative
than g’ (u,). Figure 13.3 plots both solutions for d = 3. In Fig. 13.4, we depict the approzimation error

Figure 13.3: The components of the additive approximation of m(u) = ujugus : g’(e) (thick line), and
9r(e)-

as a continuous curve of d. Surprisingly, the additive approximations improve exponentially fast with the
dimensionality of the input vector u.

Example 13.2 In this example we consider a concrete two-dimensional function of the form m(u,v) =
v3arctan(u +v®). The shape of m(u,v) is shown in Fig. 13.5. The weight function w(u,v) is of the product
form and is assumed to be a uniform density on [—1,1]%. A numerical integration algorithm has been applied
to obtain the additive components corresponding to the identifiability condition (13.23), i.e.,

g7 (u) = %/ m(u,v)dv and g3(v) = %/ m(u,v)du. (13.29)

-1 —1
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0.015

0.005

Figure 13.4: The error of additive approximations g*(e) (thick line) and g*(e) versus d for m(u) = uq - - - uq.

Figure 13.5: Function m(u,v) = v3 arctan(u + v3).

These functions are displayed in Fig. 13.6. Interestingly, the functions are concave and convex, whereas
the original nonlinearity m(u,v) is not . The error 471 f_ll(m(u,v) — g5 (u) — g5(v))?dudv of the addi-
tive approximation was evaluated giving the value 0.0332693. The modified version of (13.28) (satisfy-
ing the global constraint (13.20)) was also evaluated. Hence, the functions gi(u) — «, g5(u) — «, where
a=8"1 f_ll f_ll m(u,v)dudv, were generated and are plotted in Fig. 13.7. The error of this approzimation
is 0.0220564 and is lower than that for the solution in (15.29).

13.2.2 Additive regression

The analysis in the previous section can be carried over to the problem of additive modeling of a multivariate
regression function m(u) = E{Y|U = u}. In this case it seems to be natural to choose the weight function
w(e) in (13.22) as the probability distribution of the random vector U = (Uy,...,Uy)T.

Since our additive approximation has been established with respect to the squared error we must assume
that EY? < oo. Suppose also that U has a density f(e). The approximation error (13.21) is now equal to

J(m; g) = B{(m(U) - g(U))*}.

Let us examine the solution in (13.22) when w(u) = f(u). Note that the first term on the right-hand-side
of (13.22) has a simple statistical interpretation, i.e., we have

/ m(w) L qu = B{m(U)|U, = u} = B{Y|U, =, (13.30)
Rd—1 fr(ur)
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Figure 13.7: The modified components g7 (u) — o and g3 (u) — a of the additive approximation of m(u,v).
where f,.(u,) is the marginal density for U,. Hence we have obtained a proper one-dimensional regression

function of Y on the rth coordinate of the vector U. Regarding the second term on the right-hand-side of
(13.22) we observe that

x( f(u) u _ * (s fri(uraui) W — *(TT. —u
| st = [ gi e, - Bl @), = w), (13:31)

where f,.;(u,,u;) is the joint density function of (U,,U;). This equation shows that the second term in
(13.22) is controlled entirely by two-dimensional densities of the marginals of the input vector U. On the

other hand, owing to (13.30) the first term in (13.22) needs a full d-dimensional density of U. All these
considerations yield the following theorem.

Theorem 13.3 Let (U,Y) be a random vector in R? x R with the regression function m(u) = E{Y|U = u}.
Let E{Y?} < co. The unique additive function g*(u) = gi(u1) + -+ + g} (uq) which minimizes E{(m(U) —
g(U))?} is characterized by the following system of equations:

d
g5 (ur) = B{Y|Ur = u,} = > E{g; (U)|Uy = u,}, (13.32)
i#ET
subject to the constraints
E{g;(U,)} =0, (13.33)

forr=1,...,d.
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Remark 13.1 The solution given in Theorem 13.3 becomes particularly simple if the vector U has statis-
tically independent components. Then, due to the identifiability condition (13.33), the second term on the
right-hand-side of (15.32) is equal to zero and we obtain

gr(ur) = E{Y|Ur = ur}-

Hence in this case the orthogonal projection of m(u) onto the subspace of additive functions gi(ui) + -+ +
ga(uaq) such that E{g2(U,)} < oo , r=1,...,d, is given by the sum of univariate regression functions

d
> EY|U, = u,}.
r=1

This fact is known in the statistical literature as Hdjek projection [407].

The case of independent components described in the above remark is very restrictive in practice and
one would like to find a complete solution of the equations (13.32), (13.33). Observing that (13.32) can be
written as

d
gr(ur) =EQY — ZQ:(Ui”UT =Ur ¢

iET
we can propose an iterative procedure for finding ¢ (u,). We start with initial guesses for g;(u;), i =1,...,d
and then improve our choice by computing the regression function of Y — Zf “r gi(U)onU,, r=1,...,d.

This process is repeated until some convergence is reached. This is a basic idea of a simple and yet powerful
algorithm for finding components of additive models. It is often referred to as the backfitting algorithm due
originally to Breiman and Friedman [35], see also [233]. Formally we have the following iterative procedure:

e Set initial guesses gﬁo)(O), r=1,...,d.
e Obtain new evaluations gﬁt)(o) by computing the regression function of ¥ — Zj’# gﬁtil)(Ui) on U,,
r=1,...,d.

e Iterate the above for ¢ = 1 until convergence.

The stopping rule for the backfitting algorithm can be defined by some objective fitting measure or just
by monitoring changes in the individual components. In practical implementations of this algorithm we
use a certain nonparametric estimate of the regression function. In fact, we can use different estimates for
different components of the additive model. The backfitting procedure is very general and can be applied to
a large class of additively separable models. The main shortcoming of the backfitting method is that it has
unknown basic statistical properties like consistency, convergence rates, and limit theorems.

An alternative approach for finding the individual components of the additive model can be based The-
orem 13.2. This result allows us to find an optimal solution with respect to the product weight function
w(u) = H?Zl w;(u;). Hence, we can obtain the components of the optimal additive approximation of the
regression function m(u) via the marginal integration

gr(uy) = / m(w)w_,(a)du_,, r=1,...,d, (13.34)
Rd—1
subject to the conditions

gr(up)wp(up)dur, =0, r=1,...,d. (13.35)
R

Alternatively, we can ignore (13.35) (see (13.28) ) and determine g’ (u,) by
gr(uy) = / m(w)w_,(u)du_, — ¢, (13.36)
Rd—1

with ¢ = (1 —d™ ) [a m(u)w(u)du.
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It is important to note that in order for the solutions (13.34) or (13.36) to be valid we need to assume
that m(u) satisfies the following restriction:

m?(u)w(u)du < co. (13.37)
Rd

This is not a very restrictive requirement since the weight function w(e) can be specified by the user.
Nevertheless, we should emphasize that natural weight for m(u) is the density f(e) of U since the regression
function “lives” in the space L1(f) or Lo(f) if the mean squared error theory is employed.

All the aforementioned considerations have been based on the knowledge true regression functions and
input densities. This is a non workable approach since the only information we can use is the training set
. Nevertheless, to construct estimates of the individual components of an additive model we can use the
fundamental result of Theorems 13.3. First of all, we could apply the empirical counterpart of the iterative
backfitting algorithm with all conditional means replaced by their empirical counterparts. The convergence
of such an estimate is rather difficult to establish. Yet another strategy can directly employ the formula
(13.32) by writing

d
g (uy) = my(uy) — Z/ g () fijr (v]uy)dv, (13.38)
i#Er R
where m,(u,) is the regression function on Y on U,., and f;|,(v|u,) is the conditional density of U; on U,.. All

these functions can be easily estimated from the data set {(U,Y7),...,(U,,Y,)}. For example, the kernel
estimates of these functions are:

n_l Z?:l YVtKhT(uT - Ur,t)
n=t Z?:l K, (up = Upy)
n! Z?:l Khi (’U — Ui,t)Khr (ur - Ur,t)
nt oy K, (ur — Ury)
Here U,; and U;; denote the rth and ith components of the random vector U,;. Note that we use the

separate bandwidth for each coordinate, i.e., we employ the vector bandwidth h = (hq,...,hy). Plugging
these estimates into (13.38) gives the following implicit estimates for g/ (e):

me(u,) =

fi|r(v|ur) -

d ~
Gr(r) = () = 3 /R 6:(0) iy (vl o, (13.39)

iEr

with the constraints [, 9 (v)fr(v)dv = 0, r = 1,....d, where f,(v) is the kernel estimate of the marginal
density function of U,.. A practical solution of (13.39) can be obtained through some iteration process. Note
also that the solution in (13.39) needs one-dimensional integration and this can be done accurately by some
numerical formulas.

Statistical properties of the estimate in (13.39) have been be established in the case of #d data [297].
The existing theory, however, assumes that the regression function m(u) can be exactly expressed as the
additive function, i.e.,

d
m(u) = gr(uy). (13.40)
r=1

Under this critical assumption it can be shown that

. B vr(ur) 1 o
var{g,(u,)} = TRORET (1+o0(1)),

where v, (u,) = var(Y|U, = u,) [ K*(2)dz. Furthermore, for the twice differentiable additive components
{gr(®)} in (13.40) and the input density we have

E{gr(ur)} = gy (ur) + ﬂ(ur)hg + 0(h3)7
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where the function ((u,) depends on the second derivatives of all g,.(e), 7 = 1,...,d. This result readily
leads to the fact that the kernel estimate of the additive model, i.e.,

d
g(u) = Zgr(ur)a (13.41)
r=1

converges to m(u) in (13.40) with the one-dimensional optimal rate Op (n=2/5). Although this is a desired
property, the estimate in (13.39) must be obtained by some numerical algorithm.

A competitive approach can utilize the result of Theorem 13.2. This is based on the subjective choice
of the weight function of the product form w(u) = H?Zl w;(u;). This yields the marginal integration.
strategy for obtaining the individual components of the optimal additive approximation. Hence, taking the
modification (13.36) into account we can estimate g*(e) via

gr(uy) = /Rd_1 m(w)w_,(a)du_, — ¢, (13.42)

where é = (1 — d™!) [z, m(u)w(u)du, and we assume that w(u) is a density function on R?. In (13.42)
m(u) is a pilot nonparametric estimate of the d-dimensional regression function. Although any such esti-
mate has a common d-dimensional behavior, i.e., its accuracy deteriorates with d, the marginal integration
process reduces the estimate variance and “maps” its accuracy to the one-dimensional situation. In fact, the
integration process projects the d-dimensional estimate onto the one- dimensional subspace.

The implementation of (13.42) requires multidimensional integration and this can be done by various
methods. The simplest one is to use Monte Carlo integration, i.e., determine g, (u,) via

~ 1 < o —r —1 1 ~
m(ur):me(ur,Vj )= (L=d™)7 > m(Vy), (13.43)

j=1

where {V;} are random vectors generated from the density w(u), whereas {V;"} are simulated from the
density w_,(u). Since w(u) is of the product form, simulation of these vectors can be performed very
efficiently. It is known that this simple Monte Carlo method gives an unbiased estimate of g.(u,) with
the variance of order O(L™!). There are improved sampling methods achieving the the variance of order
O(L~%) [444]. The complexity of a direct evaluation of the integral in (13.42) originates from the fact that
common nonparametric regression estimates are in the ratio form. In fact, we can write the kernel estimate
in (13.10) as follows :

) = " 2miz Yiln(u - Us) 13.44
w fw | o

where f(u) =n"! >, Kn(u—U;) is the kernel density estimate. In order to eliminate the dependence of

m(u) on the argument in the denominator we can move f (u) inside the summation sign by replacing u by
U,;. Thus we can define

Y
m(u) =n"! " Kp(u—-1,). 13.45
(u) ; oy n( ) (13.45)
This estimate (called often an internally corrected kernel estimate) was originally proposed in [293] as a
flexible method for estimating derivatives of m(u). In fact, the derivative of m(u) has a much simpler form
than the derivative of m(u). See also [245,292,305] for a further discussion on the internally corrected
regression estimates. In the context of estimating the components of the additive model via the marginal
integration in (13.42), the estimate (13.45) is especially useful.

First, let us try to express the formula in (13.42) in some more explicit form for both kernel estimates, i.e.,
the classical kernel method /m(u) in (13.44) and the modified one in (13.45). Note that throughout of this
chapter we use the product kernel, i.e., Kp(u) = Kp, (u1) - - - Kp, (uq). Hence, without loss of generality, let
us focus on the first component of the additive function. Partition each d dimensional vector u as u = (z,v),
v € R%!. Then, we can express (13.42) in the following way:

gi(z) = /R (@ v)ev)dy - ¢, (13.46)
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where w(v) = ngz w;(u;). Also the kernel function can be written as:
Kn(u) = Kp, (2)Kp(v), (13.47)
where b = (hg, ..., hq). Plugging formula (13.44) into (13.46) and using (13.47) we obtain

n1 ZTL_I Oi(x)Kh (.23 - Uy z)
J = = ! - — ¢. 13.4
&(2) =133 Kny (z = Ury) ‘ (13.48)

where

Oi(z) =Y, ( — Vi )w(v)dv. (13.49)
Rt f(v]a)

Here .
n~t3 N Ky (x — Ur ) K (v — V)

fvlz) =
i) nt 3 Ky (2 — Usy)
is the kernel estimate of the conditional density of V on Uj.
Thus, we can interpret (13.48) as the standard univariate kernel estimate with the transformed output
variable from Y; to O;(x). The fact that we have d — 1-dimensional complex function f(v|z) appearing in

the integral formula in (13.49) makes this method difficult to use. This is not the case with the internally
modified estimate in (13.45). Indeed, plugging (13.45) into (13.46) we have

Gi(x) =n""> QK (x —Ur,) =& (13.50)
where v
Qi B fA(I}z) /Rd—1 Kb(v B Vz)w(V)dV (1351)

is independent of x. Here ¢ is an estimate of the constant ¢ in (13.36) utilizing the estimate m(u).

The integral in (13.51) is completely defined in terms of two functions that we can control, i.e., the kernel
and weight functions. This integral is easy to evaluate in many cases. For the small value of the bandwidth
b we can approximate the integral in (13.51) as w(V;). This give a very simple estimate to compute

L7

Also the constant ¢ in (13.52) can be determined by

V)Kp, (x—Up,) — ¢ (13.52)

i=(1

An exact formula for the integral in (13.51) can also be derived. For example, let us assume that both K (u)
and w;(u;) are Gaussian. Hence, let K (u) be the N (0, 1) density function, whereas w;(u) be N(0,72). Then,
the fact that (13.51) is the convolution integral between the kernel and weight functions, we readily obtain

d
Kn(v - Vya)dv = [ ai¢> (‘;) ,
r=2 T T

where ¢(e) is the N(0,1) density function and a, = \/hZ2+ 72, r = 2,...,d. In the special case when all

T

a. =a forr=2,...,d we can write (13.50) in a very simple way:

Rd—1

_ n_l Z Kh1 (§1 z)gz _:

where & = (v2ma) exp( ZT 9 r%i/2a2).
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In order to asses the statistical accuracy of the estimate g;(z) in (13.50) we need to establish some basic
statistical properties of the internally normalized kernel estimate. To do so, let us consider the idealized case
when the input density f(e) is completely known. Then (13.45) takes the form

_nfzf )

For iid samples the variance of m(u) is equal to

Y,
f(Uy)

var{m(u)} = n~! var { Kn(u — Un)} . (13.53)

The convolution property of the kernel function and standard analysis (see Chapters 3 and 12) reveal that
the variance of m(u) is of order

2 2
(nhd)—a (w) + m*(u) K?(u)du,
f(ua) R
where 02(u) = var{Y|U = u}. This formula includes the term m?(u) which is absent in the expression for
the variance of the standard kernel regression estimate. Since an identical result can be obtained for the
estimate m(u) in (13.45), we can conclude that

var{m(u)} > var{r(u)}. (13.54)

Hence the internally modified estimate has an increased variability.

Concerning the structure of the bias of m(u) we can show by some more involved analysis (use Lemma 13.1
and (13.14)) that

Er(u) = m(u Z (“ ———h?+o0 <r£1?<x (h?)) : (13.55)

Z

This result is only possible if we use different smoothing strategy for the term f (o) appearing in (13.45).
That is, one should use different bandwidths and kernel functions to form an estimate of the input density.
The expression in (13.55) should be compared to the formula for the bias (see (13.14)) of the classical kernel
estimate. It should be noted that the bias of m(u) has a very simple structure as it merely depends on the
assumed smoothness of the regression function.

An interesting issue emerges is how the aforementioned properties of the classical and internally modified
kernel estimates are preserved in the problem of estimating the components of additive models. We shed
some light on this problem in the next section which is dealing with the question of recovering nonlinear
characteristics of multichannel block-oriented systems.

13.3 Multivariate systems

In all the previous chapters we have focused on identification of single-input-single-output nonlinear systems.
In Chapter 12, however, we have already used some multivariate nonparametric estimation concepts in order
to capture the memory effect embedded in a nonlinear function. In this section we give a brief introduction
to the problem of nonparametric identification of multivariate nonlinear systems. Such systems are char-
acterized by the existence of several nonparametric characteristics. The theory of additive approximations
examined in Section 13.2 will be employed. We should, however, emphasize that the problem of identifica-
tion of multivariate nonlinear systems has received a little attention in the literature and many fundamental
issues remain open.

We begin with the multivariate counterpart of the Hammerstein system which is depicted in Fig. 13.8. The
input {U,} is the d-dimensional random vector which is mapped to d-dimensional interconnected signal V,,
via the nonlinear vector-valued function m(e), i.e., m(e) = (mq(e),...,mgy(e))T, where m;(e), i =1,...,d
are measurable functions from R? to R. The dynamical subsystem is characterized by the impulse response
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— e ]

Figure 13.8: Multiple-input- multiple-output Hammerstein system.

g x d-matrix sequence {A;}. Hence, the output process Y,, is the g-dimensional random vector disturbed by
the noise process Z,. Thus, we have:

Y, = W,+7Z,
W, = S AV . (13.56)
V., = m(U,)

Let us assume, similarly as in Chapter 3, that the input process is did. Let the linear subsystem be stable ,
Le.,. 3720 [IA;]l < oo, where [|A;|| denotes a norm of the matrix A;, and let Ag = TI', be the ¢ x d-matrix
having all elements equal to one. Then, arguing as in Chapter 3 we obtain

E{Y,|U, =u} =Tm(u) + C, (13.57)

where C = Y2 A;E{m(U)} is the g-dimensional vector.

It is clear from (13.57) that we cannot recover m(u) from the g regression functions defined on the left-
hand-side of (13.57). Therefore, we have to put further restrictions on the structure of the system in order
to be able to recover its characteristics.

The simplest case is the multiple-input Hammerstein system (depicted in Fig. 13.9) with the one dimen-
sional interconnecting signal V,,. For this system we can readily obtain

m(e) {As} :W >

Figure 13.9: Multiple-input-single-output Hammerstein system.

E{Y,|U,, = u} = m(u) +c, (13.58)

where ¢ = E{m(Ug)} > i, Ai.
Hence, the multivariate nonlinearity m(u) can be recovered from the d-dimensional regression function
E{Y,|U,, = u}. A kernel regression estimate can be applied and then by the analysis given in Chapter 3 com-

bined with Lemma 13.1 (see 13.16)) we can demonstrate that the accuracy of such a method is Op (n_f“%d)

for twice differentiable nonlinearity m(u). For a large value of d this is unacceptably slow rate. By virtue
of the theory discussed in Section 13.2 we may alleviate this problem by projecting m(e) onto the class of
additive functions. This leads to an additive Hammerstein system depicted in Fig. 13.10. The components
of this additive structure can be specified in such a way that the system in Fig. 13.10 can be viewed as the
best additive approximation of the system in Fig. 13.9. In fact, the formula in (13.58) proves that m(e) is
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the regression function of Y,, on U,,. Then, a direct application of Theorem 13.3 shows that there is a unique
solution minimizing

E{(m(U,) - ¢(U,))*} (13.59)

with respect to all functions g(u) = g1(u1) + -+ + ga(uaq) such that E{g;(U;)} =0,i=1,...,d.

It is worth noting that the criterion in (13.59) can be equivalently expressed as E{(Y;, — Y,;)?}, where
Y,, is the output of the system in Fig. 13.9, whereas Y, is the output of the system in Fig. 13.10. The
solution minimizing (13.59) is characterized in (13.32) and can be efficiently obtained via the marginal
integration strategy discussed thoroughly in Section 13.2.2. For example, one can use the simplified solution

Ul ,M Z n
> gi(e)
Correlated . Vi Wy Yy
Sources : {A\} 0 >
Ud,n
> ga(e)

Figure 13.10: Additive Hammerstein system.

described in (13.52) and estimate the nonlinearity g;(e) in Fig. 13.10. Hence, let us write u_; for the version
of the vector u with its first element dropped. Then, for a given product type weight function w(u) let
w(u_y) = H?:z w;(u;). Consequently, owing to (13.52), we have

gl(ﬂf) = n71 Zl fl(ii)’i}(U_Li)Khl (.’ﬂ — Ul,i) — 6, (1360)

where the normalizing constant ¢ is defined in (13.52). In this algorithm the user must specify the bandwidth
defining the estimate f (o) of the input density f(e). Note that this factor has to be determined only once for
all additive components of the system. On the other hand, the bandwidth h; must be tailored to the given
additive element. In Chapter 12 we have discussed the problem of choosing the bandwidth for nonparametric
regression estimation. Nevertheless, this issue requires further investigation in the present situation.

Further extension of the additive methodology can be carried over to the version of the multivariate
Hammerstein system in Fig. 13.8 which takes the additive form with respect to both nonlinear and linear
subsystems. This structure is depicted in Fig. 13.11 and is often referred to as the multichannel Hammerstein
system. On one hand, the multichannel Hammerstein system can be viewed as a more powerful additive
approximation of the system (13.56). On the other hand, this model has appeared as a natural structure
for a number of applications like multi-sensor systems, multiuser detection, and physiological and neural
systems [42,46,217,398,412,417,440]. Surprisingly there has been a very little research done for the problem
of identification of multichannel nonlinear models, see [65] for an early contribution on a parametric identifi-
cation of a two-channel Hammerstein model and its application to chemical engineering. The nonparametric
identification of the multichannel Hammerstein system has been carried out in [332]. The kernel estimate of
the internally modified form (see (13.45)) has been applied. Then the marginal integration approach was uti-
lized to obtain nonparametric estimates of the individual components of the system in Fig. 13.11. Thus, the
estimate gy (z) in (13.50) (see also (13.60)) was obtained based on the training data {(U1,Y1),...,(Up,Ys)}
generated by the truly additive model in Fig. 13.11.

Under usual conditions on the kernel function and the proper choice of the bandwidth vector h =
(h1,...,hq), it can be shown [234, 332] that the asymptotic variance of the estimate gi(z) of the first
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Ul,n Vl,n Zn
> gi(e) o {Ai}
Correlated . . Y,
Sources : :
Ud,n Vd,n
> ga(e) = {Aai}

Figure 13.11: Multichannel Hammerstein system.

component g1 (z) is of order

p(z) 1 / 2
— | K*(u)du, 13.61
ABETA (u) (13.61)
where o(z) is the bounded function depending on the input density of the vector U, nonlinear and linear
characteristics of all channels, and the weight function w(e). Here fi(e) is the marginal density of the first
component of U. Regarding the bias term of the estimate §;(x) it can be demonstrated [234,332] that

@),
Egi(z) = g1(2) + c{g}l(if - /R g1 (tyw? <t>dt} , (13.62)

some positive constant c.

This is rather a surprising result since the bias does not depend on the smoothness of the nonlinearities
in other channels neither on the input density of U. It merely depends on the smoothness (here expressed by
the second derivative) of the nonlinearity being estimated, marginal density of the input signal of the given
channel, and the smoothness of the first component of the weight function. The latter is not very restrictive
requirement since the user can select a smooth weight function. The above useful property is not shared if
standard kernel estimates are applied in the process of the marginal integration. The bias of such obtained
estimates depends on the smoothness of the nonlinearities in other channels as well as on the input density
of U. Hence the correlation structure of the input signal influences not only the statistical variability of the
estimate but also its systematic error. This is clearly undesirable property.

The results in (13.61) and (13.62) yield the optimal one dimensional rate Op(n~2/%) for recovering
the nonlinearity g1(x). It is important to note that the bandwidth h; used for estimating g1 (z) must be
specified as h; = n~ /%, whereas the remaining bandwidths hs, ..., hy must be selected larger than it is
usually recommended, see (13.15). In fact, for the consistency of the kernel estimates the following condition
(see (13.13))

nhy---hg — 00 (13.63)

is necessary. Therefore, if one decides to use a single bandwidth A for all d channels, then the desirable rate
Op(n=2/%) holds if d < 4. Indeed, for h; = n~'/> for all i, the condition (13.63) holds if d < 4. Such an
improper choice of the bandwidth can drastically reduce the quality of the marginal integration method.
This is illustrated in the following simulation example.

Example 13.3 Let us consider the two-channel Hammerstein system excited by the Gaussian input signal
(Un, Vy,) with zero mean and the covariance matrix of the following form:

1/4  p/16
(p/16 1/4) ’
where p is the correlation coefficient. The measurement noise Zy is white Gaussian with zero mean and
variance 0.01. The nonlinearity in the first channel is of the polynomial form, i.e., gi(u) = %u?’ — %u,
whereas the linear subsystem is the FIR(4) model with the transfer function Li(z) =1+ 0.2271 +0.1272 +
0.05273 4 0.052=%. The nonlinearity g1 (u) is estimated by the marginal integration method with a pilot two
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dimensional kernel regression estimate utilizing Gaussian kernel and a single bandwidth for both variables.
The product weight function of the Gaussian N(0,1/9) form is applied. In Fig. 13.12 we depict the mean
integrated squared error (MISE) versus p with the sample size n = 320. The second channel is assumed
to have the same charcertics as the first one. The dotted line corresponds to internally modified kernel
estimate, whereas the solid line is the error of the classical kernel estimate. An efficiency lost, due to
increasing correlation between inputs, is clearly seen. Moreover, the accuracy of the internal estimate is
drastically reduced compared to the classical kernel estimate. This is due to the use of a single bandwidth
for both variables. In this case the independence (see (13.62)) of the internal estimate on the correlation of
the input signal is not valid any more. In Fig. 13.13 we show the same phenomenon which is additionally
amplified by the fact that the nonlinearity in the second channel is a quantizer with six levels. The lack of
smoothness of this characteristic increases the error for both estimates.
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Figure 13.12: MISE versus p for recovering the polynomial characteristic in the two-channel Hammerstein
system. The internal estimate (dotted line) and classical kernel estimate (solid line).

13.4 Concluding remarks

In the considerations examined in this chapter we have touched on the difficult issue of low dimensional
representations of fully nonparametric nonlinear systems. The main tool we have introduced and examined
was based on the theory of additive approximations of multivariate functions. This allows us to develop a
powerful and general additive modeling strategy for nonparametric identification of multivariate nonlinear
block-oriented systems. Hence, one should replace all multivariate functions present in the system by their
additive approximations. An important remaining issue, however, is whether one can recover efficiently the
individual components of these additive structures. We have demonstrated that this is the case for the
multiple-input and multichannel Hammerstein systems. Furthermore, to achieve a complete low dimensional
representation of a nonlinear multivariate dynamical system we must also incorporate similar representations
for linear dynamical parts of the system.

There are further ways to improve the flexibility of the additive approximation by allowing terms with
interactions, i.e.,

g(ur, ... uq) = giz2(ur,u2) + gag(ug, us) + - - - + ga—1a(Ua—1, ua) + ga1 (ua, u1). (13.64)

The marginal integration method in Section 13.2 can be extended to this case as well. Here we must estimate
bivariate functions and this can be done with the acceptable accuracy. An interesting issue is to find optimal
interaction pairs (u;,,u;,), 1 <41, i2 < d in order to reduce the approximation error.
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Figure 13.13: MISE versus p for recovering the polynomial characteristic in the two-channel Hammerstein
system. The internal estimate (dotted line) and classical kernel estimate (solid line). The second channel
nonlinearity is a quantizer.

In this chapter we have mostly focused on the Hammerstein system. It should be clear, however, that
similar considerations can be carry over to series-parallel structures examined in Chapter 12. For example,
one could consider the parallel nonlinear system (Section 12.1.1) with a multidimensional nonlinearity and
its corresponding additive approximation.

Yet another class of low complexity representations can be based on the combination of parametric and
nonparametric inference. For example, the following

N
g(w) => gi(alu)
=1

can be used to approximate a multivariate function m(u) in terms of univariate nonlinearities g;(e) and
vectors a;, ¢ = 1,..., N. Such semiparametric structures will be examined in Chapter 14. This includes
the multivariate counterparts of Wiener and sandwich systems. A finite dimensional parametrization of
dynamical subsystems will define semiparametric models for which we propose some efficient identification
algorithms.

13.5 Bibliographic notes

A few studies exist concerning the identification problem of multi-input-multi-output nonlinear systems.
Early methods rely on Wiener and Volterra expansions and lead to complex algorithms. Moreover, smooth
(parametric) nonlinearities have been assumed and Gaussian input process was mostly applied [431-433,
451].More recent contributions use parametric models for nonlinearities and apply the subspace methods
for recovering linear subsystems. [49,123]. The nonparametric approach for estimating the multiple-input
Hammerstein system was proposed in [183]. An additive class of block-oriented nonlinear systems is studied
in [332]. This includes a number of connections introduced in Section 12.1.

The use of additive models in various problems of the statistical inference is summarized in [222,233].
The backfitting algorithm was proposed in [35] and further examined in [233]. The marginal integration
strategy for recovering individual components in the additive model was given in [286], see also [105] for
further discussion of this method. In [297] a fundamental issue of finding the best additive model has been
addressed. The proposed theory utilizes a weight function being a kernel estimate of the input variable.
In [234] a detailed analysis of the marginal integration method is given. The internally normalized kernel
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estimate is employed. The most of the aforementioned studies are dealing with independent data. The use
of additive models in time series analysis is discussed in [105,402]. The extension of additive modeling to

nonlinear system identification has been done in [332].
The internally normalized kernel estimate was proposed in [293] and further examined in [245,292, 305],

and [304].
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Chapter 14

Semiparametric identification

In this chapter we discuss the problem of identification of a class of semiparametric block-oriented systems.
This class of block-oriented systems can be restricted to a parameterization that includes a finite dimensional
parameter and nonlinear characteristics which run through a nonparametric class of mostly univariate func-
tions. The parametric part of a semiparametric model defines characteristics of linear dynamical subsystems
and low-dimensional projections of multivariate nonlinearities. The nonparametric part of the model com-
prises all static nonlinearities defined by functions of a single variable. A general methodology for identifying
semiparametric block-oriented systems is developed. This includes a semiparametric version of least squares
and a direct method utilizing the concept of the average derivative of a regression function. These general
approaches are applied in cases of semiparametric versions of Wiener, Hammerstein and parallel systems.

14.1 Introduction

In the preceding chapters we have examined various fully nonparametric block-oriented systems. Indeed,
we have not imposed any a priori knowledge about characteristics of the nonlinear systems under study.
Hence, the system was represented by the pair (A, m(e)), where A € R* is an infinite-dimensional param-
eter representing impulse response sequences of linear dynamical subsystems, whereas m(e) is a vector of
nonparametric multidimensional functions describing nonlinear elements. Such a fully nonparametric model
does not suffer from risk of misspecification. However, corresponding nonparametric estimators exhibit low
convergence rates due to the complexity of an assumed block-oriented structure and the multidimensional na-
ture of interconnecting signals. In contrast, a parametric model carries a risk of incorrect model specification,
but if it is correct it will typically enjoy a fast O(n~!) parametric rate of convergence.

In practice we can accept an intermediate model which lies between parametric and fully nonparametric
cases when a linear subsystem can be parameterized by a finite dimensional parameter, whereas nonlinear
characteristics run through a nonparametric class of low dimensional functions. This semiparametric model
allows one to design practical identification algorithms which share the efficiency of parametric modeling
while preserving the high flexibility of the nonparametric case. In fact, in many cases, as it will be shown,
we are able to identify linear and nonlinear parts of a block-oriented system under much weaker conditions
on the system characteristics and on the probability distribution of the input signal.

An estimation strategy used for semiparametric systems is based on the concept of interchanging para-
metric and nonparametric estimation methods. The basic idea is to first analyze the parametric part of
the block-oriented structure as if all static nonlinearities were known. To eliminate the dependence of a
parametric fitting criterion on the nonlinearities we form pilot nonparametric estimates of the nonlinearities
being indexed by a finite dimensional vector of the admissible value of the parameter. Then this is used to es-
tablish a parametric fitting criterion (such as least squares) with random functions representing all estimated
nonparametric nonlinearities. On the other hand, nonparametric regression estimates of the nonlinearities
use estimates of the parametric part. As a result of this interchange we need some data resampling schemes
in order to achieve some statistical independence between the estimators of parametric and nonparametric
parts of the system. This improves the efficiency of the estimates and facilitates the mathematical analysis
immensely.

197
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In our case studies on the identification of semiparametric systems we utilize the least squares method
with a data splitting strategy where the training set is divided into two non-overlapping parts. The first
part plays the role of a testing sequence which defines the least squares fitting function, whereas the other
part is used as a training sequence to form preliminary nonparametric regression estimates.

We establish sufficient conditions for the convergence of our identification algorithms for a general class of
semiparametric block-oriented systems. Then, this general theory is illustrated in the case of semiparametric
Wiener, Hammerstein and parallel systems of various forms. In the Wiener system case, the semiparametric
approach leads to an identification algorithm which is consistent (with the optimal rate) for non-invertible
nonlinearities. Furthermore the method can be applied in the presence of an output measurement noise and
when an input signal is not necessarily Gaussian. These practical conditions were not applicable for the
nonparametric algorithms presented in Chapters 9, 10, and 11. This two-stage semiparametric least squares
method also has the advantage of a unified approach for a large class of input distributions and complex
block-oriented systems.

In addition, we present an alternative approach for estimating the parametric part of specific semipara-
metric block-oriented systems which does not need any optimization procedures. This direct strategy relies
on the concept of the average derivative estimation of a regression function. This may be an appealing
method in many applications since it is simple and noniterative. However, it is important to note that the
method requires smooth density functions of input signals and can be applicable to only a limited class of
block-oriented nonlinear systems.

14.2 Semiparametric models

In the previous sections we have examined various block-oriented models with general linear subsystems and
nonparametric nonlinearities. In such a setting, a number of nonparametric estimates of system nonlinearities
have been proposed and their convergence rates have been evaluated. These estimates are very robust to
any model misspecification, but unfortunately suffer low convergence rates due to the model complexity and
the dimensionality of interconnecting signals. For example, in the problem of Wiener system identification,
discussed in Chapter 9, our inverse regression estimation strategy yielded the rate O p(n’l/ 3) instead of the
optimal rate Op(nfz/ ®). As shown in Chapter 13 , for the Hammerstein system with a d-dimensional input
signal, a nonparametric estimate of the system nonlinearity has the optimal rate Op(n_Q/(d‘“l))7 ie, asd
increases the convergence rate deteriorates. In the following section we list a number of semiparametric
systems which provide a high degree of modeling flexibility while improving on the convergence rate. A
semiparametric model has a natural parameterization (6, g(e)), where 6 is a finite dimensional parameter
and g(e) is a vector of univariate nonparametric functions. This defines a semiparametric model in which
we aim at estimating 6 and g(e). In our future considerations we will often denote by 8* and g*(e) the true
characteristics of the underlying semiparametric model.

14.2.1 Semiparametric Hammerstein models

In Chapter 13, see Fig. 13. xx, we examined the Hammerstein model with a d-dimensional input, i.e., we
have the following input-output description:

Yo=Y Am(Un_y) + Zy, (14.1)
1=0
where m(u), u = (uq,...,uq)?T € R?, is the d-dimensional nonlinearity, whereas A = {\;,0 <1 < oo} defines

the impulse response function of the linear subsystem.
It has been demonstrated (under common smoothing conditions), see Chapter 13, that the kernel regres-
sion estimate 7m(u) of m(u) has the following rate:

m(u) = m(u) + Op(n~2/ (@), (14.2)

It is apparent that the rate Op(n=2/(4+4)) gets slower as d increases. In order to alleviate this “curse of
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Figure 14.1: The semiparametric Hammerstein model with d = 2.

dimensionality”, we have proposed to approximate the nonlinearity m(u) by an additive function, i.e.,

d
m(u) ~ Z m;(u;),
i=1

where m;(e),i = 1,...,d are univariate functions. This representation allows us to improve the rate in (14.2)
to O p(n’Q/ ®) independent of d, provided that sufficient over-smoothing of the additive components is made
(see Chapter 13 for details). Although this approach partially eliminates the curse of dimensionality, it may
introduce the involved problem of estimating additive components.

To recover the linear part, A, of the Hammerstein system we can use the correlation method (see Chap-
ter 13). Hence, we can estimate A by

S nt Y00 Yien(U;)
' n-! Z?:l Yin(U;)

for i = 1,..., where it is assumed that Ao = 1. In the above formula, n : R? — R is a known function chosen
by the user such that En(U,) =0 and E{m(U,)n(U,)} # 0.

It should be noted that the estimate in (14.3) is very inefficient for large values of i. In order to overcome
the high dimensionality nature of the nonparametric Hammerstein system (14.1) we propose the following
semiparametric low complexity approximation of the Hammerstein system

(14.3)

p
Yo=Y Ng(Y"Un) + Za, (14.4)
=0

where g(e) is an univariate function; the parameter v = (vi,...,74) € R? defines a projection of the
input signal U,, onto an one-dimensional subspace; and p defines the memory length of the model which is
assumed to be finite and often known. Hence, in this case the model is defined by the pair (0, g(e)), where
6 = (\,v) € RPTIH! is the parametric part of the semiparametric system. The objective is to estimate
A={\,0 <1 <p},v={y,1<i<d} and g(e). Fig. 14.1 depicts this semiparametric version of the
Hammerstein system for d = 2.

It is worth noting that some normalization of the model in (14.4) is necessary in order to uniquely
identify (6, g(e)). First of all, # cannot be identified if g(e) is constant. Next, the scaling effect of the cascade
Hammerstein model forces us to normalize v in order to be able to recover g(e). Hence we should assume,
e.g., that v = 1. We also require that the input signal {U,} has a density function. This assures that
the probability of the event {67 U,, = c} is not equal to one for some constant ¢ and § € R?. This fact is
necessary for the identifiability of . By virtue of the discussions in Chapters 2 and 12 we also know that
in order to uniquely recover g(e) we need Ao = 1 and E{g(y7U,)} = 0. The latter assumption can be
replaced by the requirement that g(0) = 0, see Chapter 2. The aforementioned conditions are sufficient for
identification of (A,~) and g(e) and are likely to be satisfied in most practical applications.

The problem of estimating (),~) and g(e) will be examined in the remaining part of this chapter. We
should note, however, that one can recover the impulse response function {);,0 <1 < p} independent of ~
and g(e). In fact, under the aforementioned normalization conditions and the assumption that the input
signal {U,,} is white we have

5 n~! >oimt Yy n(U;)
ot Y Yn(Uy)

(14.5)
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fori=1,...,p.

The consistency of \; can be easily established, see Chapter 13. Indeed, the variance of the estimate in
(14.5) is of order O((n — p)/n?), which makes this estimate more efficient than of (14.3) by the fact that p is
finite. The problem of estimating v and g(e) is non-standard and this issue will be examined in Section 14.5.

14.2.2 Semiparametric Wiener models

In Chapter 9 we introduced and examined the identification problem of the Wiener system with an infinite
memory, i.e., the system described by the following input-output equation:

Yn =m <i )\l Unl) . (146)
=0

Under the conditions that the input process is Gaussian (white or color) we have shown that the impulse
response function {\;,0 <[ < oo} can be consistently estimated by the correlation method, resulting in the
following estimate:
. n~! Zn 'Y
A= Y, U ’
Zj:l Y

(14.7)

for i =1,..., where it is assumed that Ao = 1.

As noted for the estimate in (14.3) this estimate is very inefficient for large values of 4. Furthermore,
for invertible nonlinearities we have proved that several nonparametric regression estimates can consistently
recover the inverse m~!(y). For twice differentiable nonlinearities the rate of convergence of the estimates
was shown to be,

m=1(y) = m~ (y) + Op(n~1/3). (14.8)

Since the optimal rate of convergence is Op(n~=2/%), the rate given in (14.8) is suboptimal. In Section 14.4
we will examine the following counterpart of the model given in (14.6),

P
Y, =m (Z \ Unl> + Z, (14.9)
=0

where the model order p is finite and known.

Note that in the above model we allow measurement noise which was absent in (14.6). The model
n (14.9) is of the semiparametric form with the parameterization (A, m(e)). Using the semiparametric
estimation methodology developed in this chapter we propose estimates of A and m(e) which are consistent
for a large class of not-necessarily Gaussian input signals and non-invertible nonlinearities. Also, estimates
of m(e) exhibit the optimal rate Op(n=2/°).

The semiparametric restriction of the classical Wiener model allows us to examine the following two-
channel version of this model:

pP1 P2
Y, =my (Z A1 U1,n—l> + ma (Z A2 U2,n—l> + Zn. (14.10)

=0 =0

Here {A\1,;,0 <1< pi}, {X21,0 <1 < po} are the impulse response functions of the linear subsystems, and
m1(e), ma(e) are the characteristics of the nonlinear subsystems. The multi-channel extension of the above
system can also be easily derived. Fig. 14.2 shows the structure of the two-channel Wiener system with the
input signal {(U1,n,Uz2.,)}-

It is worth mentioning that the multi-channel Wiener system has a number of important applications in
biomedical systems and communication engineering. It is also known that this system can approximate any
nonlinear system with fading memory. Other semiparametric models can be defined in a similar fashion, i.e.,
models which are characterized by a finite dimensional parameter and nonparametric functions of several
variables.
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Figure 14.2: The additive Wiener model.

14.3 Statistical inference for semiparametric models

In this section we give a general approach to semiparametric statistical inference which later we will apply to
concrete nonlinear block-oriented systems. In particular, we shall examine the Wiener system identification
problem within the introduced framework.

Let (U,Y) be a random vector distributed according to the law P(e,e). In system identification U is
usually identified with the input signal, and Y with the output signal. In parametric modeling the distribution
P(e,e) is known up to a finite dimensional parameter 6*, i.e., P(e,0) = P(e,0;0*). Given a training set
T ={(U,Y1),...,(Un,Yy)} of the input-output signals, an estimator 6 of #* can be found by minimizing a
criterion function

Qn(0) = %Z%(Ui,m (14.11)
=1

where Uy(e, o) is a known function for every § € ©, and © is an admissible set of parameters such that
0* € O.
An example of Wy(e, ) is a maximum likelihood estimate for which

P(U,Y;0)

\IIQ(U, Y) = 710g m

(14.12)

In system identification the maximum likelihood estimate is usually difficult to implement. In fact, we
usually deal with dependent data and, moreover, a distribution of the noise process is unknown making it
difficult to find an analytical formula for P(U,Y;#). Indeed, an estimation strategy depends critically on
the selected model relating the output signal with past values of the input signals. Thus, for a given model
the least squares type estimators are more adequate. Hence, let the input-output relationship of a nonlinear
dynamical system be given by

Y, =g(U,,Up-1,...,Up—p;0) + Z,, (14.13)

where Z,, is the measurement noise and p is the system memory. Then, one can choose

W@(Uia }/;) = M(}/l - g(Uia Ui—la ey Ui—p; H))a (1414)
where U; = (U;,U;_1,...,U;—,)T and M(e) is a criterion function.
The special cases M(t) = t*> and M(t) = |t| correspond to least squares and least absolute deviation

estimators, respectively. Other choices are: M (t;a) = t21(|t| < a) + (2a|t| — ?)1(|t| > «), and M (t;58) =
—(27B2)e~t"/28* . The criterion M (t; ) yields a class of robust estimation methods due to Huber, whereas
M (t; B) gives an alternative scheme to deal with outliers. Parametric estimates which are obtained with
respect to the criterion function M (e) are often called M-estimators. These estimators play an important
role in the parametric statistical inference as they define robust statistical methods.

In the nonparametric setting, the distribution P(e,e) is completely unknown, and therefore an input-
output mapping such as (14.13) cannot be parameterized. Consequently, the minimization of the criterion in
(14.11) is not well defined and the classical parametric M-estimators cannot be directly applied. In order to
circumvent this difficulty one must constrain a class of admissible functions to a certain functional space in
which size must be carefully controlled. This leads to the concept of the penalized M-estimators. However,
these nonparametric estimators are rarely given in the explicit form and this issue will not be covered here.



202 CHAPTER 14. SEMIPARAMETRIC IDENTIFICATION

In the previous chapters we have studied the nonparametric setup in the context of particular block-oriented
systems with infinite memory. All of our nonparametric estimates have been given in the explicit form.

In many block-oriented models we have an intermediate situation between the parametric and fully non-
parametic cases. As mentioned above, this takes place when linear subsystems can be parameterized by a
finite dimensional parameter, whereas nonlinear characteristics run through a nonparametric class of func-
tions. Furthermore, in the multivariate setting we would like to eliminate the curse of dimensionality and
this can be achieved by projecting multivariate nonparametric functions onto a low dimensional nonpara-
metric subspace. This introduces additional “projection” parameters, see Section 14.2 for examples of such
a situation.

In this so-called semiparametric (intermediate) case, we have a natural parameterization

(97 m(.)) = P9,m(o) (.7 .)a (1415)

where § € © C R’ is a finite-dimensional parameter representing impulse response sequences of linear
dynamical subsystems and projection parameters. Here, © is a subset of R® which defines a class of admissible
parameters. and m(e) is a nonparametric function describing the characteristic of a nonlinear subsystem.
Generally m(e) = (my(e),...,my(e)), i.e., m(e) is a vector of functions representing all static nonlinearities
of the underlying model. Typically, m;(e) are required to be functions of a single variable. For our further
considerations we denote by (6*, m*(e)) the true characteristics of the underlying block-oriented system such
that 6* € ©.

In semiparametric modeling we first aim at estimating the parameter 6 in the presence of an infinite
dimensional “nuisance parameter” m(e) followed by a recovery of m(e). This two-step procedure can be
efficiently implemented and yields high accuracy estimation algorithms. In fact, the criterion in (14.11), due
to the parameterization in (14.15), now takes the following form:

Qn(6,m(e)) = % Z Vo.m(e) (Ui, V). (14.16)

The basic idea in finding an estimate 0 of the true value 6* is to eliminate the dependence of @, (0, m(e)) on
the nonparametric functions m(e). Hence, we wish to analyze the parametric parts of the semiparametric
system as if the nonparametric parts were given.

Let us assume that one can estimate m(e) for a given 6. This leads to an estimate m(e;6) which
itself depends on #. In the limit 7(e;0) tends to a function m(e;#) which is a regression function of the
corresponding output and input signals, i.e., it is an orthogonal projection of all system nonlinearities onto
the space spanned by 6 € ©. Clearly if § = 0* then m(e;0*) = m*(e). This important concept is illustrated
in Fig. 14.3 where &, = O,, — E{O,|W,,(0)} is the residual error. We can substitute m(e;8) in Q,, (8, m(e))

€n

Oy
m(e;0) —>§9—>

Nonlinear System

Parametric Part 6

Figure 14.3: The regression function m(e;0) = E{O,,|W,,(0)} such that m(e;6*) = m*(e).

for m(e) to obtain the following criterion depending solely on 6

R 1 &
Qn(0) = - > W (e (Ui, V). (14.17)
i=1
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It is worth noting that in the case of nonlinear dynamical systems with the memory size p we ought modify
our criterion @, (6, m(e)) to the following form

Qn(ﬁ,m@)):% > Upme) (Ui Y2), (14.18)
i=p+1

where U; = (U, U;_1,...,U;_p)". The criterion Q,,(6) is then modified accordingly.
It is now natural to define an estimate 6 of #* as the minimizer of Qn(ﬁ), ie.,

>

= argmin Qn(0). (14.19)
This approach may lead to an effective estimator of 6* subject two conditions. First, as we have already
noted, we should be able to estimate the nonlinearities m(e; ) for a given 8 € ©. The difficulty of this step
depends on the complexity of the studied nonlinear system, i.e., whether nonlinear components can be easily
estimated as if the parametric part of the system were known. We will demonstrate that this is the case
for a large class of block-oriented nonlinear systems. Second we must minimize the criterion Qn(e) which
may be an expensive task mostly if 6 is highly dimensional and if the gradient vector of Qn(ﬁ) is difficult
to evaluate. To partially overcome these computational difficulties we can use the following generic iterative
method.

Step 1 Select an initial 8 and set ri(e; 0(%)).
Step 2 Minimize

~ 1 &
Qn(0) = n Z \Pe,m(.;é(m)(Ui, Y:)
i=1

with respect to 6 and use the obtained value §(!) to update m(e;0), i.e., go to Step 1 to get m(e; é(l)).
Step 3 Iterate between the above two steps until a certain stopping rule is satisfied.

Note that in the above algorithm the criterion Qn (f) has a weaker dependence on 6 than the original
criterion @, (0). In fact, in Q,(0) the nonlinearities i (e; 0) are already specified. Nevertheless, minimization
of Qn(e) still requires an optimization algorithm and this can be obtained via one of many possible versions
of the steepest descent method. We will illustrate the efficiency of this algorithm in Section 14.4.

Once the estimate 6 is specified one can plug it back into our pilot estimate 1(e; ) to obtain an estimate
of m*(e). Hence let

m(e) = (e; ) (14.20)

be a nonparametric estimate of the system nonlinearities m*(e).

It is worth noting that in the above two-step scheme the estimate 7i(e;0) and the criterion function
QR(Q) which is used to obtain @ share the same training data. This is usually not the recommended strategy
since it may lead to estimates with unacceptably large variance. Indeed, some resampling schemes would
be useful here which would partition the training data into the testing and training sequences. The former
should be used to form the criterion in (14.17), whereas the latter to obtain the estimate ri(e;§). This will
facilitate the mathematical analysis of the estimation algorithms. This issue will be revisited in Section 14.4.

14.3.1 Consistency of semiparametric estimates

In the previous section we described a general scheme of deriving estimates of characteristics of the linear
dynamical parts and nonlinear elements of a class of semiparametric block-oriented systems. In this section,
we examine the issue of consistency of these estimates.

Let us recall that (6*,m*(e)) stands for the true characteristics of the nonlinear system. Throughout
this whole chapter we assume that 6* is a finite dimensional vector, i.e., that #* € R*. On the other hand
we do not make any parametric assumptions about m*(e).

Prior to outlining the problem of consistency of the estimates defined in (14.19) and (14.20), a fundamental
issue that warrants consideration is whether the underlying nonlinear system is identifiable. Since we have
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not assumed any specific structure of the system this question is impossible to answer. In fact, the problem of
identifiability can only be verified for specific classes of systems and this issue will addressed in Section 14.4.

The consistency of the estimates defined in (14.19) and (14.20) can be examined separately, i.e., we can
first determine the consistency of § in (14.19) and then of the resulting estimate 7n(e) in (14.20). However,
the dependence of 7i.(e;0) on 6 plays a critical role for the consistency of 6. In turn, the accuracy of m/(e)
also depends on the quality of the parametric estimate 0.

Ideally we would like to estimate 6* as efficiently as if the nonlinear nonparametric part m*(e) were known
and vice versa to estimate m*(e) as accurately as if the parametric component 6* were known. Estimates
with such ideal efficiency are labeled as having an oracle property.

In the following two subsections, we shall establish sufficient conditions for the consistency of the paramet-
ric 6 and nonparametric 1 (e) estimates. We recall the notation that 1, — 7, (P) stands for the convergence
in probability of the random sequence {7, } to the limit random variable  as n — oo. Also 1, = n+Op(ay,),
some a,, — 0, stands for the fact that d,a;'(n, —n) = 0 (P) for &, - 0 arbitrarily slow. It is then said
that 7, —n tends to 0 (P) at the rate a,.

A: Parametric estimation

The minimization of the random criterion Q,,(0) in (14.17) can be viewed as the problem of finding parametric
M-estimators. This is, however, a nonstandard case since (),,(f) depends on a random function m/(e;0).
Hence, the consistency of # depends critically on the smoothness of the mapping:

0 — 1n(e;0). (14.21)

In fact, the consistency of the estimate 6 requires the continuity of the mapping in (14.21). This requirement
can usually be easily verified if a specific nonparametric estimate 7(e; ) is used.

The first step required to establish the consistency of 0 is to determine the limit deterministic criterion
function Q(6) such that,

Qn(0) > Q(F), (P), forevery § e ®. (14.22)

The above limit exists if the mapping 772(e; 0) — Wy 1, (e;0)(®, ®) is continuous, which is usually the case, and
if,

m(e;0) = m(e;0), (P), forevery § € O. (14.23)

The limit function m(e; 8) is a regression function of corresponding output and input signals of the underlying
nonlinear system in which the parametric part has the value 6 € O, see Fig. 14.3. It is clear that m(e;0*) =
m*(e), the true characteristics of the nonlinear elements.

By the above discussion we may conclude that,

Q(0) = EVg (a;0)(U,Y). (14.24)

It is also expected that the minimizer 6 of Q(0) should well characterize the true value 6*, and indeed in
many cases we have
0 = arggrggQ(&). (14.25)

Nevertheless, 6* need not be a unique minimum of Q(6).
The minimum in (14.25) exists if the set © is compact and if the mapping

0 qj@,m(o;@)(.a .)

is continuous. This, due to (14.24), is implied by the continuity of 6 +— Uy (e, e) and 6 — m(e;6). The
latter properties can only be verified in concrete cases and we will illustrate this in Section 14.4.

The above discussion reveals that it is reasonable to expect that the minimizer 0 of Qn(e) converges to
the minimizer 0 of Q(#). As we have already noted the value § can often be identified with the true value
0* and this will be assumed throughout this chapter.
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Note that the criterion Q,(6) is not a convex function of 8 and therefore need not achieve a unique min-
imum. This, however, is of no serious importance for the consistency since we may weaken our requirement
on the minimizer # and define 6 as any estimator that nearly minimizes @, (0), i.e.,

Qn(0) < jnf Qu(6) + en, (14.26)

for any random sequence {e,, } such that e,, = 0, (P). It is clear that (14.26) implies that Q,,(6) < Q,(6*)+e,
and this is sufficient for the convergence of § defined in (14.26) to 6*.

Since 0 depends on the whole mapping 6 — QW(Q), the convergence of 0 to 6* requires uniform consistency
of the corresponding criterion function, i.e., we need

sup [Qn (6) — Q(6) 2 0, (P). (14.27)
)

This uniform convergence is the most difficult step in proving the consistency result. First we observe that
(14.27) is implied by

sup [Qn(0) — EQn(9)] = 0, (P), (14.28)
0coe
and A
sup |EQ,(0) — Q(0)| = 0. (14.29)
0co

The uniform convergence of Q,,(6) to its average required in (14.28) can be analyzed by the well established
theory of empirical processes. The main requirement of this theory is that the following set of functions,

{Wo,n(ei0)(9,0):0 € O}, (14.30)

defines the so-called Glivenko-Cantelli class. When O is compact, which is assumeed throughout this chapter,
simple sufficient conditions for the class in (14.30) to be the Glivenko-Cantelli set of functions are:

(a) The mapping 6 — Wy s (e:9)(U,Y) is continuous for every (U,Y).
(b) There exists a function a(U,Y") such that
Vg n(e:0)(U,Y) < a(U,Y) for every 6 € © (14.31)
and E{a(U,Y)} < co.

Conditions (14.31) assure that the class of functions in (14.30) satisfy a uniform law of large numbers in
(14.28). On the other hand, the convergence in (14.29) is equivalent to,

sup E[¥g i(00) (U, Y) = g o0y (U, Y)| 0. (14.32)
S

This property can be deduced from the continuity of the mappings 0 + Wy ;4 0y(9, ), 0 = Vg 1, (4:0) (0, @),
condition (14.31), and the compactness of O.

In summary, the uniform convergence in (14.27) is essential for establishing the convergence of é7 defined
in (14.26), to *. It should be noted, however, that this requirement is not necessary and weaker conditions
can be formulated. The following theorem summarizes our discussion on the consistency of 6. The proof of
this result is short and useful for our future developments and is also given below.

Theorem 14.1 Let Q,,(0) be a random criterion function given in (14.17) and defined for 6 € © where
O is a compact subset of R®. Let the limit criterion Q(0) given in (14.22) be a continuous function on ©.
Suppose that condition (14.51) is met. Then for any sequence of estimators 6 that satisfy (14.26) we have

05 6%, (P).
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Proof of Theorem 14.1 : By the definition of 0, we have Q,(0) < Q,(6*) + €,,. By virtue of (14.31), the
compactness of ©, and the continuity of Q(#) we have (14.27), and consequently Q,,(8*) = Q(0*)(P). As a
result we get Q,,(0) < Q(6*) + ¢, where €, = 0(P). This yields

QW) — Qu() +e,
sup Qn(0) — Q)]+, 0, (P).

Q(9) = Q(67)

[VARVAN

The above result and the facts that © is compact and Q(6) is a continuous function imply that there exists
for every § > 0 a number 1 > 0 such that if ||§ — 6*|] > § then Q(0) — Q(6*) > n. Hence,

P(|6 - 0" > 4]) < P(Q() — Q(6%) > n) 0.
This completes the proof of Theorem 14.1. W

Often the function a : @ — Wy ,(e), which defines the criterion in (14.16), and the mapping 6 +— n(e;0)
are differentiable. Then it is more convenient to examine zeros of the criterion,

@n(0) = 7 Qn(0) = %Zwo,m(.;e)(Ui,Yi), (14.33)
=1

where Vg 13, (e:0)(®, ®) = %\Pg,m(.;g) (e, ). Note that we can efficiently evaluate this derivative in the following
way:
0 OV 1in(e:0) (@, @) OV 1 (e:0)(®, ®) On(e; 0)
27 V6, m(e0) (@, @) = — 1 - —,
gg Vom0 () da T (e 0) 06

where 1 = (1,1,...,1) is the s-dimensional vector.

Similarly, as in Theorem 14.1 we can use the zeros of §,(f) as a definition of our estimate 6. Then,
the zeros of the limit criterion ¢(0) = E{tg m(e;0)(U,Y)} can be identified with the true value 0* of the
parameter.

The consistency 8 - 6* (P) and differentiability of the mapping 6 +— Wg (e:0)(®, ®) allow us to consider

(14.34)

the problem of the convergence rate. In fact, one can determine a formal Taylor series expansion of QW(Q)
around 6*,

() = Qul6") + 4n(0*)7 (0 — %) + 50— 67 V3(0 — 0°), (14.35)

where Vj is the s x s matrix of second derivatives of Qn(G) and 6 is a point between 6 and 6*. By taking
the derivative of the expansion in (14.35) and noting that ¢,(#) = 0 we can obtain that

V(0 — 0%) = =D, (6")v/ndn(0%), (14.36)

for some matrix D,,(0).

With regards to (14.36) note first that /ng,(0*) = n~1/2 >y Yor sn(es0+) (Ui, Yi). Next, we have
Do+ in(0:07) (9, ) = Vg = (o) (9, @) (P) and then Eoge (o) (U,Y) = q(6*). Since ¢(6*) = 0 and var(y/ng, (6%))
tends to a constant, we can conclude that /ng,(6*) is bounded (P). The examination of the asymptotic
behavior of the matrix D,,(6) is more delicate. It can be shown, however, that D, (6) tends (P) to some
non-singular matrix.

The following theorem gives some sufficient conditions for the \/n convergence rate of the estimate 6. We
omit, however, technical details yielding the proof of this theorem.

Theorem 14.2 Let Q,,(6) be a random criterion function given in (14.17) defined for 6 € © where © is a
compact subset of R®. Let the limit criterion Q(0) given in (14.22) admit the second-order Taylor expansion
at a point of minimum 6* with a non-singular symmetric second derivative matriz. Furthermore, assume
that the mapping 0 +— Wy 3, (e:0)(®, ®) is differentiable at 0™ with the derivative g, (e:0)(®, ®) satisfying,

| Y6,m(e0:0) (U, Y) [|< B(U,Y),
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for all 0 € ©, with EB*(U,Y) < co. Then for any sequence of estimators 0 that satisfy (14.26) with ne, = 0
(P) and such that 0 = 6* (P) we have
0 =0"+0p(n—?).

In Sections 14.4 , 14.5, and 14.6 we shall illustrate the universality of the aforementioned approach to
the problem of identifying semiparametric versions of the Wiener, Hammerstein, and parallel systems.

B: Nonparametric estimation

The result of Theorem 14.1 assures that 6 = 0*, (P). Therefore, it is reasonable to expect that the estimate
m(e) in (14.20) converges to m(e;0*) = m*(e). The following decomposition will facilitate this claim

(o) — m*(s) = {1n(s) — 1i(36%)} + {1in(30%) — m* (o)}. (14.37)

The convergence (P) of the second term to zero in the above decomposition represents a classical problem
in nonparametric estimation. This convergence depends on the nature of the dependence between random
signals within the underlying system. If the system has a finite memory, the random processes are outputs of
finite impulse response filters, and the convergence property can easily be established. For general dependence
structures, i.e., for systems with infinite memory, the convergence can be a difficult issue to verify.

Concerning the first term in (14.37), note that m(e) = 7 (e;0) and we can apply the linearization
technique, i.e., we have

m(e; é) —1m(e;0%) = {aaerh(o; 6)10=6 }T (é — 9*) +o0 (Hé — 9*”2) . (14.38)

To show the convergence (P) of the first term to zero it suffices to prove that %m(q 0))o—¢- has a finite
limit (P) as n — oco. This fact can be directly verified for a specific estimate ri(e; ) of m(e;6). There exists
a general result which allows one to determine the convergence of the derivatives of an estimate from the
convergence of the estimate itself, see the Appendix.

The decomposition in (14.37) combined with the result of Theorem 14.2 allows us also to examine the
problem of the convergence rate of the estimate 7iu(e). First of all, since the derivative term in (14.38)
tends (P) to a finite value, due to Theorem 14.2 the first term on the right-hand-side of (14.37) is of
order Op(n~'/2). Next, for most nonparametric regression estimates 1 (e;0*) we usually have 7 (e;0*) =
m*(e) + Op(n~%), where typically 1/3 < a < 1. Consequently, we obtain,

m(e) =m*(e) + Op(n™°). (14.39)

With respect to «, if /mi(e) is a kernel regression estimate and m*(e) is Lipschitz continuous then (14.39)
holds with e = 1/3. For twice differentiable nonlinearities, this takes place with o = 2/5.

14.4 Statistical inference for semiparametric Wiener models

In this section we will illustrate the semiparametric methodology developed in the previous sections by the
examination of the constrained Wiener system introduced in Chapter 14.2. The system is shown in Fig. 14.4
and is characterized by the pair (\*,m*(e)), where \* € RP*! is the vector representing the impulse response
function of the linear subsystem. The identification problem of the Wiener system examined in Chapters 9,

Zn
Un Wn Yn
—l 0 <ph sl (o)

Figure 14.4: The identified semiparametric Wiener system.

10, and 11 is based on the concept of the inverse regression and has certain apparent limitations. Indeed, it
has been assumed that:
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e The input signal {U,} is either a white or color Gaussian process.
e The measurement noise Z,, is absent, i.,e., Z,, = 0.
e The nonlinear characteristic m*(e) is invertible, i.e., m*~!(e) exists.

On the other hand, in the previous algorithms it was possible to define the memory of the linear subsystem
as infinite. On the contrary in the semiparametric approach introduced in Section 14.3 we need a finite
dimensional parameterization of the dynamical subsystem. Hence, let us consider the semiparametric case of
the Wiener system which is parameterized by a finite memory linear subsystem. Thus, we have the following
input-output relationship:

p

Wo = > AU 7 (14.40)
=0

Y, = m*(W,)+ Z,

where the order p of the dynamical subsystem is assumed to be known.

As we have already noted, the tandem nature of the Wiener system yields the scaling effect, i.e., one can
only estimate \* up to a multiplicative constant. Let us consider a Wiener system with the characteristics
m*(w) = m*(w/c) and A* = c\*, ¢ being an arbitrary nonzero constant. Then it is easy to see that the new
system is indistinguishable from the original one. Thus, in order to get around this identifiability problem
we need some normalization of the sequence \* = {\},0 <1 < p}. A simple normalization is to assume that
Ao =1.

To proceed further it is necessary to introduce the space A of all admissible impulse response functions
A= {\,0 <1< p} of order p which satisfy the normalization constraint Ao = 1. Hence let A = {\ € RPT!:
Ao = 1} such that \* € A. By virtue of the semiparametric methodology of Section 14.3 we first wish to
characterize the system nonlinearity for a given A € A. Hence let,

p
Wn(A) =Y N Ui, (14.41)
=0

be the interconnecting signal of the Wiener system corresponding to A € A. Consequently, it is natural to
use the following regression function,

m(w; \) = E{Y,|[ Wy () = w}, (14.42)

as the best approximate of m*(w) for a given A € A. Note that m(w; \) is the best predictor of the output
signal for a given A € A. Tt is clear that W,(\*) = W,, and m(w;\*) = m*(w). The smoothness of
m(w; A) plays an important role in the statistical analysis of our identification algorithms. Since m(w;\) =
E{m*(W,)|W,(\) = w}, the smoothness of m(w;\) is controlled by the smoothness of m*(w) and the
conditional distribution of W,, on W, (\).

Example 14.1 To illustrate the dependence of m(w; ) on m*(w) in terms of smoothness, let {U,} be an
i.i.d. sequence with a normal distribution N(0,02). Then, denoting by ¢(e) the N(0,1) density and after
some algebra we have,

m(w; \) = / m* (u(A)w + va(A))p(v)dv, (14.43)

where r (T )2
AP \* AE*

) = 2 20 = o [A” A

BE BE

In Fig. 14.5 we plot m(w;\) in (14.438) as a function of w with A\ = (1,A\)T, \* = (1,1)T, 02 = 1,
and the discontinuous nonlinearity m*(w) = sgn(w). Values Ay = —0.9,0,0.9 are used. Note that the value
A1 = 0 indicates that there is no dynamical subsystem in the Wiener model. The continuity of m(w;\) is
apparent.

In Fig. 14.6, we plot m(w;\) versus X for a few selected values of w, i.e., w = —1,—0.1,0.1,1. The
sensitivity of m(w; \) with respect to X is small for points which lie far from the point of discontinuity w = 0.
On the other hand we observe a great influence of A at the points which are close to the discontinuity.
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)T’ m*(w) =

Figure 14.5: The regression function m(w;\) in (14.43) versus w, with A = (1, A\1)T, \* = (1,1
sgn(w). Values A; = —0.9,0,0.9.

™~
0.5 w=—0.1 7
\ / w=—1
. \ \ L o
1 \\\‘~~< ,,,,,,,,,, g,/, ,,,,,,,, i S
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Figure 14.6: The regression function m(w;\) in (14.43) versus A1, with A = (1, \1)%, A* = (1, )T, m*(w) =
sgn(w). Values w = —1,-0.1,0.1, 1.

Generally it can be observed that for a very large class of nonlinearities and distributions of (W,,, W, (}\))
which are not necessarily continuous, m(w; \) is a continuous function provided that |A — A*|| > 0.
Our principle issue is to recover the pair (A*, m*(e)) from the the training set

T ={({ULY1),...,([Un, Y2}, (14.44)

where {U;} is an 4.i.d. sequence of random variables with the density function fi;(e). Owing to the semipara-
metric methodology discussed in Section 14.3 we first must estimate (for a given \) the regression function
m(w; A). This can easily be done using any previously studied regression estimates applied to synthetic data

parametrized by A :
{(WP+1()‘)7 YP+1)7 R (Wn()‘)7 Yn)} (1445)

This yields an estimate 7 (w; A) which allows one to define a predictive error as a function of only the linear

subsystem coefficients \.
Let us choose the criterion function shown in (14.14). Then, we can write the prediction error as follows:

QulN) = = 37 M(Y; — (W5 (N); A)). (14.46)

Jj=p+1

The strategy of estimating A* is now based on the minimization of Qn(/\) In this respect, the choice
M(t) = t? is the most popular and this error function will be used throughout this section. It is worth
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noting that the formula in (14.46) is the counterpart of (14.17) which is now specialized to the Wiener
system and the M-type criterion function.

14.4.1 Identification algorithms

The criterion Q,,(\) in (14.46) utilizes the same data to form the pilot estimate ri2(w; A) and to define @, ()).
This is not generally a good strategy and some form of resampling scheme should be applied in order to
separate the data into the testing and training sequencs. The former should be used to form the criterion
in (14.17), whereas the latter to obtain the estimate m(w; A). This will facilitate not only the mathematical
analysis of the estimation algorithms but also gives a desirable separation of parametric and nonparametric
estimation problems, which allows one to evaluate parametric and nonparametric estimates more efficiently.

Consider the partition strategy which reorganizes a set of training data 1" into two non overlapping subsets
that are statistically independent. Owing to the fact that the observations Y;, and Y, y,11 are statistically
independent, we define T; as the subset of training set T consisting of n; observations after deleting the
first p data points due to the memory effect. Similarly let 75 be the remaining part of T' separated from
T by the distance of length p. By construction we note that 77 and 75 are independent random subsets of
T. This is the key property which allows us to design efficient estimates of A*, m(w; A), and consequently
m*(e). We use the subset T to estimate the regression function m(w;\) whereas T, is used as a testing
sequence to form the least-squares criterion to recover the impulse response sequence A\*. Also, let I; and
I> denote the indices of data points {(U;,Y;),1 < i < n} which belong to T} and T3, respectively. Fig. 14.7
shows an example of the partition of T" into T and T. Here we have no = n2p — n;.

D ny p n2
T ———
|

Tl T2

Figure 14.7: An example of the partition of the training set 7" into independent subsets T and T.

It is clear that there other possible partitions of a training data set. In fact, the machine learning theory
principle says the testing sequence T5 should consists of independent observations, whereas the training
sequence 77 can be arbitrary. In our situation this strategy can be easily realized by choosing the testing
observations which are p + 1 positions apart from each other. Fig. 14.8 shows such a partition where only
T5 is indicated, with the remaining part of the data set (except for the first p observations) defining T7. In
this case the testing set T, is a sequence of independent random variables and ny = n/p. Note, however,
that for a linear subsystem with a long memory size p, the testing sequence can be unacceptably small.

T,

p p p p

Figure 14.8: An example of the partition of the training set 7" into subsets 77 and 75 which provides the
testing set T as a sequence of i.i.d. random variables. Only the subset T5 is shown; the remaining part of
the data set (except for the first p observations) defines 7.

In the analysis that follows, we employ the partition which divides the training set into two statistically
independent subsets, as shown in Fig. 14.7.

A number of nonparametric estimates of the regression function m(w;\) can be proposed. In Chapter 3
we studied the classical Nadaraya-Watson estimate which, when applied to the subset 77 of the data set in
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(14.45), takes the following form:
—W;(\)
Zje[l Y]K (w hj )

m(w; ) = S (wfv}sjj(x)>

: (14.47)

for a given A € A.

The recursive and semi-recursive kernel estimates which were introduced in Chapters 4 and 5 can also be
used to estimate m(w; A). The order statistics kernel estimate of Chapter 7 is particularly attractive under
the present circumstances since it is not of the ratio form. The order statistics kernel estimate is defined as

follows: We ()

(7 _

ICVEDY Y[j]h—l/ K (w “) dv, (14.48)
jel Wii—1(N) h

where, for a given A € A, {W(;)(A),j € I} is the order statistic of the data set in (14.45) confined to
observations from 77. In addition, {Y};),j € I1} is a set of the corresponding output observations paired
with {W;y(A),j € I1}.

A less accurate but computationally more attractive version of m(w; ) is

} B w— Wiy (N\)

i) = 32 V(W) = W& (22, (14.49)
jelL

The aforementioned pilot estimates of m(w; A) can now be used to form the least-squares approach to recover

the impulse response A\* of the Wiener system. Thus, the least-squares version of the criterion function in
(14.17) or (14.46) confined to the data set Ty takes the following form

QulN) = = S (Y = (Wi (s V), (14.50)

i€ly

where the classical kernel estimate (14.47) can be replaced by virtually any other nonparametric estimate,
e.g., the estimates in (14.48) and (14.49). R
A natural estimate of A* is the minimizer of Q,()), i.e., let

A= argrglelRQn()\). (14.51)

Once the estimate ) is obtained, one can define the following estimate of the nonlinear characteristic m* (o)
of the Wiener system

m(w) = m(w; \), (14.52)
where m(w; A) is virtually any nonparametric estimate of m(w;\). Let us note that we can use one non-
parametric estimate in the definition of Q,,(\) and another one (according to the prescription in (14.52)) to
recover the nonlinearity.

It is clear that the criterion Qn()\) need not possess a unique minimum and, moreover, an efficient
procedure to find the minimum of Qn()\) is required. One numerical method to determine )\ is to evaluate
the gradient vector of Qn()\), which is necessary for the application of steepest descent algorithms. Hence,
let us define the np-dimensional vector p(A\) = (p;()),i € I>)T, where,

pi(A) =Y —m(W;(A); A). (14.53)

Owing to our normalization imposed on A € A we may identify A as a vector in RP. Then, direct differentiation
of @, () yields,
0Qn(N)
O
where G(\) is the ny x p matrix with the (7, j) entry given by 0p;(\)/0N;, @ € Iz, j = 1,...,p. The evaluation
of the function p;(A) in (14.53) and its derivative,
Opi(A) _ 9m(Wi(A); )

o, N,

=2n'GT(N)p(N), (14.54)
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can be conducted for specific nonparametric estimates m(w; ). It is a relatively easy task to evaluate the
derivative for the order statistics kernel estimate in (14.49) and it is a bit more complicated for the classical
kernel estimator in (14.47).

To ease the computational burden we can apply the iterative algorithm introduced Section 14.3. This
requires determining for a given A©l) the minimum of the partially specified criterion,

5 () = & i (w0 A ,
@n(N) mg{n (i)} (14.55)

The gradient of Q,,()\) is given by formula (14.54) where,
i\ =Y; — ( () Al 01d>) (14.56)

and,

, o (Wi (A); ACID
Qo) _ _ ( ) (14.57)
o\ ax

Calculation of the derivative of ¢;()) is now straightforward. Indeed, for the estimate (w; A) in (14.47) we
have

90iN) _ =) (- (0. 1O 7.
S = i (WZ()\),/\ )Uz, (14.58)

where 7™ (w; \) = dm(w; \)/dw and U; = (Ui_1,...,Ui_,)7T.
Concerning the order statistics estimate m(w;\) in (14.49) we have,

dpi(N) ~ (1) . sld)) T
= i (Wl()\),)\ )U

where

(14.59)

~ 8m (w; ) _
) (w; ) = =D Vi (W) = Wi O)h 2K ( 7

Jj€n

w — W(j)(/\)) '

Summarizing, we can propose the following efficient algorithm to minimize Q,, (N):

Step 1 For a selected estimate m(w; \) of the regression function m(w; A) specify an initial value A©ld) anq
A (old))'

set m(w; A
Step 2 Choose A9 and iterate for t = 0,1,2,...
AGD = XD — 4, GT(A®)p(AD),
where () is the ng-dimensional vector such that
0i(\) = Y; — m(W;(A); A€y e,
and G()) is the ny x p matrix with the (7, j) entry given by

8901‘()\)_ A (1 old
o, — ()( J(N); Al ))

—js iEIQ,jZl,...,p
Stop iterations once two successive values of Q,,(\) in (14.55) differ insignificantly (quantified by a
given small number € = 10~%). This produces a new A1€W),

Step 3 Use the obtained AW from Step 2 to update riu(w; ACID) e we get m(w; ADEW),

Step 4 Iterate between the above steps until the criterion function Q,,(\) in (14.50) does not change signif-
icantly.
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There are various ways to refine the above procedure, and some additional comments on the implemen-
tation are provided below.

Remark 14.1 We can speed up the algorithm by employing some preliminary estimate of \*, rather than

selecting an arbitrary Aold) - oy instance, we can use the following correlation estimate of \*, as shown in
Chapter 9,
n
soldy _ Zjmern Uins¥s
£ - n ) Rt A i
’ >i—1UjY;

It is worth noting that ;\gOZd) s a consistent estimate of X% provided that the input signal s a white Gaussian

process (see Chapter 9). If the input process is at least close to being Gaussian, this choice for j\gOZd) may
drastically reduce the number of iterations required in the algorithm.

Remark 14.2 The algorithm uses a kernel estimate which, in turn, needs the selection of the bandwidth
parameter h. Due to the splitting strategy, our criterion Qn(N\) or its simplified form Qn()\) are already in
the form of a predictive error, and we can incorporate the bandwidth into the definition of our criterion.

Hence, we can use
~ 1 « 2
) — e T .(old>)}
QuAih) = > {1@ (W, ()\),)\
i€ly
as the criterion for selecting both X and h.

Then, in Step 1 of the algorithm we should select an initial value of h, and in Step 2 apply a simple
search algorithm (not necessarily based on the derivative 9Q,(\;h)/Oh) to find an improved value of h. A
value of h obtained in this manner can serve as the bandwidth for the final estimate in (14.52) of the system
nonlinearity.

Remark 14.3 The above procedure needs the derivative Om(w;X)/Ow of the kernel estimates. This can
easily be obtained as, e.g., in (14.59). Nevertheless, smooth kernel functions are required here. The following
are the second order kernels (see Chapter 3) which have two, three and infinity number of derivatives,
respectively:

15

K@) = a1l < 1),
Ky(z) = %(1—3x2+3m4—x6)1(|x|§1),
Ky(z) = (2m) Y2 /2,

Fig. 14.9 depicts these kernels.

14.4.2 Convergence analysis

This section is concerned with the convergence analysis of the identification algorithms A and m(e) proposed
in (14.51) and (14.52), respectively. We will employ the basic methodology established in Section 14.3.1.

Let fiy (o) and fu (e; A) be density functions of random processes {W,,} and {W,, ()}, respectively. Note
that fu(e) and fy (e; \) always exist since are they are obtained by the (p+ 1)-fold convolution of the scaled
version of fy7(e) — the probability density function of the input process. In the subsequent sections we give
sufficient conditions for the convergence of A and 7(e).

A: Parametric estimation

Owing to the results in Section 14.3.1 we can extend a definition of the least-squares estimate to a class of
minimizers that nearly minimize Q,()), i.e. (see (14.26)),

@n(A) < inf Qu(X) +en, (14.60)
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Figure 14.9: Smooth kernel functions.

for any random sequence {¢,} such that e, — 0,(P). As we have already noted, (14.60) implies that
Qn(N) < Qn(X*) + &, and this is sufficient, for the convergence of A in (14.60) to A*.

The decomposition of @, ()) into the terms defined in (14.28) and (14.29) needs an average of Q,()).
Due to the independence of the sample sets T} and T3 we have,

Q) = E{Qu(N)[T1} = E{(Y; — m(Wi(\); \))?|T1}, (14.61)

where (W;(A),Y:) is a random vector which is independent of Tj. The definition of m(wj; A) in (14.42) and
the fact that the noise is independent of {Y,,} yield:

QW) = EZ}+ E{(m(Wi(\);\) —m" (W)}
+ E{(n(We(A); A) = m(We(A); N))?|Th}- (14.62)

The last term in the above decomposition represents the integrated squared error between the kernel estimate
m(w; A) and the regression function m(w; A). Using Lemma 14.5 of Section 14.8 and the techniques developed
in Chapter 3 we can easily show that under the standard assumptions on the kernel function and the
bandwidth sequence {h,,} (see Assumptions A4 and A5 listed below), the last term in (14.62) tends (P) to
zero. Since, moreover, Q,,(\) converges (P) to its average Q()) for every A € A then we may conclude that:

Qn(N) = Q(N), (P) for every X € A, (14.63)

where,
Q) = EZt2 + E{(m(W(A); A) — m*(Wt))z}. (14.64)

This asymptotic criterion can be now used to characterize the true impulse response function A\*. In fact,
since Q(\*) = EZ?, we have Q(A\*) < Q(A), A € A. Nevertheless, \* need not be a unique minimum of
Q(A). Indeed, the second term in (14.64) is equal to zero for such A values which belong to the following set:

S ={\e A: P{m*(W,) = E(m*(W,)|[W,(A\)} = 1}. (14.65)

This set defines all possible values minimizing Q(X) and it is clear that A* € S.

The property P{m*(W}) = E(m*(W;)|W¢(\))} = 1 may hold for other A values, but this happens in very
rare cases. Note, however, that S = RP*! if m*(e) is a constant function. Excluding this singular situation
we may certainly assume that Q(\) has the unique global minimum at A*. This assumption will be applied
throughout our convergence theory.

The following formal assumptions are required for consistency:

A1l Let the density fy(e) of the input process be a continuous function bounded away from zero on some
small neighborhood of the point u = 0.
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A2 Let m*(e) be a non-constant continuous function defined on the support of the random process {W,,}
such that E|lm*(W,)|? < co.

A3 Let the space A = {\ € RPT! : )y = 1} of all admissible impulse response functions be a compact
subset of RPT!.

A4 Let the kernel function K (e) be continuous and satisfy the following restriction:
k11, (w) < K(w) < kol g g)(w),
for some positive constants r < R, ky < ko.
A5 Let the smoothing sequence {h,} be such that h,, — 0 and nh, — 0 as n — oc.

The kernel function satisfying Assumption A4 is called a boxed kernel and there is a large class of kernels
that may be categorized as such.

The following theorem gives conditions for the convergence of the identification algorithm defined in
(14.60) to the true impulse response function A*. The formal proof of this result relies on the verification of
conditions (14.31) and can be found in Section 14.8.

Theorem 14.3 Let \ be any estimate defined in (14.60) and let \* be a unique minimizer of the limit
criterion Q(N). Suppose that Assumptions A1-A5 hold. Then we have,

AN (P).

~ The critical part in proving this theorem is to show the uniform convergence of Q"()\) to its average
Q(N), i.e., that,

sup |Qn(A) — Q(\)| — 0,(P) asn — oc.

AEA

Such a property is often called Glivienko-Cantelli. This is the property of a set of functions,
{(Y —m(W(A);A)% A€ A, (14.66)

which defines the criterion Q,(\). In (14.31), simple sufficient conditions for the class to be defined as
Glivienko-Cantelli are given.

If stronger requirements are imposed on (14.66), e.g., that the nonlinearity m*(e) and the noise process
{Z,} are bounded, then the set in (14.66) is of the Vapnik-Chervonenkis type. This allows one to show the
following exponential inequality:

Y {Sup Qn(N) = Q)| 2 6IT1} < en)e 0", (14.67)
AEA

for every § > 0 and some « > 0. The sequence ¢(n) is known to not grow faster than a polynomial in n. It
is worth noting that bound (14.67) holds uniformly over all training sequences T of size ny. The important
consequence of this is that the accuracy of the estimate A does not depend critically on the training sequence
T7. Hence, the training sequence can be quite arbitrary, whereas the testing part T5 of the training set should
be as independent as possible. This observation would favour the resampling scheme shown in Fig. 14.8.

Theorem 14.2 gives the general result concerning the rate of convergence of generalized least-squared
type estimates of unknown parameters of a semiparametric system. This, combined with the consistency
A 55 A*(P) obtained in Theorem 14.5, allows us to evaluate the rate of convergence of the estimate A.

In fact, first we must verify that the asymptotic criterion Q(\) in (14.64) admits the second-order Taylor
expansion at A = A*. It is clear that by the optimality of \* we have 9Q(A\*/OX = 0. Then the second
derivative of Q(\) at A = A\* exists if additional smoothness conditions are placed on the input density fi (o)
and nonlinearity m*(e). This can be formally verified using Lemma 14.3 from Section 14.8. As a result we
must strengthen Conditions A1 and A2 and assume that fy(e) and m™*(e) have two continuous bounded
derivatives.
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Yet another requirement in Theorem 14.2 is that the mapping A — (Y; — m(W;(A);A)2, i € I is
differentiable at A = A\*. Note that the derivative of the mapping is given by,

O (Wi(A); A)
O '
A bound for the term |Y; — m(W;(A); A)| in (14.68) that is uniform with respect to A can be found using the
technique which was used in the proof of Theorem 14.3, see Section 14.9.3.
Furthermore, to bound the term 9 (W;(\); A)/OX in (14.68) we note that
In(Wi(A); A)
oA

—2(Y; — m(Wi(A); A)) (14.68)

=mDWi(A\); VU, + > D (Wi(A); AUy,

Jjel

where mM) (w; \) = dm(w;\)/Ow and U; = (U;,Ui_1,...,U;_,)T. The formula for D;(w;)) is given in
(14.71) with A\* and W; replaced by A and W;(\), respectively. Then we can proceed as in the proof of
Theorem 14.5 and conclude that the conditions of Theorem 14.2 are met. All these informal considerations
lead to the following theorem.

Theorem 14.4 Let all the assumptions of Theorem 14.3 be satisfied. Let the derivative K1) (o) of the kernel
function exist and be bounded. Suppose that fy(e) and m*(e) have two continuous bounded derivatives.
Then for any sequence of estimators A that satisfy (14.60) with ne, — 0(P) and such that X =5 \*(P)

we have .
A=\ +0p(n~?).

This result shows that the semiparametric least-squares estimation method can reach the usual /n
parametric rate of convergence. Nevertheless, additional smoothness conditions on the input density and
system nonlinearity are required. On the contrary, the correlation type estimators of \* can reach the \/n rate
without virtually any assumptions on the nonlinearity and the system memory. The critical assumption,
however, was that the input signal is Gaussian. In Remark 14.1 we discuss how to combine these two
estimation methods in order to reduce the computational cost of the least-squares estimate. It is also worth
noting that the correlation estimate is given by an explicit formula whereas the least-squares method is not.
In Section 14.7 we give another class of parameter estimators which can be given by direct formulas. They
can be applied to only a limited class of semiparametric models but their ease of use make them an attractive
alternative.

B: Nonparametric estimation

The estimate A of the linear subsystem found in the preceding section allows one to define an estimate of
m*(e) as in (14.52), i.e., 7(e) = 1(e; A), where 1i(e; A) is the kernel estimate defined in (14.47). The first
step in proving the consistency result for 7i(e) is to apply the decomposition in (14.38). The convergence of

the second term in this decomposition, i.e.,

m(e; A) —m*(e) 50, (P), (14.69)
represents the classical problem in nonparametric estimation. In our case the output process is p-dependent,
i.e., the random variables Y; and Y; are independent as long as i — j| > p. This observation and the result
of Lemma 14.5 in Section 14.8 yield (14.69); see the proof of Theorem 14.5 in Section 14.8.

Concerning the first term in (14.38), note that we wish to apply the linearization trick with respect to
A — \*. To do so, let us write the kernel estimate 7(w; \) in (14.47) as follows:

i(w; \) = (14.70)

where #(w;\) = ny'h~! >jen VK (%ﬂ(k)) and f(w;\) = nyth! ZJEIIK(%"(’\)) Note that

f(w; A) is the kernel estimate of the density function f(w;\), whereas m(w; ) is the kernel estimate of

m(w; A) f(w; A).
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Now using (14.70) and recalling that W (A*) = W; we can express the derivative of 7(w; A*) with respect
to Wj, j € I as follows:

, (14.71)

Dj(w) =ny 'h2KW (w 7 Wj) (Wi A) = Y f(wi A)

h F2(w; A*)
where 7(w; A*), f(w; \*) are defined as in (14.70) with A = A\*. Here K (w) denotes the derivative of the

kernel function.
Next, let us note that

p
Wi(A) = W;(A) => (M= AU, jeTn
t=1

Then we can approximate m(w) — m(w; A*) by the first term of Taylor’s formula,

Y D)W (A) = Wi (A7) = (A = A7) A (w),

Jjel t=1

where,

Avn(w) =Y Dj(w)Uj—,

for 1 <t <p.
Since by Theorem 14.3 we have that \; — A} —> 0(P) it is sufficient to show that the stochastic term
Agn(w) tends (P) to a finite function as n — oo. Let us note that by the technical considerations (see

Section 14.8) that lead to the consistency result in (14.69), we have that f(w;A*) and #(w; \*) converge (P)
to fw(w) and m*(w) fw (w), respectively. By these convergences and (14.71) we see that the term A, ,(w)
is determined by the following two expressions

1 w — W
T S e [
Jjel

— W,
nl_lh72 Z KO <whj> Y;Uj_4.
Jj€h

JQ(’LU)

Since the term Jy(w) is more general (setting Y; = 1 gives Ji(w)) it suffices to examine that term. Let us

start by noting that
9 -
= — 14.72
Bw) = Ao Ja(w), (14.72)

where,

_ o w— W;
Jo(w) =ny ' ht Z K ( - J) YiX; s
jely
In Section 14.8 we show that, -
Jo(w) = m*(w)a(w), (P), (14.73)

where a(w) is some finite function. The convergence (P) of Jo(w) implies the convergence (P) of the
derivative due to the general result presented in Lemma 14.3, i.e., (14.72) and (14.73) yield

Ta(w) 2 S (w)aluw)}, (P).

The aforementioned discussion explains the main steps used to prove the convergence of the estimate r(w)
defined in (14.52) to the true nonlinearity m*(w). More technical considerations necessary for establishing
the results in (14.69) and (14.73) can be found in Section 14.8.

Note that the linearization technique requires some differentiability conditions both on the system char-
acteristics and the kernel function. Hence we need the following additional assumptions:
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A6 Let fy(e) have a bounded and continuous derivative.
A7 Let m*(e) have a bounded and continuous derivative.

A8 Let the derivative K(1)(e) of the kernel function exist and be bounded.

All these considerations lead to the following convergence result for the nonlinear subsystem identification
algorithm.

Theorem 14.5 Let 1iu(e) = 1iu(e; \), where r(e; \) is the kernel regression estimate defined in (14.47). Let
all of the assumptions of Theorem 14.3 hold. If, further, Assumptions A6, A7, and A8 are satisfied then
we have,

m(w) — m*(w),(P), asn — o0

at every point w € R where fy (w) > 0.

The conditions imposed in Theorem 14.5 are by no means the weakest possible and it may be conjectured
that the convergence holds at a point where fy (w) and m*(w) are continuous.
In the proof of Theorem 14.5 we have already shown that m(w) — m(w, A*) is of order,

Z(S\t - /\t) At,n(w)7

t=1

n

where Ay, (w) — Ay(w)(P), some finite function A;(w). Then due to Theorem 14.4 we have that
m(w) —m*(w) = {m(w; \*) —m*(w)} + Op(n~1/?). (14.74)

Hence, the rate of convergence of m(w) to m*(w) depends merely on the speed at which the first term on the
right-hand-side of (14.74) tends to zero. This is, however, an usual problem in nonparametric estimation.
Indeed, the rate is controlled by the smoothness of the nonlinearity m*(w) and density fy (o). Note that
the smoothness of fy (o) can be inferred by the smoothness of fi;(e). The smoothness required to get the
second term in (14.74) is described in Theorem 14.4. Since we have assumed that fi7(e) and m*(e) have two
continuous bounded derivatives, then by standard analysis described in Chapter 2 we may readily obtain
that 1 (w; \*) — m*(w) = Op(n~2/°), provided that the kernel function is even. Consequently, we come to
the following theorem.

Theorem 14.6 Let all the assumptions of Theorem 14.4 and Theorem 14.5 be satisfied. Suppose that the
kernel function is even. Then we have

m(w) = m*(w) + Op(n=%).

14.4.3 Simulation examples

In order to illustrate the practical usefulness of the theoretical results obtained in the preceding section, this
section gives some simulation examples. We use the Wiener model in which the linear dynamic subsystem
is given by,

w,, =U, +0.8U,,—1 — 0.6U,,—_s + 0.4U,,_3. (1475)

The nonlinear part of the model is represented by the characteristics m7(w) = arctan(2w) and m3}(w) = |w],
where || denotes the rounding function. Hence, two different Wiener models are taken into consideration,
one with a smooth nonlinearity (mj(w)) and the other with a nonlinearity having discontinuities (m3(w)).
The input excitation {U,} is a uniformly distributed random sequence on the interval [—3, 3]. The output is
corrupted by a noise signal which is uniformly distributed on [—¢, ¢], where ¢ is selected such that ¢ = 0.1-gmax,
in which gmax is the maximum of the nonlinear characteristic. Both the pilot kernel estimate (14.47) and
the final estimate in (14.52) utilize the Gaussian kernel K (w) = (27)~!/? exp(—w?/2) and the bandwidth
sequence h = nfl/ ®_ In order to assess the accuracy of our estimation algorithms we employ two kinds of
estimations errors:
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e The error assessing the accuracy of the identification algorithm of the linear subsystem,

Err()\):l L H;m Y

L2 ¥

(14.76)

where L is the number of experimental runs and A is the value of the estimate \ obtained in the i-th
experiment.

e The global estimation error of the nonlinear part
~ * ) ~ 4] YY) 2
MISE(rh) = — E E (m*(w;) — Mm% (w;; N))=, (14.77)

where {w; : j = 1,...,T} are points equally spaced in the interval [—8.4;8.4]. The number 8.4 is
selected because |[W,,| < 8.4. In all experiments we use L = 10 and 7' = 1000. In all our numerical
results the error MISE(r) is given using a logarithmic scale.

In the first simulation example we study the rate of convergence of both of the errors, i.e., the speed at
which Err(\) and MISE(7n) tend to zero as the sample size n increases. The results are shown in Fig. 14.10
where n ranges from 10 to 200. The subsets T, T5 of the training set 71" are of equal size, i.e., they each have
0.5n — 3 data points. It is apparent that the smoothness of the nonlinearity has a significant influence on the
accuracy of the proposed identification algorithms. Indeed, the smoother the nonlinearity is the faster is the
speed at which Err(j\) and MISE(7h) tend to zero. It is worth noting that in the case of characteristic m}(w)
the estimation error Err(j\) for the linear part tends to zero faster than the error MISE(7h) assessing the
nonlinearity estimate. This is consistent with our convergence results. In fact, m%(w) meets the conditions
of Theorem 14.3 (see comments that were presented below Theorem 14.3), whereas it does not satisfy
Assumption A7 .

In the next experiment we investigate the issue of data splitting, i.e., how to choose n; and ny for a fixed
value of n. The subsets 71 and Ty are arranged as in Fig. 14.7. Actually, this is not an optimal partition
of the training set and this interesting issue will be examined elsewhere. Fig. 14.11 shows the errors Err(})
and MISE(r) versus np, the size of the training subset T3, where n; ranges from 5 to 195. The size of the
whole training set is n = 200. Note that ny = n — 2p — ny, where p = 3 in our case. It is clear from our
results that there is a wide range of n; for which the quality of the estimate A does not change. On the other
hand, a large value of n; can reduce the accuracy of 5\; a large ny improves the precision of the pilot kernel
estimate in (14.47) but it results in the small value of ny yielding a poor least-squares estimate as defined
in (14.51). A small n; also has a negative influence on the pilot kernel estimate used in (14.50) and as a
result gives a large value of the criterion Qn()\) An analogous trade-off can be observed for the nonlinear
characteristic estimation. As a practical recommendation we can use ny = ne = 0.5n — p, which is equal to
97 in our experimental set up.

14.4.4 Extensions

Thus far we have examined the one channel Wiener system with a finite memory and the univariate non-
linearity. We have employed the semiparametric approach to identify the parametric and nonparametric
parts of the system. This strategy can be further extended to other types of Wiener systems. Among many
possible alternatives we single out a multiple-channel model with separate dynamical parts and a common
nonlinearity. A two-channel version of this particular class of Wiener systems is shown in Fig. 14.12. This
model is important since it can be shown that any general class of nonlinear systems, which satisfy the so-
called fading memory property, can be approximated by the aforementioned multiple-channel Wiener model.
A system has fading memory if two input signals which are close in the recent past, but not necessarily close
in the remote past, yield present outputs which are close. This property aims at strengthening the concept
of system continuity and assures us that the system “forgets“ initial conditions. Clearly any system with a
finite memory meets this property.

It is worth mentioning that the inverse regression approach examined in Chapters 9-11 would be difficult
apply to the multiple-channel Wiener model. On the other hand, this model can be easily identified within
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Figure 14.11: Estimation errors Err(\) and MISE(1h) versus n; with a fixed value of n, n = 200.

the semiprametric framework examined in Section 14.3. Hence, without loss of generality, let us consider
the two-channel system depicted in Fig. 14.12 , i.e., we have,

p p
Yo=m" [ > AN iUn-is > A5 Unj | + Zn, (14.78)
i=0 j=0

where A\] = {A];,0 <7 <p}and A5 = {\5,;,0 < i < p} are unknown parameters and m*(e, ®) is an unknown
nonlinearity.

The first important issue, similar to that studied for the single input Wiener model, is whether the
parameter A* = (A},\;) € R®, s = 2p + 2, is identifiable. The previous normalization A1 g = Az = 1
is not sufficient in this case; we must further restrict a class of admissible impulse response sequences and
nonlinearities. Concerning the parameter space of all admissible impulse response functions we assume that
A € A C R® for A being a compact subset of R®, where A = (A1, A2).

Generally we can only identify a linear subspace spanned by (A, A\5). To be able to identify the individual
parameters we can assume that A7 and A} are not collinear. Furthermore, assume that m*(e, e) is not a
constant function and that the derivatives of m*(wy, w2) with respect to each of the variables are not linearly
dependent. This assures us that the nonlinearity is sufficiently far from being constant and linear.

The solution of the identification problem for the model (14.78) is now straightforward. Indeed, we can
follow the ideas developed in Section 14.4 starting with an important concept of the optimal predictor of the
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Figure 14.12: The generalized two-channel Wiener model.

output signal for a given A € A,
m(wy, wa; A) = E{Y,|W1 n(A1) = w1, Wa ,(A2) = wa}, (14.79)

where W1, (A1) = > A1, Up—i and Wa,(X2) = Z?:o A2 Un—j. We have the obvious constraints
Wi n(AY) = Wi, Wan(Xs) = Wa,, and m(wr, we; A*) = m*(wi,ws). Next, using the partition strat-
egy of the training set shown in Fig. 14.7 | the regression function m(wi,ws; \) can be estimated by the
two-dimensional version of the kernel estimate,

w1 —Wiq j (A wo—Ws (A
Zje[lyjK< 1 }3,‘]( 1)) K( 2 5.1( 2))
T o (BT e ()

for a given A = (A1, A2) € A. See (14.47) for the one-dimensional version of this estimate. This allows us to
form the least-squares criterion for the estimation of A; hence we have,

m(wy,we; A) =

(14.80)

1 X
A= argmin ;{Yi — (Wi (A1), Wai(A2); )} (14.81)

The corresponding estimate of m*(wq,ws) is defined as follows:

m(wy, we) = m(wy, wa; N). (14.82)

An efficient computational algorithm, identical to that in Section 14.4.1, for finding A can be easily worked
out.
The convergence analysis analogous to that given in the proof of Theorem 14.3 and Theorem 14.4 leads
to the result, R .
A=A+ 0,72, X =5+ 0,(n1?),

where we need to assume that fy(e) and m*(e,e) are twice continuously differentiable. Then the reasoning
leading to the results of Theorem 14.5 and Theorem 14.6 readily yields,

m(wy,ws) = m*(wy, wy) + Op(n~"1/3), (14.83)

where fy(e) and m* (e, e) are twice continuously differentiable. Note that the rate in (14.83) is slower that
that for the one channel Wiener system, see Theorem 14.6. This is due to the fact that we are estimating a
bivariate function for which the rate is slower than for an univariate one, see Chapter 13.

The following general d-channel Wiener system,

p p
Yo =m" (> AN Un-ire oy » N Uncj | + Zn, (14.84)
i=0 j=0

can be tackled in the identical way. It is worth noting that the system in (14.84) corresponds to the network
which, as we have already mentioned, can approximate any nonlinear system with the fading memory
property. In this theory, the choice of the order d is controlled by the fading memory assumption and
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generally, the larger value of d, the smaller the approximation error. However, this is true only in the
deterministic theory, whereas in the case of random data we must estimate the parameters (Af,..., A}) and
the d-dimensional function m*(e, ..., e). The model order d should also be a part of the estimation problem
since an optimal order is expected to exist for training data coming from an arbitrary nonlinear system which
meets the fading memory assumption. This is an example of the modeling-estimation tradeoff quantified by
the balance between the approximation error and the variance of the estimates.

In fact, due to the curse of dimensionality, the general model (14.84) is unlikely to be useful when d
is large. As a matter of fact, the function m*(e,..., ®) can be estimated at the rate Op (n‘2/4+d)) (see
Chapter 13), and this is a very slow rate for large d. A possible remedy to overcome this dimensionality
problem is to examine an additive approximation of (14.84), i.e.,

d

p
Y, =Y m; (Z A:JU,L_Z») + Zp, (14.85)
r=1 =0

where {m}(e),1 < r < d} are univariate functions.

The model in (14.85) is a dynamical counterpart of projection pursuit models extensively studied in the
statistical literature for low dimensional representations of multivariate regression. In this static set up it has
been demonstrated that the projection pursuit regression can approximate any d-dimensional function [85]
which is sufficiently smooth. To the best of the authors‘ knowledge, there is not such a result in the context of
dynamical systems. The system in (14.85), however, is difficult to identify, i.e., to estimate all {\, 1 < r < d}
and {m?(e),1 < r < d}. We explain this issue in the next generalization of the semiparametric Wiener model.

As we have already mentioned in Chapter 13 it is an interesting issue to examine various multivariate
extensions of block-oriented models. Here, we consider the following counterpart of the Wiener model (14.78)
with two-dimensional input {(Uy ,,Us.)} (see Fig. 13. xxx),

p p
Yo =m* (O A Uinis Y A3 ;Uzinej) + Zn. (14.86)
i=0 j=0

An estimation method for recovering (A}, A5) and m* (e, e) is identical to the algorithm outlined above.

The d dimensional generalization of (14.86) can be easily written down. A practical strategy is to consider
a one-dimensional additive approximation of (14.86) (or its d— dimensional version) depicted in Fig. 14.2.
Using our modified notation that emphasizes the true value of the model characteristics, we write the input-
output formula for the additive system as follows:

p p
Y, =m? (Z A;Z.ULM> +ms | Y N Usmj | + Zn. (14.87)
=0

=0

Now we wish to estimate (A}, A\3) and mj(e), m5(e).
This identification problem can be solved by mixing the semiparametric methodology and the marginal
integration method used for additive models in Chapter 13. In fact, we begin with the projection function,

m(wl, w23 )\) = E{Yn|Wl7n(>\1) = w1, ngn(Ag) = U.)Q}, (1488)

where we used the standard notation,

P P
Win(A1) = Z)\l,z‘Ul,n—ia Wan(A2) = Z)\Q,jUQ,nfjo (14.89)
i=0 =0

It is worth noting that, due to the dependence between {U; ,,} and {Us,,}, we cannot write m(wy,ws; A)
as an additive function. This, however, does not bother us since Wy ,,(A}) = Wi, Wa ,(A5) = Wa,,, and
therefore,

m(w1,wa; A*) = mi(wy) + m3(ws). (14.90)

This fundamental identity allows us to recover all the components of the model in (14.87).
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The parametric part of (14.87), i.e., estimating A\* = (A}, A}), is done in exactly the same way as in
(14.81), where the kernel estimate m(wi,w2;A) of m(wy,we;A) is defined in (14.80) with Wi ;(A1) and

W i(A2) being defined in (14.89). This yields the least squares estimate A of A*.
The consistency A — \* (P) can be established along the lines of the proof of Theorem 14.3. If this is
the case we can anticipate (see the proof of Theorem 14.5) that,

m(wy, wa; A) — m(wy, wa; X*)(P). (14.91)

Owing to (14.90) the limit function is equal to mj (w1 )+mj(wsz). Hence, it remains to recover the individual
components mj(e) and m3(e) of the additive form. This can be achieved by the marginal integration method
discussed in Chapter 13. We can define the following marginal integration estimates of mj(w) and m3(ws),

s (1) / in(wn, was M) (ws)dews,

T?LQ (wz)

o0
/ m(wy, we; \)Y(wy)dwy, (14.92)
—0o0

for a given weight function ¥ (w).

Using the results of Chapter 13 along with (14.90) and (14.91) we can prove that the estimates in (14.92)
converge to m;(e) and mj(e), respectively. This leads to a complete solution of the identification problem
of the additive Wiener model using the semiparametric least squares method combined with the marginal
integration technique for resolving additive models. Nevertheless, in Section 14.7.3 we present another
identification method that gives direct estimates of \*.

14.5 Statistical inference for semiparametric Hammerstein mod-
els

In Section 14.2.1 we introduced a semiparametric low-dimensional version of the multiple input Hammerstein
system, see Fig. 14.1. The input-output relationship for this d-dimensional system, see (14.4), is given by,

p
Y, = Z Ng*(YTU ) + Zn, (14.93)
{=0

where \* = {)\,0 <7 < p} and v* = {7},1 < j < d} are unknown parameters, and g*(e) is a single variable
function representing the nonlinearity of the system. The identifiability of the system forces us to normalize
the parameters (see Section 14.2.1) such that A§ = 1 and 77 = 1. Furthermore, g*(e) need not be a constant
function and E{g*(v*TU,,)} = 0. We also assume that the input signal {U,,} constitutes a sequence of iid
random vectors with the density function fy(e) defined on RY.

As we have already noted in Section 14.2.1 the impulse response function A\* of the linear subsystem can
be estimated via the correlation method (see (14.5)) independent of v* and g*(e). On the other hand the
problem of recovering v* and g*(e) can be treated by the semiparametric method.

Let © = {(A\,7) : Ao = 1,71 = 1} be a parameter space which is assumed to be a compact subset of
RPta+1. For a given (\,7) € © let us define the regression function,

g(w;y) = E{Y, 7" U, = w}. (14.94)
This, due our normalization, is equal to,
E{g*(v"Un) " U, = w}.

Note that g(w;~) is independent of A and also that g(w;y*) = ¢*(w). Hence, for a given (\,v) € © we
can eliminate the dependence of the estimation problem on g*(e) by estimating g(w;~) using the kernel
regression method,

w—yTU;
Z‘jelly}K( ’)}/L ])

w— TUJ' ’
jen K (252

g(w;y) = (14.95)
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Figure 14.13: Semiparametric nonlinear parallel model.

where we again used the partition scheme to divide the training set into two independent subsets (see
Fig. 14.7).

Employing the kernel regression estimate allows us to form the least squares criterion for selecting the
parameter (A,7y) € ©. Hence, we have,

2
. 1 L T
@n(X7) = — Z (Yi > Mgy Um)> ‘ (14.96)
i€l £=0
Thus, we define the estimate of the system parameters as follows:
(\,4) = argmin Qn (X, 7). (14.97)
(Ay)€o

Once the estimates (X,’y) are obtained we can define the following nonparametric estimate of the system
nonlinearity:

3w) = glws).
Since we can show that (,4) tends to (A\*,7*) (P) (see Section 14.3.1) it is expected that §(w) tends to
g*(w). We leave it to the reader to fill in the missing points in the consistency proofs.

It is worth noting that if we use the correlation based type of estimate for A* then we can simplify
Qn(A,7y) in (14.96), as follows:

p 2
Qn(’)/) = 732 2[: < Z;) ’Y Uu’Y ) )
1el2 =

where ) is the correlation estimate of A*. The estimate of 4* is now defined as the minimizer of @, (7).

14.6 Statistical inference for semiparametric parallel models

In our final example concerning the use of the semiparametric least-squares method let us consider the
parallel system introduced in Section 12.1.1. In the current framework, this system (shown in Fig. 14.13)
has the following input-output description:

p
Yo =m*(Un) + > NiUn—j + Zn. (14.98)
j=0

The identifiability condition for this system is that A\j = 1 (see Chapter 12). Hence, let A = {\ € RPT!:
Ao = 1} be a set of all admissible parameters that is assumed to be the compact subset of RPT.

The semiparametric least squares strategy begins with the elimination of the nonlinear characteristic
from the optimization process. To this end let,

P
N =3 AUn_j, (14.99)
7=0
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be the output of the linear subsystem for a given A € A. Clearly W,,(A*) = W,,. Next, let
m(u; \) = E{Y,, — W,(M)|U,, = u} (14.100)

be the best model (regression function) of m*(u) for a given A € A. Indeed, the signal Y;, — W, (\) — Z, is
the output of the nonlinear subsystem for A € A. Noting that,

P
m(u; \) )+ (A =) E{Un—;|U, = u},
7=0
we can conclude that m(u; A*) = m*(u). For a given training set T = {(U1,Y1),..., (U, Y,)} we can easily

form a nonparametric estimate of the regression function m(u; A). Hence let,

(nh) Py (Y — W) K (25E2)

fin(u; \) = S , (14.101)
(nh)=1 320, K (*57)
be the kernel regression estimate of m(u; \).
The mean-squared criterion for estimating A* can now be defined as follows:
Qn(\) =nt Z (Y — m(Ug; N) — Wi (M) (14.102)

t=p+1

The minimizer of the prediction error Qn()\) defines an estimate A of A*. As soon as A is determined we can
estimate m*(u) by the two-stage process, i.e., we have,

mu) = m(u; ). (14.103)

Thus far we have used the same data for estimating the pilot regression estimate m(u; \) and the criterion
function Qn(A) This may lead to consistent estimates but the mathematical analysis of such algorithms is
lengthy. In Section 14.4 we employed the partition resampling scheme which gives a desirable separation of
the training and testing data sets and reduces the mathematical complications. This strategy can be easily
applied here, i.e., we can use the subset 77 of T to derive the kernel estimate in (14.101) and then utilize
the remaining part of T for computing the criterion function Qn()\)

For estimates of A and m(u) obtained as outlined above, we can follow the technical arguments given
in Section 14.4.2 and show that A > X\*(P) and consequently 7h(u; \) — m(u; \*) = m*(u)(P). We omit
details of this convergence analysis but this should now be easily accomplished by the reader.

The minimization procedure required to obtain A can be involved due to the highly nonlinear nature of
Qn()\) A reduced complexity algorithm can be developed based on the general iterative scheme described

in Section 14.3. Hence, for a given X(Old), set m(u; S\(Old)). Then we form the modified criterion,
- P R 2
GuN)=n"" Y (y; — (U Ay Wt()\)) , (14.104)
t=p+1
and find
y(new) _ A
A arg min Q (A).

Next, we use AP€W) to get mm(u; AM€W)) and iterate the above process until the criterion Q,(\) does not
change significantly.

It is worth noting that W3()) in (14.104) is a linear function of A and therefore we can explicitly find
A@EW) that minimizes Qn( ). Indeed, this is the classical linear least squares problem with the following
solution

Amew) — (yTu)-tu’o, (14.105)

where O is the (n — p) x 1 vector with the ¢-th coordinate being equal to Y; — i (Uy; X(Old)), t=p+1,...,n
Uisa (n—p) x (p+1) matrix, U = (U], ,,..., U)T, where Uy = (Uy, ..., Up_p)".
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We should note that the above algorithm can work with the dependent input process {U, }. However, if
{U,} is a sequence of i#id random variables, then the result of Chapter 12 gives a simple way of recovering
A* and m*(u). Hence, we observed that,

*

_cov(Yy,,Un_j)

t = =1,...
Vi Var(UO) ] Y 7p?

and
m*(u) = E{Y,|U, = u} — u.

Empirical counterparts of cov(Y,,U,—;), var(Up), and the regression function E{Y,|U, = u} define the
estimates of the system characteristics (see Chapter 12). Although these are explicit estimates, they are
often difficult to generalize in more complex cases. On the other hand, the semiparametric approach can
easily be extended to a large class of interconnected complex systems.

14.7 Direct estimators for semiparametric systems

The least squares estimates of the parametric part of a semiparametric model require solving highly nonlinear
and multidimensional optimization problems. In addition, the estimates are not given in an explicit form and
therefore are difficult to use. Nevertheless, the least squares semiparametric approach is very general and
can be applied to a broad class of nonlinear systems. Furthermore, input signals with general distributions
are admitted.

There is, however, a need for finding direct estimates of parameters of nonlinear systems, even at the
expense of putting stronger assumptions on the underlying characteristics. In this section we derive such
explicit estimates based on the theory of average derivative estimation. We begin with the fundamental
concept of average derivative estimation and then we will illustrate this approach in the case of some nonlinear
semiparametric models.

14.7.1 Average derivative estimation

Given random variables U € R? and Y € R with the regression function M (u) = E{Y|U = u}, the average
derivative of M(u) is the average slope of M (u), i.e.,

§ = BE{DM(U)}, (14.106)

where DM (u) = BAgL(l“) is the gradient of M (u).

The following elementary, yet very useful, identity relates the average derivative § with the average
of corresponding input-output signals and the input density function. This fact will be very helpful in
constructing direct estimates of the parametric part of semiparametric nonlinear models.

Theorem 14.7 Let (U,Y) € R% x R be a pair of random vectors such that U has a density f(e) defined on
the set S C RY. Suppose that f(e) has a continuous derivative and f(e) is zero on the boundary 0S of S.
Assume that the regression function M(u) = E{Y|U = u} has a derivative DM (u). Then we have,

5 = E{DM(U)} = —E {Yz{g) } . (14.107)

Proof: Using integration by parts we have,

E{DM(U)} /S (DM (w)) f(w)du = M(w)f(u) s — /S M(w)Df(u)du

- / M(u)Df(u)du.
5

Then let us note that,

/SM(u)Df(u)du —E {M(U)Df(U)} —E {E {YDf(U) |U}} —E {YDf(U) } .

f(0) f(0) f(U)



14.7. DIRECT ESTIMATORS FOR SEMIPARAMETRIC SYSTEMS 227

This proves the claim of Theorem 14.7. O

One can easily generalize the above result to the case of the weighted average derivative of §,, =
E{w(U)DM(U)} of M(u). Indeed, for a smooth weight function w(e) defined on S we can easily show
that

Df(U
0w = E{w(U)DM(U)} = —E{YDw(U)} — FE {Yw(U) f{%)) } . (14.108)
The choice w(u) = f(u) is particularly interesting since we obtain a formula for the weighted average

derivative of M (u) which is not in the ratio form. In fact, for w(u) = f(u) we have the following version of
(14.108):
0w = E{f(U)DM(U)} = —2E{YDf(U)}. (14.109)

Nonparametric average derivative estimation tries to estimate & (or d,,) from the training data T =
{(Uy,11), ...,(U,,Y,)} without any knowledge of the regression function M(u) and the input density
f(u). Owing to (14.107) it is natural to estimate the vector § by,

5o

3=

zn: Yi0(U,), (14.110)

where é(u) is a certain nonparametric estimate of the following function:

D
o(u) = AW (14.111)
f(u)
A plug-in strategy for £(u) would give,
R Df
i(u) = 2/ (14.112)
f(uw)
where f(u) and Df(u) are nonparametric estimates of f(u) and Df(u), respectively. For instance one can
use the kernel density estimate
. 1 & u-—"U.
= — K J 14.11
f(w) nhd; ( 7 ) (14.113)

with a d-dimensional kernel function K (u). Then, the derivative of the kernel estimate f(u) is given by the
following formula

Df(u) = # Y DK (u_hUJ) : (14.114)
j=1

where DK (u) stands for the derivative of K (u). This yields the following kernel estimate of ¢(u)

phdt) s ppe (v=Us
é(u):( ) Yo ( " ) (14.115)

(k) S K (25

It should be emphasized that in (14.115) we use the plug-in estimate of Df(u), i.e., the derivative Df(u) is
estimated by Df(u).
There are two fundamental problems with the estimate 6 defined in (14.110). First, we use the same data

both to compute the average and to evaluate the nonparametric estimate ¢(u). This issue can be overcome
by using some resampling schemes. For instance, one can apply the partition strategy to the training data
T (see Section 14.4.1), i.e., we can write,

<1 Df(U,)
b=—— ) YV , 14.116
n2 Z f(U3) ( )

i€ly
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with f(u) = ﬁ Zjeh K (lkhUj ) Hence, we calculate the average using the testing set T5, whereas the

kernel estimate is derived from the training set 77. Since we can often choose T3 to be independent of 77,
the estimate (14.116) has a simple bias, i.e.,

ES=-E {YDf(U) } ,
f(U)

where (U,Y) is independent of the training set 7;.
The second issue concerning the estimate ¢ in (14.110) as well as the one in (14.116) is that they involve
dividing by f(e) and a refined estimator employing the truncation term is advisable in practice. Thus, we

may define the following modified version of 4,

6= —limé(um(f(ui) > 1), (14.117)

n -
=1

where 1 is a sequence of positive numbers (the cutoff parameter). In the asymptotic analysis of the estimate
§ we should require that ¥ = 9,, — 0 as n — oo.

Another option to eliminate the ratio problem is to use the weighted average derivative defined in (14.108).
In particular, for §,, = E{w(U)DM (U)} with w(u) = f(u) we have (see (14.109)),

5, = —2E{YDf(U)}.

This suggests the following estimate of d,,:
R 2 .
O = —— Y;Df(Uy). 14.118
2y vipf(u) (14.118)

We should note again that some resampling scheme would be required here to improve the statistical accuracy
of the estimate 8,,. An advantage of (14.118) over (14.110) is that the estimate &, is not in the ratio form,
yielding more stability and an easier to implement estimation algorithm. Nevertheless, when the average
derivative estimates are applied to the block-oriented semiparametric systems, we find the estimate § in
(14.110) to be more flexible. This is illustrated in the next three subsections.

Concerning the asymptotic behavior of the estimates & and 4, we first note that the expected limit
values, i.e., ¢ and J,, represent linear functionals of the nonparametric function M (u). Therefore we can
expect that the rate of convergence for § and Sw is faster than the pointwise rate of nonparametric estimates
of f(u) and DM (u). In fact, the parametric O(n~!) rate can be anticipated. This is true depending on the
smoothness of f(u) and M (u), and on the dimensionality of the input random process {U,}.

An involved analysis shows that the mean-squared error for the kernel type estimates 5 and &, of § and
0. respectively is of the following order:

E|6 = 6)? = ein™ 4 con 2h™ 072 4 302 + 0y, (14.119)

for some constants ¢y, coandcs, with oy representing the other smaller order terms. It is assumed that the
training set {(U,Y1),...,(U,Y},,)} comprises a sequence of iid random variables. Furthermore, the functions
Df(u), DM(u) are s— times differentiable, s > 1, and the kernel K (u) is of the s-th order, see Chapter 13
for the definition of the order of multivariate kernels.

In (14.119) the first two terms represent an asymptotic variance. The first one describes the standard
parametric O(n~1!) decay of the variance, whereas the second one depends on the dimensionality and reflects
the semiparametric nature of the multidimensional estimation problem, i.e., the fact that we estimate the
finite dimensional parameter 0 that is a linear functional of the nonparametric function M (u). The last term
in (14.119) is the standard evaluation of the bias for s differentiable functions.

Formula (14.119) allows us to specify the asymptotical optimal h and the corresponding rate. Indeed,
balancing the second and third terms in (14.119) we obtain,

h* = an~ Trae, (14.120)
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and consequently,
~ 4s
E||0 —6]* = exn~t + eyn” TF 4, (14.121)

Hence, for
d<2(s—1), (14.122)

we obtain the parametric rate || —6||2 = O(n~1); otherwise, the rate is slower and is equal to E||6 — 6|2 =
0 (rf 2sf3+2>. Alternatively, the choice of the smoothing parameter as h = an™® for 1/2s < a < 1/(d+ 2)

gives the parametric rate O(n=1).

Thus, for all symmetric kernels (such as Gaussian) and for f(u) and M (u) being three-times differentiable
we have s = 2 and consequently the O(n~!) rate is only possible for a one- or two-dimensional regression
function M (u).

14.7.2 The average derivative estimate for the semiparametric Wiener model

In this section we illustrate the theory developed in Section 14.7.1 to derive a direct estimate of the impulse
response function of the single input semiparametric Wiener system. Recalling the notation of Section 14.4,
we can write the input-output relationship of the Wiener system as follows:

Y, = M(U,) + Z,, (14.123)

where U, = (Up,Up—1,...,U,—p)T and,
P
MU, =m* [ > XU, | (14.124)
=0
We can easily note that M (u) = E{Y,,|U,, = u} is the regression function of Y, on U,,. Let us now consider
the average derivative E{DM (U,,)} of M(u). We begin with the following fundamental identity:
E{DM(U,)} = N'E {m*(l)(Wn)} , (14.125)

where m*(1)(e) is the derivative of m*(e) and W,, = Z?:o AjU,—j. Owing to the result of Theorem 14.7,
the left-hand-side of (14.125) is equal to,

B Df(Un)
E{Yn 0 } (14.126)

where f(e) is the density function of the vector U,,.
Consequently, by (14.125), (14.126) and the fact that A\§ = 1 we arrive at the following formula for A7:

so2— f(Un)
30, _;
\* E{Ynf(U)} L .
j_EYM ’ J=14,...,p |
"m0
prOVided that,
E{m* D (W,)} £0. (14.128)

The formula in (14.127) can be greatly simplified for the input process {U,, } which is an iid random sequence.
In fact, we have,

F(U) =[] fo(Un-),
=0

and,

f(U) = 1 Way) T fo@n). (14.129)
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Consequently, under condition (14.128), we can readily obtain the following basic formula for Aj:

_ E {Yng(Un—j)}

A5 = BV, j=1,2,...,p, (14.130)
where,
(1)
_fu ()
{(u) = JT{U(”) : (14.131)

All of these considerations are summarized in the following theorem.

Theorem 14.8 Let the Wiener system be given by the input-output mapping in (14.123) and (14.124). Let
the input signal {U,} be a sequence of iid random variables with the density fu(u) that is a differentiable
function on its support. Assume that E{m*1)(W,)} # 0. Then we have,

o E{Yol(Un—j)} ,
g Lk ot PR =1,2,...
A B} J=L12,...,p,

(1)
where £(u) = fﬁ/((:)).

We can draw a number of interesting conclusions from the above theorem. First of all, note that if the
input {U,,} is 4id Gaussian N (p,0?) then we have,

() = -1 (14.132)
This (for 4 = 0) readily yields the following formula for A:

v B )

= -nonoid =1,2,...,p. 14.1
T A S A e R (14.133)

We easily recognize that this is the correlation method introduced in Chapter 9 for recovering the impulse
response sequence of the fully nonparametric Wiener system excited by theiid Gaussian input signal. Hence,
the formula presented in Theorem 14.8 can be viewed as the generalized correlation method defined by the
correlation between the output process {Y;,} and the process {¢(U,,)}. The latter is a nonlinear function of
the input signal {U, }, where the nonlinearity ¢(e) is completely determined by the input density function
fu(e). It is worth noting that if fi;(e) is symmetric then fl(jl)(O) is an odd function and consequently we
have,

U(—u) = —L(u). (14.134)

Thus the nonlinearity ¢(e) is an odd function.

The function £(e) plays important role in our future developments and it is worth finding other general
properties of ¢(e). This can be achieved by restricting a class of input densities and we discuss this in the
following remark.

Remark 14.4 A rich family of density functions is the class of log-concave densities, i.e., densities for
which log fuy(u) is a concave function on R. Noting that,

0(u) = (log frr(u)™,

we can conclude that for log-concave densities £(u) is a non-increasing function.
Log-concave densities have all moments and are known to be unimodal. Furthermore, the convolution of
two log-concave densities is again log-concave; see [11] for properties and applications of log-concave densities.
These facts have interesting consequences in the context of Wiener system identification. In fact, the
density function fw (w) of the interconnecting signal {W,} is the convolution of scaled versions of the input
density fu(u). Thus, if fu(u) is log-concave then fy (w) is also log-concave and therefore unimodal.
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Figure 14.14: Function ¢(u) for the generalized Gaussian density with a = 1,1.2,2 and logistic distribution.

The class of log-concave densities comprises many well-known parametric distributions such as Gaussian,
exponential, Gamma, Gumbel, logistic, Laplace and many others. The generalized Gaussian density,

fu(u; @) = ala) exp (=[b(e)ul"),

is log-concave if « > 1. Here a(a) and b(«) are normalized constants such that E{U} =0 and var{U} = 1.
It can be demonstrated that for the density fu(u;a), we have,

U(u; o) = —ab™ () |ul~" sgn(u),

where b(a) = (T'(3/a)/T(1/a))'/2.
In Fig. 14.14 we plot (u; «) for « = 1 (Laplace distribution), o = 1.2, and o = 2 (Gaussian distribution).
Also, we consider the normalized (var{U} = 1) logistic distribution, i.e., when,

Be v
fu(u; B) = m,
with 8 = 7/+/3. Here it can be shown that £(u; 3) = B(e P* —1)(1 4+ e P )L, We observe the monotonicity
and continuity of £(u; ) for o > 1. For o =1 we have the discontinues function £(u;1) = —sgn(u).

It is worth noting that the monotonicity property is lost for non log-concave densities. For instance,
the unimodal Gaussian mizture 0.8N(0,1) + 0.2N(0,0.04) has the function £(u) shown in Fig. 14.15. The
monotonicity property of £(u) for log-concave densities suggests that it would be worthwhile to construct an
estimate of {(u) which is also monotonic. This seems to be workable by employing a penalized (with respect
to the log-convexity property) mazimum likelihood estimate of fy(u) [298].  We should also note that the

formula in (14.130) fails for input densities that are non-smooth. In particular, if fy(u) is uniform then
(14.130) cannot be used. In this case the least squares method presented in Section 14.4 can still be applied.

We can also obtain alternative formulas to that given in (14.127) using the concept of the weighted
average derivative. Indeed, using (14.109) we can readily obtain that,

E Y= 1(U.)}
Aj = . j=12,....p (14.135)

E{Yn%f(Un)}

subject the condition,
E{f(U,)m* D (W,)} #0. (14.136)
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Figure 14.15: Function ¢(u) for the Gaussian mixture 0.8N (0, 1) + 0.2N (0, 0.04).

Note that this is a weaker requirement than that in (14.128).
For the independent input signal, (14.135) can be written as follows:

(Y f ) T iy o Uni)}

A* —
B Y 00 [T foUno)}

J

(14.137)

No further simplification of this formula seems to possible and therefore we can conclude that the weighted
average derivative strategy is not very useful for Wiener system identification.
The aforementioned considerations allow us to estimate A7 based on a sample analogue of the equation
in Theorem 14.8. This direct estimate does not require any computational techniques for minimization. A
sample analog of (14.130) is,
-1 n N
5\]‘ _ n Zt:]n—&-l Y;li(Ut*J)v (14138)
n=t Yo Yel(Uy)

where #(u) is a nonparametric estimate of £(u). Specifically one can apply the kernel estimate, see (14.130),
and obtain,

= (P S KO (5
u) = - A
(nh)=' 30 K (57)
Thus (14.138) with (14.139) defines the kernel type density estimate of the impulse response sequence of the
Wiener system.

As we have already mentioned the ratio form of the estimate £(u) may lead to some instabilities. A simple
correction would use the cutoff parameter 9 > 0; see (14.117). This would give the following numerically
stable version of A;:

(14.139)

T YlU) 2( vWig) > 9) (14.140)

T T S YlU) 1(fu (U > V)

where fy(u) is the kernel estimate of the input density fu (u).

To improve further small sample properties of the estimate 5\j, we can utilize some resampling schemes
which aim at separating data used to estimate £ (u) and to determine an empirical mean for E{Y,¢(U,_;)}.
We have already examined the partition strategy which, due its simplicity, can be universally used in many
nonparametric/semiparametric circumstances, and allows us to reduce mathematical analysis immensely.
The data splitting, however, does not utilize data in an optimal way and can result in reduced accuracy
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for small sample sizes. A more efficient strategy is the leave-one-out resampling scheme that results in the
following estimate:

J = )

WU Vil (U

x n Ytg—(t—j)(Ut—j)

where,
(R KO (25)
E—t(u) = n u—U;
((n = D) S0y K (252)

is the version of ¢ (u) with the ¢-th observation deleted. This method may have better small sample properties
than the partition scheme but at the expense of increased computational cost and more involved mathematical
analysis.

Asymptotically, all of the aforementioned methods are equivalent, and we can use the result presented
in (14.119). The main difference in proving this result is that we now have to cope with dependent data.
However, the final asymptotic formula for the mean squared error remains the same. Hence, noting that we
now have a single input, i.e., d = 1, we obtain from (14.119),

EQN\—X)?=cin ' +en ?h P 4 esh® +os, j=1,...,p.
This readily leads to the following theorem.

Theorem 14.9 Let all of the assumptions of Theorem 14.8 be met. Let f((Jl)(u) and m*® (w) be s— times
differentiable, s > 1, and let the kernel function K(u) be of order s. If,

h* = ==
=an ,

then
E(Aj—X)P=0m™"), j=12..p

Note that the parametric O(n~1) rate is also obtained for h = an=%, 1/2s < a < 1/3.

For all symmetric kernels we have s = 2, and if fy(u) and m*(w) are three-times differentiable, then the
asymptotically optimal choice of the smoothing parameter is h* = an~2/7. Note that the asymptotically
optimal choice for estimating the derivative of fyr(u) or m*(w) is h ~ n~'/7. This is a larger value than that
needed for estimating the average derivative which corresponds to the choice in Theorem 14.9.

The parametric O(n~!) rate in Theorem 14.9 holds for a large class of nonparametric methods used
to form an estimate f(u) as well as for various resampling schemes. There is an interesting issue which
estimator is the best one. The theory presented above does not distinguish between these estimators and the
second-order asymptotics is needed. Hence, we wish to obtain the asymptotic representation for E(S\J — )\;T)Q
of the form O(n™1) + O(n~=7), v > 1, where O(n~7) represents the second-order asymptotic term of the
estimation error. An estimator with the largest v could be called the most efficient one.

14.7.3 The average derivative estimate for the additive Wiener model

In Section 14.4.4 we considered the multiple-input Wiener system of the additive form which is described by
(14.87) and depicted in Fig. 14.2. Once again we use the notation A}, A5, mj(e), and m5(e) to indicate the
true characteristics of the system.

It has been demonstrated in Section 14.4.4 that if the inputs between channels are independent, then the
combination of the least squares semiparametric method with the marginal integration strategy yields the
consistent estimates of the system characteristics. We wish to extend this result to the case of dependent
inputs between individual channels, employing the flexibility of the average derivative approach.

Let us rewrite the description in (14.87) in the following equivalent form:

Y, = M(Uyn, Us) + Zn, (14.141)
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where M(UlﬂuUQ’n) = m*{(Wl,n) + m;‘(Wg,n), with Wl,n = ?:0 )\ile’n,j and Wg,n = Z?:O )\S,jUg’n,]‘.

The vectors Uy ,, and Uy ,, are defined as Uy ,, = (U0, Ur,n—1,- - -, Ul_,n,p)T and Uy, = (U2, U2 1, - - - Ug,n,p)T,
respectively. Let fu,u,(u1,us2) be the joint density function of the input process {(Uin,Uszp)}. It is then

easy to observe that,

E{Du,,M(Uy,, Us)} = NE {m{ V(w1 ), (14.142)

and,
E{Du., M(U1,Uz)} = B {ms® (W2} (14.143)

where A7 and A} are the vectors of the impulse response sequences of the linear subsystems. In the above
formulas Dy, , M(Uy,,, Us ) and Dy, ,, M (U1, Us ;) denote the partial derivatives of M (U ,, Us ) with
respect to Uy, and Uy, respectively.

Denoting by f(uy,uz) the joint density function of the random vector (U ,, Usa,) and recalling Theo-
rem 14.7 we note that the left-hand-sides of (14.142) and (14.143) are equal to,

D U n;U n D U naU n
_E {Yn UL/ (Ui, U, )},andE{Yn Uz, / (Ui, U, )}’
f(Ul,na U2,n) f(Ul,n> U2,n)

respectively.
The normalization A\] ; = A5 = 1 and the decomposition

p
f(Ul,na U2,n) = HfUlUg (Ul,nfia U2,n7i)

i=0
combined with the above results lead promptly to the following formulas for A\] and A3:

E{Yngl (Ul n—js U2 n*j)}
D — 2 J 14.144
L EVats Urm o)} (14.144)

. E{Ynls (Uin—j, Uzn—j)}
A= : ’ , 14.145
2.0 E {YnEQ (Ul,n; U2,n)} ( )

7 =1,2,...,p, where,

U1U2(U1,U2) E) fUlUg(u17u2)
Oy (uy, ug) = 22 o Oo(ug,ug) = 242 . 14.146
1, t2) foiu, (ur, u2) 2(u1, uz) foiv, (U1, u2) ( )

The assumption required for the existence of formulas (14.144) and (14.145) is that,
E{miY Wi} #0 and E{m;® (Wan)} 0. (14.147)

This is equivalent to the result in Theorem 14.8 generalized, to the two-channel Wiener system with depen-
dent channels. Note that the assumption in (14.147) is always met if the nonlinearities are odd functions
and the density functions of the interconnecting signals Wi ,, and W5 ,, are symmetric.

Example 14.2 To get further insight into the above formulas let us consider the zero mean Gaussian input
process with the parameters var(Uy) = 0%, var(Uz) = 03 and corr(Uy,Us) = p, |p| < 1. Then, simple algebra
shows that

i) =~ =7 (S =), ) = -2 (- L),

o7 0109 g5 0109

This leads to the following formulas for A} ; and A3 ;:

. _ E{Yawri(Uin—, Uzin—j)} . _ E{Yaws (Ui n—yj, Uzin—j)}
I E{Yow1(Urn, Uzn)} 7% E{Y,w2(U1,n,Usan)}
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Ul,n Wl,n
»| FIR; (p) — mT(o) Zn
Correlated : . Yy
Sources . . .
Ud,n Wd,n
»| FIR4(p) — m(e)

Figure 14.16: Multiple input additive Wiener model.

where wi(uy,us) = 7;—1 - pg—z and wo(uy,ug) = Z—i —p3t. Hence A} ; depends on the linear combination of

[oa
the correlation between the output {Y,} and the inputs iUl,n} and {Us,,}. This linear combination is given
by,

uy

1
— B{YoUnj} — L E{(YaUsj}.
g1 g2

For small values of the correlation coefficient p, the second term is negligible.
In the case of independent inputs, \] ; is determined merely by the correlation between {Y,} and {U .}
Since an analogous discussion can be carried out for the second channel we have

_ E{YWUin—j}

o . E{VUs, ;)
1,7 —

E{Y,Ui,} > "% E{YV,Us,}

This is a generalization of the result obtained in Chapter 9 for the one-channel Wiener system with a Gaussian
mnput.

The aforementioned theory can easily be generalized to the d-input additive Wiener system. Fig. 14.16
depicts such a system with the input process {U,, = (Ui n,-.., Ud,n)T} that possesses the density function
fu(u), u = (uq,...,uqg)T. The dynamical subsystems are of a finite impulse response type and denoted
by FIR;(p), i = 1,...,d. Then we can write the analogue of formula (14.144) which relates the impulse
response sequence of the r-th channel with the nonlinear correlation of the input and output processes, i.e.,

o E{Yngr(Un—j)}

g = B0 (U Jj=1...,p, (14.148)
where,
- fulu)
br(u) = o) (14.149)

forr=1,...,d. Owing to formulas (14.148) and (14.149) it is straightforward to propose various estimators
of the linear subsystem {\} ;,j = 1,...,p} characterizing the r-th channel.

Let {(Uy,Y3),...,(U,,Y,)} be the training set of the input-output signals. Then, the counterpart of
the estimate A; in (14.138) and (14.139) takes the following form (for the d—input Wiener system):

n~! Z?:jJrl Ytér(Utfj)

A A
n-t 21;1 Ytgr(Ut)

., j=1,....p (14.150)

T =

where,

= S K (25
(nhd) =L 30y K (457)
The kernel function K, (u) is defined as,

K (w) = 5K (u). (14.151)



236 CHAPTER 14. SEMIPARAMETRIC IDENTIFICATION

d

For the product type kernel K (u) = [[;_,

easily evaluated as,

k(u;), where k(u) is some univariate kernel, the derivative can be

d
Ky (u) = k(l)(“r) H k(uy).
J=1j#r
The asymptotic theory of the average derivative kernel estimates presented in Section 14.7.1 can be carried
over to the present case, with further refinements due to the dependent nature of the output process.
Nevertheless, the result in (14.119) (see also the discussion leading to formula (14.121)) can be fully applied
here. This yields the following theorem.

Theorem 14.10 Suppose that E{mi(l)(Wnn)} #£0,r=1,...,d. Let Dfy(u) and m:(l)(w), r=1,...d,
be s times differentiable, s > 1 and let the kernel function K(u) be of order s. If

2
* — 5T 3715
h* = an~ 2s+d+2 ,

then,
N 2 B 4s
E (Am- - A;i,j> ) (n* mm(lvmm)) =1, pr=1,....d (14.152)

This theorem says that in order to estimate the characteristic of the linear subsystem of the r-th channel
we need to apply smoothing conditions to the input density as well as the nonlinear characteristics in all
of the channels. Thus there is a strong dependence between the accuracy in recovering individual channels.
Hence, the smoothness degree, s, required in Theorem 14.10 could be a reflection of the smoothness of the
roughest nonlinearity present in the system. The rate in Theorem 14.10 reveals (see (14.122)) that s must
be no smaller than 1 + d/2 in order to achieve the parametric rate O(n=1).

Having established the estimates of the linear part of the additive Wiener system, we can proceed to the
problem of recovering the nonlinearities in the additive structure. This can be done in the manner outlined
in Section 14.4. Hence, first we have to form the d-dimensional pilot kernel regression estimate,

| ) T R ()
M(W;)\l,...,)\d): y
(nh) =1 T, K (Gt

where W;(A1,...,Aq) = (W1,;(A1),...,Wa;(Aa))T is the vector of the interconnecting signals when the
impulse response functions are Aq,..., Aq (see (14.89)).

Under standard assumptions the estimate M (W; A1,...,Aq) can converge to the regression function
M(w;Ai, ... ) = E{Y,|W,(\1,...,\q) = w}. It is also clear that,

d
MW AL, A0 =Y m)(w;).
j=1

Since Aj,..., A% can be consistently estimated by A, ... \g given in (14.150), we can expect (see the ar-
guments given in Section 14.4.2 B) that M (w;A1,...,\q) tends to M (w;A},...,A)). Hence, the estimate
M(w; A1, ..., Aq) can recover the additive function 2?21 m}(w;). In order to extract the individual compo-

nents of the system we can apply the marginal integration method discussed in Chapter 13. Thus, we can
define the following estimate of m(w;) (other components are estimated in an analogous way):

my(wy) = s M(wW; A1, ..o ), Y(wa, ..., wq)dws . .. dwg
for some given (d — 1)-dimensional weight function ¢ (wa, ..., wq).

Under the assumptions of Theorem 14.10 we can establish the asymptotic rate for 7 (w;). This is an
involved process requiring the techniques developed in Chapter 13 concerning the marginal integration esti-
mate and the linearization method used in Section 14.4.2 B. This combined with the result of Theorem 14.10
gives the following formula for the mean squared error of 1 (wy):

E(in (w1) — mt(w))? = eyn~ ™0 aim) 4 pn~ 75T 4 0. (14.153)
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The first expression in the above formula comes from the linearization term and therefore is equal to the
mean squared error of the estimates Aq, ..., A\g. The second term in (14.153), on the other hand, describes
the usual rate for recovering the one dimensional function having s derivatives. The comparison of these two
terms implies that if d < 2s then we have the optimal rate,

E(rn (w1) —mj(w))? = O (n—z.%) ,
On the other hand if d > 2s we have,
E (i (w1) — m}(w))® = O (n*zi‘m) .

Thus, we lose the dimension-independent rate for the characteristics (and input density) possessing the
smoothness s < d/2.

In Chapter 13 we analyzed the additive Hammerstein system and we found that there is an estimation
method exhibiting the separation property, i.e., we can estimate a nonlinearity in a given channel with

the optimal rate O n” T regardless of d and independent of the roughness of the nonlinearities in

the remaining channels. This is in stark contrast to the estimation problem examined in this section,
demonstrating again that Wiener type systems are much more complicated to identify than Hammerstein
cascades.

14.7.4 The average derivative estimate for semiparametric multivariate Ham-
merstein models

In this section we wish to consider the application of the average derivative estimation method to a multiple
input semiparametric Hammerstein system (depicted in Fig. 14.1 in the case of two inputs). Thus let the
system have the input-output relationship given in (14.93).

In Section 14.5 the semiparametric least squares method for estimating the system parameters (A*,~*)
was examined. It has been noted that the parameter v* is more difficult to identify. In fact, the impulse
response sequence \* of the linear subsystem can be estimated via the correlation method, independently
of v* and the system nonlinearity g*(e). Hence, let us focus on a direct method for estimating v* using the
average derivative method proposed in Section 14.7.1.

To this end let us write (14.93) in the following form:

p
Y, =Y N M(U,y) + Zn, (14.154)
t=0

where M(u) = g*(v*Tu), u € R%. Let us assume that the input process {U,} is an iid sequence with the
density fy(u). Then, since A\ =1, M(u) = E{Y,|U,, = u}. Next we observe that,

E{DM(U,)} = v E{g"" (W)},
where W,, = v*TU,,. Owing to Theorem 14.7 we obtain,

* * D Un
VE{FOW,)} = —E {YRM} (14.155)
The normalization 77 = 1 and the assumption,
E {g*u)(Wn)} £0, (14.156)
yield the following formula for ~;:
s 2B ) 14.157
= BVah (0.} (14.157)
where,
)
i fu(w)
li(u)= 4"~ 14.158
i fu(u) ( )

forj=2,...,d.
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Example 14.3 Let us consider the input process {U,} having the d-dimensional Gaussian distribution
Ny4(0,3%). Simple algebra reveals that,
D
fU(u) — _Eflu'
fu(u)
This gives the following formula for ~; :

. E{V,(x7'U,);}
7T B{Y, (51U )

(14.159)

where (X71U,,); denotes the j-th coordinate of the vector ¥~1U,.
It is worth noting that for independent inputs, i.e., when ¥ = diag(c?,...,03), formula (14.158) takes
the form,

*

_ 0t B{Y.Ujn}
T 2 EY, U )
The above formulas for v hold subject to the condition in (14.156). Let us note that the random variable
W,, = ~v*TU,, is Gaussian N(0,72), 72 = v*TS~y*. Integration by parts yields,

By (W)} = S5 B{W,g" (W)},

Therefore, (14.156) is equivalent to the requirement that E{W,g*(W,)} # 0. This always holds if g*(w) is
an odd function.

The estimation theory can now be easily developed starting with the formulas in (14.157) and (14.158).
Similarly to what was done in Section 14.7.3 we can estimate 7} by,

—1 n Y, J .
4= Z;;l £(Us) (14.160)
nt 2 Yela (Uy)

where,
. hd+1 -1 n K. u—-U;
li(u) = n 7 ) n %:1 JE,Uh )
(nhd)=1 370 K (U57t)

The d-dimensional kernel K;(u) is the derivative of the kernel K (u) with respect to the variable u;; see
(14.151) for further comments on such kernels.

Following now the discussion in Section 14.7.1 (see (14.119)) and that leading to Theorem 14.10, we can
easily arrive at the following rate of convergence theorem.

Theorem 14.11 Suppose that E{g*V) (W)} # 0. Let Dfy(u) and g*V(w) be s times differentiable, s > 1,
and let the kernel function K(u) be of order s. If,

h* = an_ﬁiﬂr?,
then,
E(j; — 7;)2 =0 (n—min(lvzsfiiw» ; (14.161)
i=1,2,...,d.
The conclusions that can be drawn from this theorem are identical to those obtained in Theorem 14.10.
Hence, we can estimate the parameter v*, which characterizes the nonlinear subsystem of the d-dimensional

input of the semiparametric Hammerstein model, with a precision that depends on the smoothness of the
nonlinearity ¢*(w) and input density fuy(u). The dimensionality of the input has a critical impact on the

accuracy of the estimate 4. In fact, for d > 2(s — 1), the rate O (n_ 2sfs+2) deteriorates with d. For

symmetric kernels the rate is O (n_ﬁ) and it becomes half, i.e., O (n_%), of the optimal parametric rate
O(n~1) for d = 11.
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The remaining problem of estimation of the nonlinearity g*(w) can easily be tackled by our basic two-
stage strategy which, in the context of the semiprametric Hammerstein system, has already been discussed
in Section 14.5. The first step is to form the pilot kernel estimate of the regression function g(w;~y) =
E{Y,|7TU,, = w} (see (14.96)), i.e., we define,

w— TUt
Y, Yok (=)
n w—yTU;
S K ()

In the second step we plug the estimate 4 into g(w;~y), i.e., we estimate g*(w) by g(w) = g(w;%). Using the
arguments leading to (14.153) we can obtain the following theorem concerning the rate of convergence for
g(w).

glw;y) =

Theorem 14.12 Let all of the assumptions of Theorem 14.11 be satisfied. Then, for d < 2s and if,
h* = an~ =F
we have,
E(§(w) - g*(w))* =0 (n’ffﬂ) : (14.162)

If in turn d > 2s and if,
h* = an_ﬁ

then we have,
B(j(w) - g"(w))* =0 (n—ﬁﬁsﬂ) . (14.163)

Once again we observe that the rate of convergence for estimating the univariate function g*(w) depends
on the dimensionality of the input signal. In fact, it is known that for symmetric kernels, and ¢g*(w) and

fu(u) possessing three derivatives, the optimal rate for recovering g*(w) is O (n*%). If, however, d > 4,
the rate obtained in Theorem 14.12 is O (n7ﬁ> This is clearly a much slower rate, and it is reduced to

0] (n_%) — half of the optimal rate O (n_g) for d = 14.

14.7.5 The average derivative estimate for semiparametric multivariate parallel
models

In this final section on the average derivative estimates we briefly examine the parallel multivariate block-
oriented system, which was had been examined in Chapter 13. Fig. 14.17 depicts the system being governed
by the following input-output formula:

P
Yo =m (Up) + ) NjVaej + Zn, (14.164)

Jj=0
where U, is the d-dimensional random vector and A§ = 1. Using the usual notation V,, = (V,, ..., Vn,p)T
and A* = (A5, ..., A5)7, let us note that the first two terms on the right-hand-side of (14.164) can be written

as M(U,,V,)=m*(U,) + TV, ie., M(U,,V,) is the regression function of ¥;, on (U,, V,,).
Another important observation is that the average derivative of M (U,,, V,,) with respect to V,, is equal
to A*, i.e.,
E{Dy, M (U,,V,)} = \*. (14.165)

Recalling the result of Theorem 14.7 we can readily obtain our basic formula for A* resulting from (14.165),

Dan (Una Vn) }
f(Un, V) )7

where f(u, V) is the joint density function of (U,, V,,).

= —F {Yn (14.166)
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Zn,
Va . . W,
— {N,0<i<p}
4 Y,
. d

—pp-| 17,7 (0)

Figure 14.17: Semiparametric multiple-input parallel model.

Let us now assume that the input process {(U,,V,)} is éid with the joint density function fuy (u,v).
Let also fi-(v) be the marginal density of the input {V,,}. Then we can obtain the following decomposition
for the density f(u,v)

P

f(Un; Vn) = fU,V(Una Vn) H fV(Vn—i)'

=1

Also for j > 1 we have

B
WV,

f(Un;Vn) = fU,V(Una Vn) H fV(Vn—z)f\(/U(Vn—])

i#]

This and (14.166) yield,
N = —E{Yal (Vo)) (14.167)

where {(v) = J}‘%)((Ig). It is interesting to note that the solution for A} does not depend on the input signal
{U,} though {V,,} and {U,} are statistically dependent.

It can easily be calculated that for V;, being Gaussian N (0,72) we have £(v) = —v/72 and the formula
in (14.167) reads as,
 E(VaVas}

A 3

; (14.168)

T

Recall this formula had been obtained in Chapter 12 in the direct way without using the concept of the
average derivative of the regression function.

The aforementioned developments readily yield corresponding estimates of Aj. Replacing the expected
value in (14.167) by its empirical counterpart and then plugging into (14.167) an estimate of ¢(v) we can
define,

. 1 <& .
=== Y YV ), (14.169)
nt:j+1

where {(v) is a nonparametric estimate of £(v); see Section 14.7.2 for various estimates of £(v). The asymptotic
theory of the estimate j\j in (14.169) can be established by following the discussion leading to the result in
Theorem 14.8. The estimate can reach the parametric O(n~!) rate subject to the conditions similar to those
in Theorem 14.8. The main difference is that we do not need the differentiability of m*(u).

Regarding the nonlinear part of the system this can be directly obtained via the following identity (see
Chapter 13):

m*(u) = E{Y,|U, = u} — E{V,|U, = u}. (14.170)

Hence, two regression functions are to be estimated in order to recover m*(u). This leads to a nonparametric
estimate of m*(u). Note that (14.170) holds independently of A* and estimating the projection m(u; ) =
E{Y, — ATV, |U,, = u}, see (14.100), is not required in this case. This decoupling property, between the
problem of estimating linear and nonlinear parts, holds if the input process {(U,,V,,)} is independent. If
this is not the case, our two-stage strategy may be found to be useful.
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14.8 Concluding remarks

In this chapter we have examined semiparametric block-oriented models, which are intermediate cases be-
tween fully parametric and fully nonparametric models. The semiparametric model is usually obtained
by restricting a class of linear dynamical subsystems and nonlinear characteristics to the representation
(6*,g* (o)), where 6* is a finite dimensional parameter and g*(e) are nonparametric functions, normally
being a set of univariate nonlinearities.

Throughout this chapter we have confined linear dynamics to finite impulse response filters, i.e., we have
dealt with block-oriented systems with finite memory. The general state-space parameterization of an infinite
memory linear system,

Xn+1 = AQ*Xn+b9*Un
W, = ceT*Xn,

would also be possible to use in our considerations. In fact, there is not any difficulty in implementing
a version of our two-stage least squares based algorithm for estimating 6* and system nonlinearities. The
asymptotic theory of such estimates would require extensions of our technical arguments to the case of general
dependent processes with fast decaying correlation functions. This seems to be feasible, since there exists
generalization of the least squares method to dependent data [274]. In addition, nonparametric estimates
have been proven to be consistent for mixing, Markov, and long-range dependent stochastic processes [203],
[31], [105].

The least squares method commonly used in our approach to identification of semiparametric models can
also be formally applied in the case of dependent input signals. Again, the asymptotic theory of the resulting
estimates would need to be augmented. It is worth noting that the direct identification method based on
the average derivative estimation has explicitly exploited the independence of the input signal. Nevertheless,
the average derivative method has been found to be very useful since it avoids any optimization procedures
and its accuracy depends mostly on the smoothness of the input density. In the case of multivariate systems
the average derivative estimates suffer somewhat from the curse of dimensionality. The dependence of the
accuracy of the estimators on the dimensionality of the input signal is seen at a certain critical dimension,
the value of which is determined by the smoothness of the input density and system nonlinearities as well
as the order of the kernel function. The latter limitation can easily be avoided by applying kernels of higher
order.

Let us finally comment that the semiparametric method can be applied to a larger class of block-oriented
systems than those examined in this chapter. One such challenging case would be the sandwich system,
introduced in Chapter 12.

14.9 Auxilary results, lemmas and proofs
Before proving Theorems 14.3 and 14.5 we need some auxiliary results obtained from various sources in the

literature. They can be found useful in various problems involving nonparametric and parametric compo-
nents.

14.9.1 Auxiliary Results

Lemma 14.1 (Scheffes theorem). Let {f.(x)} be a sequence of probability density functions defined on the
set A C R, Suppose that f(z) is a density function on A such that,

fn(z) = f(z), almost allz € A as n — .
Then,

/ |fn(x) — f(z)|de - 0 asn — oo.
A

This is a classical result due to Scheffe [378], see also [80].
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The lemma below involves the concept of lower semicontinuous functions. We say that the function
f: R — R is lower semicontinuous if

lim inf f(2) > f(z), =€ R.

zZ2—X

Note that the class of lower semicontinuous functions may include some discontinuous functions.

Lemma 14.2 Consider for any bounded function h : R — R the following mapping

/ h(y) f(ylz)dy,

where {f(y|x) : © € R} is a class of density functions parametrized by x € R. Then g(z) is continuous on R
if and only if the function,

z /O f(yle)dy,

is lower semicontinuous for every measurable set O.

This lemma is a special case of the general result in [301] (Proposition 6.1.1) where the conditional density
f(y|x) can be replaced by a general conditional probability measure. It is worth noting that the continuity
of g(x) is implied by the continuity of z +— fo flylx)dy.

In our studies of the convergence rate of parametric estimates of semiparametric models, we need the
following lemma concerning the existence of derivatives of integrals depending on a vector of parameters.
Hence let g : R x © — R be a measurable function defined on R x ©, where © is a compact subset of R

Lemma 14.3 Let g(e, o) be a function defined on R x © that satisfies the following conditions:

(a1) For each fired 6 € ©, the mapping z — g(z,0) is measurable and [, _|g(z,00)|dz < oo for some 0y € ©.

(a2) The partial derivative 8g( 7 9 exists for every (2,0) € R x ©.

(a3) There is a nonnegative function w(z) with [°_w(z)dz < 0o and such that,

Hag(az;g)H <w(z) forall (z,0) € RxO.

Then the function,

G(O) = /OO 9(z,0)dz

—00
is differentiable at every point 6 € ©.

It is worth noting that this result holds also for higher derivatives with appropriate changes. The proof
of this lemma can found in [9].

The next lemma gives a general result regarding the estimation of the derivatives of a function with the
derivatives of an estimate. Let us denote || f|, = {fab |f(2)]%dz}/9,1 < g < oo, —c0o < a<b< o0

Lemma 14.4 (Yatracos theorem). Let m(x) be a real valued function defined on an interval [a,b]. Let
My (x) be an estimate of m(x) based on a training set of size n. Let both m(x) and 1, (x) have p continuous
derivatives on [a,b]. Then for 1 < ¢ < oo and 1< s <p we have,

i —m g < e1fh*FF + ca, it — mllg,

where c1, co are constants, lim, o B, = 0 and € > 0 is an arbitrary small number.
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The above lemma is a version of a slightly more general statement proved in [447]. An important
consequence of this result is that if one chooses,

1
B = c2 {||1n — m“q}p+€ )

then we have,
— s+
p T £

) = mlly = O ({ln — mllg} 75 ).

This fact allows one to determine the convergence and rate of convergence of the derivatives of the estimate
My (x) from the corresponding results of the estimate M, (x) itself. Indeed, note that the above result holds
for s = p.

14.9.2 Lemmas

In this section we give some specific results related directly to problems examined in this chapter. The
following lemma concerns the smoothness of the regression function m(w; ) defined in (14.42). Note that
since W,(A\) = ATU,,, U, = (Up,...,Un—p)T, m(w;\) is a function of a single variable w = ATu.

Lemma 14.5 Let Assumptions A1 and A2 hold. Then m(w; ) is a continuous function in w.

Proof of Lemma 14.5 : Let f(w;\) and f(z|w;\) be the probability density functions of W,,(\) and W,
conditional on W,, (), respectively. Due to Lemma 14.2 and Assumption A2 we may conclude that

m(w;A) = /_00 m*(2) f(z|w; A)dz

is continuous if
w / f(zlw; A)dz (14.171)
10)

is lower continuous for every measurable set O. The continuity of the mapping in (14.171) results from
Assumption A1l and Lemma 14.1. B

The next result has already been proved in Section 12.2.6, see Lemma 12.5.

Lemma 14.6 Let &1,&a,...,&, a sequence of random variables such that E{{;} = 0 and E£? < oo for all .
Assume that for a nonnegative integer p the random variables & and &; are independent whenever |i—j| > p.

Then forn >p
2

E(Y 4| <p+1))_ EE. (14.172)
j=1

j=1
We also need the following elementary lemma.
Lemma 14.7 Let X and n be independent random variables with density functions fx(e) and fy(e), respec-

tively. Then,
Jooxfy(v — ) fx (z)dx

E{X|X+n=v}= f_oooo o= D)X @) )

14.9.3 Proofs

Proof of Theorem 14.3 : Owing to the general result of Theorem 14.1 we first need to verify that the
limit criterion Q()) is a continuous function. Assumptions A1l and A2 and Lemma 14.5 yield the continuity
of m(w; A). This readily implies the continuity of Q(\).

As we have already pointed out (see Theorem 14.1), the consistency PR (P) results from the following
uniform convergence:

sup 1Qn(X) — Q)| = 0, (P).



244 CHAPTER 14. SEMIPARAMETRIC IDENTIFICATION

This, in turn, is implied by,

sup Qn(N) — Q)| 5 0, (P), (14.173)
and -
sup Q) — QN = 0, (P), (14.174)

where Q()) is an average of Q,(\); see (14.62).
The uniform convergence in (14.173) can be analyzed by the general theory of empirical processes and
this entails verification of the Glivienko-Cantteli condition for the following class of functions:

{T(U,Y;N) : A e A}, (14.175)

where U(U,Y;\) = (Y — m(W(A);\)%, W(X) = ATU. The sufficient conditions for this requirement are
given in (14.31). First of all, we need to verify that A — ¥(U,Y;)\) is continuous. This is guaranteed by
the continuity of the kernel function (Assumption A4) provided that the denominator in formula (14.47) is
not zero, which can easily be achieved by using some truncation arguments in (14.47), e.g., by adding the
factor 1/n to the denominator. Furthermore, due to Assumption A4 and Lemma 14.5 we can show that

p ZK(UJ—W](A)> —~0 Seﬂ:(;ujr/;)nl’

where c(w; \) = fgj:: f(v; N)dv = 2rhf(w; A)+0(1) as h — 0. Hence, the probability that the denominator

in (14.47) is equal to zero decays exponentially fast.
To check the integrability condition of (14.31), let us observe that for every (U,Y) from T, we have,

U(U,Y; N 272 +2(m* (W) — m(W(A\); \))?

<
< 272 +4m*A (W) + 4 (W(A); ). (14.176)

Recalling the definition of m(w; A) (see (14.47)), we readily obtain by Jensen’s inequality that the last term
on the right-hand-side of (14.176) is bounded by,

1> YK (W) /YK <W) : (14.177)

JELL jeh

Since the kernel weights are smaller than one, we can bound (14.177) by 42]'6 I YJ?. Noting next that
Y; = m*(W;) + Z; and by virtue of (14.176) we can readily conclude that ¥(U,Y;\) has the following
uniform bound:
U(U,Y;A) <22 +4m™> (W) +8 Y m™>(W;) + 8> Z7.
Jjel jeh
Since EZ7 < 0o and E|m*(W;)|* < oo, the integrability condition is thus met.
Concerning the convergence in (14.174) let us observe that by virtue of (14.62) we wish to verify whether

E {[m(W(A); A) = m(W(A); VT } = 0, (P)

converges uniformly over A € A. This convergence can be deduced from the aforementioned results, i.e., the
continuity of the mappings A — m(W(A);A), A — m(W(A);\) and the fact that E|rm(W(A);\)|> < ¢ for
some constant depending on EZ? and E|m*(W)|%.

The proof of Theorem 14.3 has been completed. B

Proof of Theorem 14.5: Owing to the discussion in Section 14.4.2 it suffices to prove the validity of (14.69)
and (14.73). Let us begin by proving (14.69). First we write m(w; A\*) as m(w; A*) = 7#(w; A*)/ f(w; A*), see
(14.70). It is clear that we need only to examine the term

Jje€h
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Let us first observe that

Ei(w;\*) = h™'E {m*(Wn)K (w hW") } .

Then due to Lemma 14.1 we obtain that

limn B(w; A*) = m” () fu (w),

at every point w where both m*(w) and fy (w) are continuous. The continuity is guaranteed by Assumptions
A1l and A2. Tt remains now to evaluate var{#(w; A\*)}. By virtue of Lemma 14.6 we get,

var{F(w; A\*)} < (p + 1)(n1h*) " var {YnK (w hWn) } .
Then by the fact that EY,? < oo, we obtain

var{#(w; \*)} = O ((n1h) ™)

at every point w where both m*(w) and fy (w) are continuous. This proves the claim in (14.69).
In order to prove (14.73) we first note that

EJy(w) = h7'E {m*(Wn)Un_tK (w _hW") }
— h'E {m*(Wn)ao(Wn)K (“’ hW”> } :
where
ap(w) = E{U,—+|W,, = w}. (14.178)
Since E|U,| < oo and E|Y,| < co, we obtain
}llir% EJy(w) = m*(w)ag(w) fw (w) (14.179)

at every point w where m*(w), fw (w), and ag(w) are continuous. The continuity is implied by Assumptions
A1 and A2. To see that, let us write ag(w) as follows:

1 _
aO(w) = FE{UnlUTL + M = ’LU}7
t

where U,, = A\fU,,_; and n,, = U, + Zp: A:U,,_s. Since U,, and 7,, are independent we can apply Lemma 14.7,
=1
i.e., we obtain after some simple algebraic manipulations that
ST @ fn, (w = Njz) fu(2)dz
fw(w) ’
where f, (w) is a density function of the random variable 7,,. Due to Assumption Al we see that ag(w)

is a continuous function at every w € R where fy (w) > 0. To complete our proof it remains to consider
var{Jo(w)}. Since Y; = m*(W;) + Z; it suffices to consider the variance of the following term:

ag(w) =

Bw)=ni'h"' Y K <“’ th> m* (W)U ;. (14.180)
J€IL

By virtue of Lemma 14.6 we have

var{B(w)} < (p+ 1)ny 'h™ 2 var {K (“’ _hW") m*(Wn)Unt} .

Then, reasoning as in the first part of the proof we can easily show that
var{B(w)} = O ((n1h)™"),

at every point w where both m*(w) and fyw (w) are continuous.
This completes the proof of Theorem 14.5. B
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14.10 Bibliographical remarks

Semiparametric models have been extensively examined in the econometric literature, e.g., [222], [361],
and [446]. There, they have been introduced as more flexible extension of the standard linear regression
model and popular models include partial linear and multiple-index models. These are static models; this
chapter can be viewed as the generalization of these types of models to dynamic nonlinear block-oriented
systems. In fact, the partially linear models fall into the category of parallel models, whereas multiple-
index models correspond to Hammerstein/Wiener connections. Semiparametric models have recently been
introduced in the nonlinear time series literature [105], [110]. Some empirical results on the identification of
the partially linear model have been reported in [98]; see also [39] for the parametric version of such models.
Comprehensive studies of semiparametric Hammerstein/Wiener models have been given in [333], [325], and
[229].

The basics of M-estimators and their extension to the semiparametric inference are described in [407].
The theory of the uniform convergence of empirical processes and its importance in statistical learning
and nonparametric inference can be found in [78], [411], and [204]. Various resampling schemes and their
applications are presented in [76], [80], and [453].

The generalization of the nonlinear least squares method [244], [274] to semiparametric models is examined
in the seminal paper of Ichimura [242]. In [339] the average derivative approach for estimating semiparametric
models was introduced; see also [223] and [236] for further advances of this method. Derivative estimation
in nonparametric inference is discussed in [380], [447], and [293].

The use of the average derivative method for nonlinear system identification is studied in [325].

The approximation property of multi-channel Wiener models as a faithful representation for fading mem-
ory nonlinear systems has been elaborated on in [34], [373], and [375]. The importance of multi-channel and
additive Wiener models in modeling of biological, physiological,and mechanical systems has been pointed
out in [299], [18], [413], [431], and [432].



Appendix A

Convolution and kernel functions

A.1 Introduction

In this appendix both ¢(e) and K (e) are Borel measurable functions defined over the whole real line R. Our

first purpose is to examine the following convolution:

0= [ wos (55)

The function K (e) is called a kernel. We are interested in kernels for which

hm on(z / K(¢

One may expect that also the integrated error vanishes, i.e., that

lim / (on(z) — p(x))?dz = 0,

o= e on (5
) / k(€ = [ ol () ae
0 [ K@= [toto -0 - otani (5 ) ae.

provided that [ K(§)d¢ = 1.
Since

and

we can write

Therefore to prove (A.1) it suffices to show that the quantity in (A.3) converges to zero as h — 0.

A.2 Convergence

A.2.1 Pointwise convergence
Lemma A.1 Let [ |p(z)|dx < co. Let the kernel K (o) satisfy the following restrictions:
sup | K (z)| < oo,

/\K(x)|dx < 00,
xK(z) — 0 as |z| — oo.

Then (A.1) holds at every point x of continuity of p(e).

247
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Proof. With no loss of generality, let h > 0. Let ¢(e) be continuous at x. Thus for any n > 0 there exists
d > 0 such that |p(x — &) — p(z)| < n if || < §. Since the absolute value of the quantity on the right hand
side in (A.3) is bounded by

P et -0 —e@l[K (§)|ae+ g [ o= - pwi|r (5 )] A7)

we thus find it is not greater than

o [ i@ty [ et -n|r (§)|as oy [ (5)]a

Since 7 can be arbitrarily small, so can the first term. The second one is not greater than

(i)’/ﬁ>5|<ﬁ(xf)|d§< (15 lz |§|S;l§)/h (S)I] /Icp(f)\df

1
<z L;thmf)] JAEGL

and, due to (A.6), converges to zero as h — 0. The last term is bounded by |p(z |f‘£‘>5/h |K(§)|d¢ and, by

— sup
hier>s

(A.5), also converges to zero as h — 0. The lemma follows. m
For a bounded ¢(e), the class of possible kernels can be enlarged by dropping (A.6) which is shown in
the following lemma:

Lemma A.2 Let sup, |¢(x)| < oo. Let the kernel K (o) satisfy (A.4) and (A.5). Then (A.1) takes place at
every point x of continuity of p(e).

Proof. The quantity in (A.7) is not greater than

1 § £
1 fo (3254 20ptot >/5>5 (i)

<n/|K ) + 25 (e |/ )|de.

Since 1 can be arbitrarily small and, due to (A.5), f\&\zé/h |K(&)|dé — 0 as h — 0, the proof has been
completed. m

The next lemma says that the examined convergence can take place not only at continuity points but
also at every Lebesgue point of ¢(e), i.e., at almost every (with respect to the Lebesgue measure) point x.
We recall that x is said to be a Lebesgue point of ((e) if

h
lim / o= &) = et =0, (AS)

If () is locally integrable, almost every point is a Lebesgue point of ¢(e). Every continuity point of ¢(e)
is also its Lebesgue point.

Lemma A.3 Let [ |p(z)|dx < co. Let the kernel K (o) satisfy (A.4) and let
lz|" K (z) — 0 as |z| — oo (A.9)

for some € > 0. Then (A.1) takes place at every Lebesgue point of ¢(e), and, a fortiori, at almost every
(with respect to the Lebesgue measure) point x and at every continuity point of @(e), as well.
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Proof. For simplicity, » > 0. From (A.4) and (A.9), it follows that

K

Kz < —m78——
Rl (1+ Ja))'**

for some k. Let « be a Lebesgue point of p(e), i.e., a point at which (A.8) holds. With no loss of generality
we assume that z = 0 and ¢(z) = 0, i.e., that

S

It means that, for any n > 0, there exists § > 0 such that |F(§) — F(=¢£)| < 2&n if |¢] < 4.
Since z = 0 and ¢(z) = 0, the quantity in (A.3), i.e.,

1 £

el S

. /w(ﬁ)K (h) dg,
is bounded in absolute value by

hE
“/|<P(§)|(h+£)1+6d§

9 he he
< /5|@(§)|Wdf+/£>6|@(f)|mf|)l+edf- (A.10)

Integrating the first term by parts we find it equal to

_
(h + 6)1+8

o 15
P = P=0)+ (1 +e) [ PO de

The first term in the obtained expression converges to zero as h — 0 while the other is bounded by

where

_ [T €
o= ), wre<e

and can be made arbitrarily small by selecting n small enough. The other integral in (A.10) is bounded by

hE
s [ et

and converges to zero as h — 0. Thus the lemma follows. m

In Lemmas A.1 and A.2, convergence at the continuity points of ¢(e) is shown while Lemma A.3 shows
convergence at almost every point. To shed some light on the relation between the sets where the lemmas
hold we refer to the following theorem, see Wheeden and Zygmund [434, Theorem (5.54)].

Theorem A.1 A bounded function @(e) is almost everywhere continuous in a finite interval (a,b) if and
only if it is Riemann integrable on the interval.
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In particular, from the theorem, it follows that a Lebesgue integrable function may not be continuous
almost everywhere.
Denoting the Lebesgue measure by A we can write

on(a) = feox(® g)‘% [t (45 )
/K( >d§ /K( ) (d6)

The next lemma which can be found in Greblicki, Krzyzak and Pawlak [169] shows that the quantity converges
to ¢(x) even if the Lebesgue measure is replaced by any general probability measure. This proves useful
when examining distribution-free properties of our estimates. The probability measure u is arbitrary, i.e., it
may or may not have a density.

Lemma A.4 Let H(e) be a nonnegative nonincreasing Borel function defined on [0,00), continuous and
positive at t = 0 and such that
tH(t) = 0 ast — oo. (A.11)

Let, for some c¢; and co,
e (Jul) < K (u) < H(lul)es

oo () ntag

) o =¢(x)

Let p be any probability measure. Then,

lim (A.12)

K
h=0 /K (
Proof. It will be convenient to denote S, (k) = {£ : |z — h| < &}. Thus, in particular, A (S, (h)) = 2h.

For the sake of simplicity let h > 0. Clearly
/ 8 wtae () et - ewucas
—p(z)| <2 . (A.13)

) p(de) ()

Since H(t) = [;° I{H(t)>s}(s)ds, we can write

[ (5wt = [ ntaca
[ (5 1w - el = [ [ ICE so@)m(ds)] at
fen (591

is an interval centered at x. Owing to this we can rewrite the second quotient on the right hand side in
(A.13) in the following form:

a [ | e - w(ﬁ)lu(dﬁ)] dt
0 At,h

/ N(Af7h)dt
0

for almost every (u) = € R.

and

where

= Vi(z) + Va(),
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where
)
/ U I@(x)so(ﬁ)lu(dé)] dt
Vl(a:): . 50
/M(At,h)dt
0
and
/ V w(af)—w(é)u(dﬁ)] dt
9 A¢n
Va(a) = L
A j(App)dt

for any § > 0. In the remaining part of the proof § = eh with € > 0.
Observe that

)
/0 [ /A o(z) - w<s>|u<ds>] dt < (c5 + lp(@)))5

with ¢ = [ |¢(x)|n(dz). Since H(e) is positive and continuous at the origin, there exist r > 0 and ¢ > 0

such that
¢, for|z| <r

>
H(Jz]) = { 0, otherwise,

which implies

Thus

es o) AL (rh) 6 s + ()] A(Ss (k)
Vo) SO om) n e h)) B 2r (8, (k)

Finally, recalling the definition of §, we find the quantity bounded by

03+ (@) A (I (rh)
2r  p (I (rh))’

Applying Lemma A.13 in Section A.4 we conclude that the above quantity, and consequently V;(z), can be
made arbitrarily small for almost all (i) x by selecting € small enough.
In turn

lo(@) = (&) |n(de)
Vo(z) < sup Avh : (A.14)

20 /A u(de)

It is clear that H(e) is majorized by a function G(e) invertible in the product [0,00) X (0,00) such that
tG(t) — 0 as t — oo. The last property is equivalent to the following: vG~!(v) — 0 as v — 0. Thus the radii
of intervals Ay, t > 4, are not greater than hG~! (§) which, by the definition of §, is equal to hG~ (ch)
and converges to zero as h — 0. Therefore, by Lemma A.12, V5(z) — 0 as h — 0 for almost every (u) x.
The lemma follows. m

The lemma leads to next result.

Lemma A.5 Let the kernel K (o) satisfy the restrictions of Lemma A.4. Then, for any random variable X,

h
lim ¢ is finite

i (1) e

for almost every (u) x € R, where p is probability measure of X.
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Proof. From the fact that K (e) is positive and continuous at the origin it follows that there exist » > 0 and
¢ > 0 such that
¢, for|z| <r
> ) —
K(z) 2 { 0, otherwise,

which implies

/K <x A 5) H(d€) = cpa (S, (rh))

where S, (h) = {¢: |z — &] < h}. Thus
1 A(Sx(rh))

e

Application of Lemma A.13 completes the proof. m

A.2.2 Convergence rate

By imposing smoothness restrictions on ¢(e) and selecting an appropriate kernel we examine the speed
of convergence. In this section @(e) has ¢ derivatives and its gth derivative is square integrable, i.e.,
[(¢D(x))?dz < oco. In addition to those in Lemma A.1, the kernel satisfies the following additional re-
strictions:

/xiK(x)dazzo, fori=1,2,...,q—1, (A.15)
and
/ 10912 () da. (A.16)
It follows from (A.3) that
olo) [ (g = 5 [(ol+ ) — @)K (-

As (o) has ¢ derivatives, expanding the function in a Taylor series we get

=1 1o ) t+he
p(z + hé) — 2.7 R /x (@ + h& —n)* @ (n)dn
and using (A.16) obtain
0 [ K
-/ [ [ e n)qlso(‘”(n)dn] K(~€)de.

Since, by the Schwartz inequality, the inner integral is not greater than

wthe 1/2 hé 1/2
M / (@ +hn =) 2dn | =M / U
T 0

M
=

where M = ([ (@ (x))2dz)'/?, bearing (A.15) in mind we get

Mha=1/2
oto) [ Ki@ae] < o M [l Rl
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Finally

/K d§’ O(h1=1/%) (A.17)

as h — 0, where the bound is independent of .
If ¢(9)(e) is bounded convergence is faster. In such a case we write

with 0 < @ < 1. Thus if sup, |9 (z)| < oo,
0 [ K] < ;

0 [ K(E)df‘ —0(h), (A18)

ﬁql)! Sl;p ’Sﬁ(q)(x)’ / 1P K ()] dE.

Hence

provided that [ [¢PK(£)|d¢ < .

The improved rate of convergence of the convolution integral ¢y (x) requires higher order kernels. In
Section 3.3 we have discussed direct methods for generating higher order kernels. Yet another simple way of
obtaining such kernels is based on the concept of kernel twicing. Hence, it can be easily shown that if K (e)
is a kernel of order ¢ then 2K (o) — (K x K)(e) is of order 2g. Thus, starting with a basic kernel of order two
we can generated kernels of higher order by convolving the kernel with itself.

A.2.3 Integrated error

Before showing that the integrated error converges to zero we verify the following lemma;:

Lemma A.6 If [ p?*(z)dz < oo, then

lim [ (p(@ + ) = () dw = 0.

Proof. Every simple function can be represented as a linear combination of characteristic functions of a
finite number of some intervals. Thus the hypothesis holds for any such function. Moreover, for any square
integrable (o) there exists a sequence of simple functions ¢, (e) such that [(¢, () —¢(x))? — 0 as n — .
Since each ¢, (e) is simple, [(¢n(z + h) — ¢, (z))?*dz — 0 as h — 0. From this and the inequality

Jtot+ ) - p(@)?ds
< [(pla+ )= pulo+ m)Pda+ [ (oula+ ) = pn(2)ds
+ [(eale) - pl@)Pas
— [(enlo+ 1) = on@)Pdz + 2 [ (pla) = ola) Pdo
it follows that

1imsup/(gp(x +h) — @(x))*dr < 2/(<Pn(33) — p(x))?dx

h—0

for every n. Letting n tend to infinity completes the proof. m

Lemma A.7 Let [ p?*(z)dz < oo. If the kernel satisfy (A.4) and, moreover, [ K(z)dx = 1, then (A.2)
holds.
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Proof. It follows from (A.3) that

on(o) = 9@l < [0t - (o) |35 (1)) " i (5)] Ve

Squaring both sides and using the Schwartz inequality we get

e ()

(on(z) — p(@)? < / (plz — &) — pla))?

which leads to
[ton@) - ptarar < [ K@l [[ota -6~ oty 1x (,ﬁ) dédz.

Changing the order of integration we find the double integral in the expression equal to

Jote e (5)] e = [ ot | ()] e [ oter| ()|

with ¢(¢€) = [(¢(z—&) —¢(x))?dr and some § > 0. Since from Lemma A.6 it follows that ¢(£) — 0 as & — 0
for any € > 0, there exists 6 > 0 such that |¢(&)] < e if |£] < d. For such 4 the first integral is bounded by

1. (€
€/|§|<5 hK<h>’d§§s.

Since ¢(e) is bounded, the other is not greater than sup, ¢(t) f\g\>5/h |K(€)|d€ which converges to zero as
h — 0. The lemma follows. m -

A.3 Applications to probability

Suppose that X is a random variable and has a probability density f(e). We now rewrite some results
presented earlier in a new context. From Lemma A.1 we obtain

Lemma A.8 Let E|p(X)| < co. If K(e) satisfies the appropriate assumptions of Lemma A.1, then

i 28 {eCor (T35 ) | = et se) [ Kieae

and

1 _
sup —F |p(X)K v X is finite
h>0 h h

at every x where both p(e)i and f(e) are continuous. In particular,

lim %EK (”“" 2X> - f(x)/K(f)df

h—0

and

is finite

1 z—X
sup —F K( )
h>0 h ‘ h
at every x where f(e) is continuous.

Lemma A.9 Let E|p(X)| < co. If K(e) satisfies the appropriate assumptions of Lemma A.3, then

i 2 { o0 (255 ) | = wlors(o) [ e

h—0
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and

1 - X
sup —F |p(X)K a is finite.
h>o0 h h

at every Lebesgue point x of both f(e) and ¢(e), and, a fortiori, at almost every (with respect to the Lebesgue
measure) x, and at every continuity point x of both f(e) and p(e), as well. In particular,

lim + K (w A ) — (@) [ K(€)de

h—0 h

and

is finite

1 -X
sup - F ‘K (x )
h>0 h h
at every Lebesgue point of f(e), and, a fortiori, at almost every (with respect to the Lebesgue measure) point
x and at every continuity point of f(e), as well.

In the next two lemmas X has an arbitrary distribution and, in particular, may not have a density. The
probability measure of X is denoted by pu.

Lemma A.10 Let E|o(X)| < oo and let K(o) satisfy the assumptions of Lemma A.4. Then, at almost

every (1) point ,
oo (52)

lim = ()
h—0 EK (l‘ — X)

and

lim sup X s finite.
h—0 T —
EK
()
From Lemma A.5 we obtain
Lemma A.11 If K(e) satisfies assumptions of Lemma A.4, then
lim ————— is finite

h—0 r—X
EK
(%)

at almost (u) point x.

A.4 Lemmas

In the next two lemmas which can be found in Wheeden and Zygmund [434, Theorem 10.49 and Corollary
10.50], p is any probability measure.

Lemma A.12 If [ |p(z)|p(dz) < oo, then

— () (A.19)

for almost every (u) x.
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Lemma A.13 For almost every (u) z,

A ()
w0 (S, (1)

is finite.

Observe that (A.19) can be rewritten in the following form:

N JARGEE Y
0 /S e
equivalent to
q Jetow () utas)

= feow () e .

with
{ 1, for |z| <1
W(z) = .
0, otherwise.
Since X
[otemw (555wt = & {orow (257
and

Jor (55 o= (57 )

we finally conclude that (A.12) takes place almost everywhere (u). Therefore, compared to Lemma A.13,
Lemma A .4 significantly enlarges the class of applicable kernels.



Appendix B

Orthogonal functions

B.1 Introduction

In this chapter we present Fourier (i.e., trigonometric), Legendre, Laguerre, and Hermite orthogonal functions
and discuss some properties of orthogonal expansions. In Section B.6 we show fundamental properties of
Haar wavelets.

Legendre, Laguerre, and Hermite polynomials, particular cases of Jacobi polynomials, denoted temporar-
ily as Wy(z),k = 0,1,..., are orthogonal, each with respect to some nonnegative weight function \(x) on
some interval, say (a,b). It means that

0, forn#m,
Cp, forn=m,

/ab Win ()W (2)A(x)do = {

with ¢, # 0. For
e a=—1,b=1, and A(z) = 1, W,,(z) is the Legendre polynomial denoted by P, (z),
e a=0,b=o00, and \(z) = e™*, W,(x) is the Laguerre polynomial L, (z),

2

e a=—00,b=00,and A(z) =e ", W,(x) is the Hermite polynomial H,(z).

Clearly, functions wy,(z) = 051/2)\1/2(x)Wn(a7) are orthonormal, i.e.,

/b () () — { (1), for n # m,

for n = m.

The set {wg(z);k =0,1,...} of functions is also called an orthonormal system.
For any integrable y(e) such that f; lo(x)|dz < oo, writing

p(a) ~ Y agwy(z)
k=0

we mean that ap = f; o(y)wi(y)dz and call Y7 ) arwi(x) an orthogonal expansion of the function. The
sum

on(x) = Z apwy(x)
k=0

is a partial sum of the expansion. Each orthogonal system we deal with is complete which means that

b
lim (on(x) — @(z))?dz =0

n—oo
a

257
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for any ¢(e) such that ff % (z)dx < .
The partial sum can be rewritten in the following form:

on(z) = / Ko (2 y)p(y)de,

where
n

Kn(‘T,y) = ZUJk(x)UJk(y)

k=0

is the corresponding kernel of the orthogonal system.
An important problem is the pointwise convergence of the expansion, i.e., convergence

lim o,(z) = p(x)
n—oo
at a fixed point € (a,b). The convergence of the expansion in the Hermite system at a point is strictly
related to the expansion of the function in the trigonometric system in an arbitrarily small neighborhood of
the point. Though not exactly the same, a similar property holds for the other orthogonal systems. These
facts are presented in consecutive sections in so called equiconvergence theorems.
By imposing some smoothness restrictions on ¢(e) we present upper bounds for the Fourier coefficient

ay, and also for pointwise
o0

ou(@) —p(z) = Y apwn(x)

k=n-+1
and global
b o]
[ oute) = pla)pdo= Y ot
a k=n-+1

errors. Consecutive sections are devoted to expansions in the trigonometric, Legendre, Laguerre, and Hermite
orthogonal systems. For ¢(e) having ¢ derivatives and satisfying some additional restrictions, the results are
summarized in Table B.1.

Table B.1: Pointwise and global errors for various orthogonal systems

on(x) = @) [(on(x) - p(x))*dx

Fourier O(n—9t1/2) O(n~—29)
Legendre O(n—1+1/2) O(n=2et1)
Laguerre O(n=9/2+1/4) O(n=9)
Hermite O(n=9/2+1/4) O(n™1)

B.2 Fourier series

The system of trigonometric functions
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is complete and orthonormal over the interval [—m, 7]. For an integrable function ¢(e),

Sp(z) = %ao + zn:(ak cos kx + by sin kx)
k=1
with
w=1 [ ol
v
and
ap = %/W () cos(kx)dx, by = 1 /7r () sin(kx)dx,
k=1,2,...,is the partial sum of the Fourier expansion in the trigonometric series
1 oo
o(x) ~ 540 + ;(ak cos kx + by sinkx). (B.1)

Since the system is complete,

nlggo B (Sn(@) — p(x))*dz =0

for any ¢(e) such that ["_¢*(z)dz < co.
For the partial sum we get

Sn(x)

2w

—T

_ %/ﬂ o(y) (; + Z cos(k(z — y))) dy
k=1

—T

™ 1 n ™
o(y)dy + — E / o(z)(cos ky cos kx + sin ky sin kx)dy
™
k=1""T

n

1 m 1 <
szzl/_ﬂgp(x+y) (2-1—;0051@) dy.

Since
—13 coskx | = Dy(z),
k=1
where ( 1)
sin(n+35)x
Dy (z) = 2712 (B.2)
msin 5
is the Dirichlet kernel, see Figure B.1, we finally obtain
Sn(@)= [ Dn(y)p(z+y)dy= [ Dn(y—=z)p(y)dy. (B.3)

In passing, we notice ffﬂ D, (x)dx = 1.

According to Riemann’s principle of localization, see Sansone [376, Chap. II, Theorem 14] or Davis [73,
Theorem 12.1.13], the convergence of Sy, (o) to ¢ (o) depends only upon the behavior of ¢(e) in an arbitrarily
small neighborhood of zy. Continuity of ¢(e) at zy doesn’t guarantee, however, the convergence. An example
presented by du Bois-Reymond, see Davis [73, Theorem 14.4.15], shows that there exist continuous functions
whose Fourier series are divergent at a point.

There are a number of various sufficient conditions yielding the convergence of S, (z¢) to p(zg). We
present Dini’s theorem, see Sansone [376, Chap. II, Theorem 16].
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-2n 21

Figure B.1: Dirichlet kernel D5(z).

Theorem B.1 (Dini) Let ["_|o(z)|dz < co. If there exists € > 0 such that
€ j— j—
/ plrtt) +olz—t) = 20@)|
0 t
then
lim S(z) = ¢(x). (B.4)

n—oo

As a corollary from Dini’s theorem we get the following:
Corollary B.1 If ["_|¢(z)|dz < oo, then (B.4) holds at every x € (—m,m) where (o) is differentiable.

To present another corollary, we recall that ¢(e) is said to satisfy a Lipschitz condition at x if there exists
a constant ¢ such that

lp(z) — @(y)] < ez —yl",
0 <7 <1, in some neighborhood of z.

Corollary B.2 If [ _|p(x)|dz < oo, then (B.4) holds at every x € (—m,m) where @(o) satisfies a Lipschitz
condition.

The result given below is due to Carleson [45] and Hunt [239], for s = 2 and s > 1, respectively.
Theorem B.2 If [7 |p(z)|*dx < oo for some s > 1, then (B.4) holds at almost every x € (—m, ).

Restriction s > 1 can’t be weakened to s = 1, since there exist integrable functions whose trigonometric
series diverge at every point, see Kolmogoroff [252].
The expression

So(x) + Sl(x) +---+ Snfl(x)

sn(x) = n
is called the Cesaro mean of partial sums. Since
n—1 n—1
1 1 sm T
o=y B
P ! 27 sin 5 a:
where )
sin” Zx
F,(x) = 7221 (B.5)

2 sin® 5o
is the Fejér kernel (see Figure B.2 ) we get

sa(@) = [ Fal)ole +y)dy = / Fo(y — 2)o(y)dy. (B.6)

—T —T
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0.4

-2m 21

Figure B.2: The Fejér kernel.

Observe that [ F,(z)dz =1 and

1\ 1

D?(z) = (n + 2) ;FQW(I). (B.7)

The next theorem on Cesaro summability of the Fourier expansion is rather well known.

Theorem B.3 (Lebesgue) If ["_|¢(z)|dz < oo, then

lim s,(x) = ¢(x)
n—oo
at every point where (B.4) holds, at every continuity point x of p(e), and at almost every x € (—m,m).
The next lemma is a simple consequence of the aforementioned results.

Lemma B.1 If [7_|¢(z)|dz < oo, then

im L [ D2y ety = Lo@)

n—oo N —r i

at every point where (B.4) holds, at every continuity point x of p(e), and at almost every x € (—m,m).

Let ( 1)
B sin(n+3)x
Dn(2) = ———"— (B.8)
and )
_ 2sin 5T
Sn(x) = Tzl (B.9)
Clearly
200 — 171
D2(2) = (n ¥ 2) ) (B.10)
Let, moreover,
&u@) = [ Dulw)ela+u)dy (B.11)
and -
() = [ Fuwee + i)y (B.12)

Compare (B.8), (B.9), (B.10), (B.11), and (B.12) with (B.2), (B.5), (B.7), (B.3), and (B.6) respectively.
Lemma B.2 Let ["_|o(z)|dx < co. Then
lim (&,(z) — Sn(z)) =0

and
lim (s, (z) — sp(z)) = 0.

n—oo
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Proof. Since

where
1 1

1

)= ——"— —
g() 2sin§z T

with ¢(0) = lim, .0 g(z) = 0, to verify the first part of the lemma it suffices to show that

T

lim ez +y)g(y) sin(Ny)dy = 0.

N—oo _r

Since g(z) is continuous in the interval [—m, 7], to do that we apply the Riemann-Lebesgue theorem, see
Sansone [376, Chap. II, Section 4, Theorem 12] or Davis [73, Theorem 12.1.10], according to which

b
lim o(z) sin(nz)dz = 0

n—oo

if f: lo(z)|de < oo.
The verification of the other part of the lemma is similar since

F.(x) —Fn(z) = W—lnh(x) sin® gx,

where
1 2
2sin? %x x2

h(z)

Thus the lemma follows. m
Owing to Lemma B.2 we can make the following two remarks.

Remark B.1 Dini’s Theorem B.1, as well as Corollaries B.1, B.2, and B.2, all remain true if S,(x) is
replaced by &, (x).

Remark B.2 The Lebesgue Theorem B.3 on Cesaro summability of the Fourier expansion and Lemma B.1
are still true if s,(x) is replaced by s,(z). In particular, if [*_|¢(z)|dz < oo, then

fim = D2 (y — 2)p(y)dy = lw(%’)

n—oon J__ 0
at every x where (B.4) holds, at every continuity point x of p(e), and at almost every x € (—m, 7).

At every « where (B.4) holds we have

(oo}

Sp(x) —p(z) = Z (ax cos kx + by sin kz).
k=n-+1

Thus the quality of the pointwise approximation of ¢(x) with S, (x) depends upon the speed where coefficients
ay, and by diminish with & increasing to infinity. Assuming that ¢(—7) = () = 0 and ¢(e) is differentiable
and then integrating by parts, we get

1 4 1
= —— . ¢’ (z) sin(kx)dx = — ik
and
1 T 1

by = — ¢’ () cos(kx)dx = %61;@7

—T
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where )
Vg = —/ ¢’ (z) sin(kx)dx,

s

1
01 = 7/ @' (x) cos(kx)dz.

0

In general, if o™ (—m) = ™) (1) =0form=1,...,¢—1, and ["_(¢\? (2))%dz < oo,

1 1
lar] = 15 1vau] and |ox| = Zlvarl,

where v, and 6,4 are Fourier coefficients of ¢(?)(z) such that ;7 Yor < ooand Y 267, < oo. Therefore

ST@ 7)) = Y k(% +024) =0(n ™)
k=n-+1 k=n+1
which means that -
[ (Sulo) = @)z = 3 (a4 1) = O ), (B.13)
- k=n-+1
Moreover,
Z (ay cos kx + by sin kz)| < Z (lak| + |b|) < Z E79(vqr] + 10qk])
k=n+1 k=n+1 k=n+1
o 1/2 o 1/2
() (3 enra)
k=n-+1 k=n+1
Thus at every x where (B.4) holds,
|Sn(x) = ()] = O(n~7F1/2). (B.14)
For any ¢(e) such that f x)|dx < oo, applying the Schwartz inequality and (B.7) we get
™ 2 T 2
( Dn(y — fr)w(y)dy) < (/ [ Dn(y —2) |1V ]e(y)| v Iso(y)ldy)
1 1 ™ ™
sl{ntg) - | Faly—alleldy | le(y)ldy
which gives
Dn(y — 2)p(y)dy = O(n'/?).
For similar reasons,
(B.15)

/” D, (y — 2)p(y)dy = O(n'/?).

—T

Sometimes, it is convenient to apply the complex form of the trigonometric series. The system of functions

Lk — ko +i—=sink
coskx 4+ i——=sin kz,
Vor \ﬁ V2r
k=0,£1,42,..., is orthonormal over the interval [—m,7]. Hence

[eS)
E Ck ezkm

k=—o0
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with
1 T o= 1 i

_ ik
2 J_,

e p(x)dx ik
The relation between coefficients ay, by and cg is of the following form:

Ch e " o(x)dx.

:% .

1
iao =cy, Qar=Cp+cC_k, bk Zi(ck—cfk).
Thus
1 n n ) n )
540 + Z(ak coskx + b sinkx) = ¢o + Z cpe™® 4+ Z c_pe ke
k=1 k=1 k=1
which implies
Sp(x) = Z cpett®. (B.16)
k=—n
B.3 Legendre series
Legendre polynomials Py(x), Py (z), ... are complete and orthogonal over the interval [—1, 1], see, e.g., Sansone
[376] or Szegd [400]. They satisfy Rodrigues’ formula
1 d* k
First a few are
Po(.’L‘ = 1,
Py (z) =z,
1
Py(r) = 3 (307 ~ 1),
1
Py(z) = 5(5x3 — 3z),
1
Py(x) = g(35954 — 3022 + 3).
Moreover, for |z| <1,
|Pe(@)] < 1, (B.17)
P(1) = (1) Py(-1) = 1, (B.18)
and
| Py (2)] < k, (B.19)

see Sansone [376, Chap. III, Sects. 11 and 17]. The polynomials have the following property:
(2% + 1) Pa() = Pl (2) — Pl (). (B.20)
Since f_ll PZ(z)dz = 1/(2k + 1), the system

pO(x)vpl(x)’pQ(x% cee

pel@) = LR )

kn(2,y) =Y pi(a)pr(y)

where

is orthonormal over the interval [—1, 1].
Denoting
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we write the Christoffel-Darboux formula

n—+1 Pn(ac)PnH(y) - Pn+1(x)Pn(y)
2 y—x '

kn(z,y) = (B.21)

Clearly,

with
1
ap = / o(x)pr(z)dx
—1

is the partial expansion of ¢(e) in the Legendre system.

The next theorem due to Hobson, see Szegt [400, Theorem 9.1.2] or Sansone [376, Chap. III, Section 14],
is on pointwise convergence of o, (z) to ¢(x). The convergence is strictly related to the convergence of the
trigonometric expansion of p(cos&)+/siné at a point £ = arccosz, 0 < £ < 7. In the theorem S, (cos§) is the
nth partial sum of the trigonometric series of ¢(cos&)+/sin¢ in any open interval containing & = arccos z,
ie.,

Eo+4

Sp(cos§) = /g D,,(n — &)p(cosn)/sinndn

0—0

with any § > 0.

Theorem B.4 (equiconvergence) Let f_ll lo(x)|dx < 0o and

|
/_1 ﬁ\w(x)|dx < 00. (B.22)

Then

lim (an(x) - ﬁsa@) —0 (B.23)

at every x € (—1,1) such that Sy, (z) converges.

Since
1

1 2 1 1
1 1
——|p(x)|dr | < ———dx ZSCd:L':TF/ 2(z)dx,
([ =sewie) < [ i [ Ppe=r [ @
restriction (B.22) is satisfied if fil ©?*(z)dzr < co. On the other hand, (B.22) implies fil lo(x)|dz < .

Notice, moreover, that fil(l —2?) "V p(a)|dz = [ |p(cos€)|v/sinédE.
From the theorem, Corollaries B.1, B.2, and Theorem B.2, the following three corollaries follow.

Corollary B.3 If p(e) satisfies the restrictions of Theorem B.4, then

lim o,(x) = ¢(x) (B.24)

n—oo

at every x € (—1,1) where (o) is differentiable.

Corollary B.4 If p(e) satisfies the restrictions of Theorem B.J, then (B.24) holds at every x € (—1,1)
where @(e) satisfies a Lipschitz condition.

Corollary B.5 If p(e) satisfies the restrictions of Theorem B.4 and, in addition, fil lo(z)|*dx < oo with
some s > 1, then (B.24) holds at almost every x € (—1,1).
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Applying (B.20), bearing (B.18) in mind, assuming fil(ga’(x))de < oo and p(—1) = p(1) = 0, we
integrate by parts to get

1 1 1
| e@Pi@de =5 [ @) (Paao) - Pt

Hence
1 1

e by —bp ) = —
ok 1k T b)) = 5
where by, = f_ll ¢ (z)pr(z)dz and byy, = b1 — bi—1, which leads to ar = O(k™')bys, where Y 77 (b%, < cc.
Assuming that further derivatives exists we can repeat the reasoning. In general, if p(e) has ¢ derivatives,
f_ll(go(q) (2))%dx < oo, and () (—1) = (1) = 0,43 =0,1,...,q — 1, we obtain a = O(k™%)by, with some
bgr’s such that Z;O:O bgk < oo. Consequently,

/ (0n(2) — p@)Pdz = Y af = O(n=2*).

-1 k=n-+1

ap = — blk7

At every x € (—1,1) where (B.24) holds we have

oo

@) =@ < Y lanle) = 3 0 (K 04172) o[ Pile)|
k=n-+1 k=n-+1
Z O(k |bqk|a
k=n-+1
since
21 1

Po(z)| <44/ 2 ———— B.25
[P ()] < g (B.25)

for —1 < 2 <1, see Sansone [376, Chap. III, Section 10, Stieltjes formula (14)]. As the obtained quantity is
of order (332, 1 k=20)Y2(3 002,41 b2) /2, we finally get

|on(2) = p(x)| = O(n~1*1/2). (B.26)

Lemma B.3 Let ¢(e) satisfy the restrictions of Theorem B.4. Then

1
1 _
nl_{réon/ (@, y)e(y)dy m“"(x)’

for almost every x € (—=1,1), and at every continuity point x of ¢(e).
Proof. Defining x = cos¢ and y = cosn, we begin with the following equality:
kn(cos€,cosn)

_ 1 Sin[(n+1)(77 f)hrsm[( )(§+77)—%] n
Vsingsing | 2mwsin(n —¢§) 27 sin £ (n + €)

holding for 0 < £ <7, 0 < n < 7, where R,,(§,n) = O(1), see Szegd [400, (9.3.5)]. The bound for R, (§,n) is
uniform fore < { <m—¢cand e <n < w—¢, any € > 0. Therefore

Rn(&,m)

kin(cos &, cosn) = (&= n) +ral& )],

1
——|D
Ve gamy [Dnir2
where r,(£,7) = O(1), and, as a consequence, see (B.7),

k2 (cos &, cosn)

1 1
= m(n +1) ;F2n+2(§ =)+ 2rn (&) Dyir 2 (€ — ) + 72 (&)
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which gives

|z|+e T—48
[ Rwetdy= [ Kicost, cosnyp(cosn)sinnds
§

—|z|—¢

=(n+1)

T—0
/5 Foni2(€ —n)p(cosn)dn

msin€

T—3
/5 Fn(€,1) Dosr o (€ — m)p(cos )dn

sin &
1
sin &

+ Low / " lilcos ) dn,

where 0 = arccos(|z| + €). By Theorem B.3 on Cesaro summability of the Fourier expansion, for almost
every &, and for every continuity point of ¢(cos¢),

T—0
lim Fons2(§ — n)p(cosn)dn = p(cos §). (B.27)
n—oo 6
In turn
T—3
/5 (27 Doy y2(€ — m)p(cos )
T—0
— o) /5 D1 /2(E — m)lp(cos ) dn.
Moreover,

/ Dot (& — m)lli(cosm)dn

(/ D1 ja(€— n)l@(cosnldn> (/ lo( cosn|d77>
= n;rl(/o Fonga(§ - n)l¢(cosnldn> (/ |<pcosn|dn>

=0(n'/?)

/2

/2

at every  where (B.27) holds. Since
——p(cos§) = 7%1 p(x)
Sn€ cos —— (),

we have shown that

1 flel+e 1
lim — k2 (x, dy = ——p(x
nﬁoon/ug n(@ )y = —m==¢(2)
for almost every .
To complete the proof, we need to examine

1 —|z|—e

[, B ey md [ Kot (B.25)
x|+e —1

Recalling Christoffel-Darboux formula (B.21) and using (B.25), we get
n+1 Poi1(y) Pu(y)
kn(xay) 2 < n(x) y—x n+1($>y7x

-own ([

) = O(nY?)(|Prs1(y)| + | Pu(w)]),
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since |z — y| > 0. Thus, using (B.25) again, we find

1 1

K2 (2 9)p(y)dy = O(n) / (P2, (y) + P2(0))|o(y)dy

1—¢ 1—¢
ot [ el

( YT Pl
Since the other integral in (B.28) is of the same order, the proof is completed. m

The Legendre polynomials are members of larger class of orthogonal polynomials. The ultraspherical
(Gegenbauer) polynomials consists of polynomials orthogonal on [—1, 1] with respect to the weight function
Mz, o) = (1 — 22)* Y2 where a > —1/2. The case o = 1/2 gives the Legendre polynomials, whereas
a = 0 corresponds to the Chebyshev polynomials of the first kind. It is an interesting fact that among of
all orthogonal polynomials with the weight A(x, «), the Chebyshev polynomials of the first kind are optimal
in the sense of the uniform metric on [—1,1] , i.e., they give the lowest uniform error for any continuous
function on [—1, 1]. This result is due to Rivlin and Wilson, see [400].

B.4 Laguerre series

Laguerre polynomials Ly, L1, . . . satisfy the following Rodrigues’ formula:
—x 1 dk k_—x
e Lk(m):Hd:Tk(x e™").

It is not difficult to check that

LQ(ZE) = 1,
Ll(l‘) =—x+1,

1
Ly(x) = 51'2 -2z +1,

1 3

Li(x) = —6x3 + §x2 -3z +1,

1
Ly(z) = ﬂx‘l - §x3 +32? — 4z +1,

and so on. In general
k 1k
Li(x) = Z(—l)’.(,)ﬂ. (B.29)
The system of functions
Ik(x) = Ly(z)e /2,

k=0,1,..., is complete and orthonormal on the real half line [0, c0).
The Christoffel-Darboux summation formula is of the following form:

)e—x/Qe—y/Z Ln+1(x)Ln(y) — Ln(x)LnJrl(y)
y—
_ (n + 1)ln+1(x)ln(y) - ln(l')ln+1(y)
Y-

kn(z,y) = (n+1

where

ka(w,y) = e 272y " Li(2) Li(y) = Y ln(@)li(y)
k=0 k=0

is the kernel of the system.
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Let
on(x) = Z arly(x)
k=0
where -
ap = / o)l (x)d.
0

In Szeg6 [400, Theorem 9.1.5] or Sansone [376, Chap. IV, Section 11], see also Uspensky [406], we find a
result relating pointwise convergence of the Fourier and Laguerre expansions. In the next theorem

1 V43 )

S.(vD) =1 [ eP)on(vVa - n)dy
s VI—§

where N = 2y/n — 1/2, and where D is as in (B.8). Clearly,

1 [VE+s
A =1 [Ny

is the Nth partial sum of the trigonometric expansion of ¢(y?) in the trigonometric series in the interval
(Vx — 6,4/ + §) with any § > 0. Relations between asymptotic properties of &, (v/x) and S, (y/z) are
explained in Lemma B.2.

Theorem B.5 (equiconvergence) Let [ |o(z)|e™®/2dx < co. Then, at any x > 0,

lim (o, (x) — &,(v/x)) = 0.

n—oo

Applying Lemma B.2, we obtain

Theorem B.6 (equiconvergence) Let [ |o(z)|e™®/2dx < co. Then, at any x > 0,

lim (o, (z) — S,(v/z)) = 0.

n—oo

According to the theorem, at any point xg, o > 0, the Laguerre expansion of ¢(e) behaves like the
Fourier expansion of ¢(22) in an arbitrarily small neighborhood of /Zg.
Recalling Theorem B.1, we obtain next two.

Theorem B.7 Let [ [p(x)|e™"/?dx < co. At every x € (0,00) where p(o) is differentiable,

lim o,(x) = (). (B.30)

n—00

Theorem B.8 Let [ lp(z)|e™/2dx < 0o. At every x € (0,00) where () satisfies a Lipschitz condition,
(B.30) holds.

Applying Theorem B.2 we get
Theorem B.9 If [© lp(z)|e=*/2dx < oo, then (B.30) holds for almost every x € (0,00).

Now, assuming that o(e) is smooth we determine the expansion coefficients. To achieve this goal we
apply associated Laguerre polynomials Léa)(x), where for a > fl,L,(;X) (z) is defined as follows:

LY () =1

and Y
—T o (Ot) _ - Yy kta, —x _
e “x“Ly (x)—k! dx(x e ™), fork=1,2,...,



270 APPENDIX B. ORTHOGONAL FUNCTIONS

or in a more explicit form
k
1 (E+a)
L (2) = —1)i= :
@)= UG )
1=0

The above formula allows to define the associated Laguerre polynomials to any a.
In the sequel we use the integer values of «, i.e., let m =0,1,2,.... Functions
1

(m) gy _
b (@) = JEID krm)

e L (@),

k=0,1,..., constitute a complete orthonormal system over the half real line [0, c0). Clearly L,(CO)(a:) = Li(x).
Notice that the symbol (™ doesn’t denote a derivative. To avoid misunderstandings not (9 but d¢ /dz? stands
for a derivative.
The polynomials {L,(Cm)(x)} satisfy the following differential equation:
d2

m d m m
mWL; )(x)+(m—x+1)%L,(€ V@) + kL™ () = 0,

see Sansone [376, Chap. IV, Section 1], which can be written as

1d +1 -z 4 (m) - (m)
——— 2™ *—L =—e "2™L . B.31
T (m e Ly (x) e “x™L," (x) (B.31)
We assume that, for some § > 0,
lim @(z)e”*/?t0 =0 (B.32)

and lim, o z¢(z) = 0. The latter, together with the fact that

htm)! _ o
Ly(0) = A O(k™)
as k — oo, implies
: (m+1) .y
hn}J zp(x)L, | ' (x) =0.

We begin writing

/0 oI (@)da
- \/(k + 1) 1 . (k i m) /OOO ¢(x)xm/2€*z/2L§€m)(x)dx

1 o0
o -m/2 x/2 m 71L(m) d
= )T e x™e x) ) dx.
\/(k+1)~-~(k+m)/o Co ) ( @)
Integrating by parts, using (B.31) and the fact that
d

=LV (@) = ~L"{ " (@),

we find the integral is equal to

1 /°[d d
_ il —m/2 x/2 m—+1 _fo(m)
k/o [daj (('0(95)5C ¢ )} (x € gk ($)> dx

- %/O <xgo’(x) + %xgo(x) — mgo(;v)) mm/2e_w/2%L,§m)(x)dx

— 1 [ (5@ Jao) - mpto) ) e e 2L )
0

_ W“(’”l)k'“(’”m) /OOO (w%x)

+ %xga(x) — m@(m)) l,(ﬁirl)(x)dx.
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Finally
- (m) _ 1 OO / 1 (m+1)
p(x)l xd:z:f—/ (m(prrx(pxmga:r)l_ x)dzx.
| et @ = [ (a¢' (@) + oot - meta) ) 117 @)
Thus denoting

d
— pl+m/2 —x/2 -m/2 , x/2
Dp(z) =x e . (go(x):r e )

we find

Dp(a) = o () + Sap(a) —mp(a) = (22D + 7 — 2m)p(x),

where D stands for d/dx, and write

= ()™ _ L N 10D () d
/0 P @de = / (Do) 1" (2)d

= [T een -2y

Therefore
ay = / o)l (z)dx
0 1 = (@)
= D1 D1 Pop(2)) Y (x)de,
=TT, @ @)1, (@)
provided that (B.32) holds and lim, o 2%¢® (z) =0, for i = 0,1,2,...,q — 1. Hence
1 (@) L @
ap = b =0(1 b
k= 1) (k—qt1) "¢ W) Vs
where

by = /OOC (®q_1 -+ Bog(@)) 1D () da

= ﬁ /000 [(H(QxD +x— 28)) gp(x)] l,(cq)(:n)dx

is the appropriate coefficient of the expansion of
qg—1
Dy y o Dop(x) = <H<2w . 2s>> o()
s=0

in the series lliq) (x).
If fooo(ilq_l o Bog(x))?dr < 00, D peg(bgr)? < 0o then

Z aj, = O(1) Z ﬁ(bq,k—q)Q = O(l)ﬁ Z(bqk)2~
k=n-+1 k=n-+1 k=0
Consequently
| (onta) = ola)?de = O()
0
Moreover
oo oo 1
S lalln(@) = 0(1) 3 bl
k=n+1 k=n+1
o ) 1/2 o 1/2
2
< O(U( Z I<;‘1+1/2> < Z (bg,k—q) )
k=n-+1 k=n-+1

— O(nfq/2+1/4)
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which means that at every point x € (0, c0) where the expansion converges to ¢(x),
o () = p(x)| = O(n=9/>F1/%), (B.33a)

For our next developments we need some inequalities for Laguerre polynomials. On the interval 0 < z < a,
any a, we have

Ln(z) = z7Y40(n~1/4), (B.34)

LY (@) = 0(n=/%), (B.35)

n

Szeg6 [400, (7.6.9) and (7.6.10)]. On the interval a < z < oo, any a > 0,

e 2L, (x) = 2740 (n~ /1), (B.36)
e 2LV (2) = V40 (n~7/12), (B.37)

Szego [400, (8.91.2)]. Moreover,
Ln(2) = L1 (z) — LY (@), (B.38)

see also Szegd [400, (5.1.13)].
Passing to the next lemma we notice that if fooo |o(x)|de < oo and lim, ¢ ¢(x) is finite then fol V2| p(z)|dz <
00.

Lemma B.4 If [ [¢p(x)|dz < oo and fol 2| p(2)|dx < oo, then

lim % /OOO (2, y)p(y)dy = —=¢(z)

n—oo n
at every x > 0 where @(o) is continuous and at almost every = € (0,00).
Proof. We recall the Christoffel-Darboux formula and write k, (z,y) = e~*/2e%/2K,, (x,y), where

L7L+1 (x)Ln (y) — Ly, (x)LTH-l (y)

Kn(x’y) = (n + 1)

y—x
(-1) (-1)
L, L —L Ly,
—(n+1) +1() n+1 (yi 7yn+1 () +1(Z/).

We substituted Lj,11(z) — Li;lf () for L,(z) and did similarly for L, (y), see (B.38).

Further considerations hold for every x > 0 where (o) is continuous and for almost every = > 0. Let
O<e<um.

On the interval |z —y| < e

Ko (,y) = eﬂ”gj@m (Vi — V&) +0(1)

with N = 2y/n — 1/2, where © is as in (B.8), see Szego [400, (9.5.6)]. Hence

Kio) = 1 (V4 3 ) 2w (Vi - VD)

+ 0<1>ef\}§m (V7 - V) +0(1),

see (B.10). Since
LE+E 1

/l e @(y)e‘yé&v (Vy— V) dy = 2/ —o(w?)e VN (v — vT) dv

Tr—e v
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converges to 2z~ /2e%p(x) as N — oo, applying (B.15) we obtain

1 1
lim — k2 (z,y)o(y)dy = —=p(z).
| R = e

Let 0 < y < z —e. Using (B.34) and (B.35), we obtain K, (z,y)

NG y)dy = O(1) [ v~ ?|¢(y)|dy. Hence

1 r—e
lim —/ go(y)k:2(:1:,y)dy =0.
0

n—oo 1/MN

For x 4+ ¢ <y, we apply (B.36) and (B.37), to obtain

(-1)
e~ T/20-y/2 Ln+1 (%) L1 (y)

_ -1 —7/12\, 1/4 —1/12
= 0 (0]
Iy 0y O 1)
and 1)
o~ /2-Y/2 Loy i (@) Lnga () _ y’lO(n’7/12)y’1/40(n’1/12)
r—y

Hence -

lim —= [k} (z,y)¢(y)dy =0

n—oo \/> T+e

which completes the proof. m

B.5 Hermite series
A function Hy(z) satisfying Rodrigues’ formula

kdk 2

—x

e_szk(m) = TRe

(=1)

n=0,1,...,
however, that definitions in these references differ by the factor (—1)"

Ho(z) =1,

Hy(z) = 2z,

Hy(x) = 42 — 2,

Hz(z) = 82° — 122

Hy(x) = 162" — 4822 + 12,
Hs(z) = 322° — 160x> + 120z,

and so on. Functions
1 —x2/2

VIR

hk(x) =

k=0,1,2,...,

273

= O(1) (1 4+ y~/*) which leads to

=0(n™??)

=0(n=2/3).

is the kth Hermite polynomial, see Szeg6 [400, Chap. V], or Sansone [376, Chap. IV]. Notice,
. One can easily calculate

constitute a Hermite system which is complete and orthonormal on the entire real line R. For

Hermite functions the following inequalities hold, see Szegd [400, Theorem 8.91.3],

C
< -
,ooniagioowlk(x” = (k+1)1/12’

d(a)
_meee (@l < Gy

(B.39)

(B.40)
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for any a > 0. Moreover,
H(z) = 2kHy_1(z), (B.41)

see Szeg6 [400, (5.5.10)], which leads to

() = \/fhk_m @)

Thus
_max_|Bi (@) = OG?) (B.42)
and
max [k (x)] = O(K'/%) (B.43)
for any a > 0.

According to the Christoffel-Darboux formula,

- 1 HnJrl(x)Hn(y) B Hn(x)Hn+1(y)
— Hi(z)H =
’;O 2k k! b(@) Hi () 2ntinl(y — x)
which is equivalent to
fen(z,y) = 4 /”‘2*‘ 1 hpg1 (@) ha(y) — hn(x)hn+1(y)7 (B.44)
y—x

where

is the kernel of the Hermite system.
Let

Sa(x) = arhi(z)
k=0

where

ai = /OO o(z)hg(x)dx

— 00

The next result is due to Uspensky [406], see also see Szego [400, Theorem 9.1.6] or Sansone [376, Chap. 1V,
Section 10]. In the next theorem

z+5
Gy (r) = L /_5 o(Y)DN(r —y)dy

where N = 2y/n — 1/2, and where D is as in (B.8). Clearly

40
Su(x) = = / () D (z — y)dy

T Jx—5

is the Nth partial sum of the trigonometric expansion of ¢(y) in the trigonometric series in the interval
(x — §,2 + ) for any 6 > 0. Relations between asymptotic properties of &,,(z) and S,,(z) are established in
Lemma B.2.

Theorem B.10 (equiconvergence) Let [~ lp(x)|e=*"/2dx < 0o. Then, at every x € (—o0,00),

lim (o,(z) — &,(x)) =0.

n—oo

Application of Lemma B.2 yields



B.5. HERMITE SERIES 275

Theorem B.11 (equiconvergence) Let [~ lp(z)|e™**/2dx < 0o. Then, at every x € (—o0, 00),

lim (o, (x) — Sp(x)) = 0.

n—oo

Thus at any point the Hermite expansion of ¢(e) behaves like the Fourier expansion of ¢(e) in an
arbitrarily small neighborhood of the point.
Recalling Theorem B.1, we obtain the next two theorem.

Theorem B.12 Let [ lp(z)|e™**/2dx < 0o. At every point x € R where (o) is differentiable,

lim o,(x) = (). (B.45)

n—oo

Theorem B.13 Let [~ |go(m)\e’””2/2dx < 00. At every point x where ¢(e) satisfies a Lipschitz condition,
(B.45) holds.

Revoking Theorem B.2, we get
Theorem B.14 If [* \cp(x)|e*$2/2dx < 00, then (B.45) holds for almost every x € R.

To evaluate the expansion coefficients for smooth functions, we use (B.41) and obtain
[e.°]

| el e = st [ ptae e P e

— 00 — 00

Assuming that lim ;o go(x)e*ﬁ/szH(gc) = 0 and integrating by parts, we find that the quantity is equal
to

L [ (e ) s

2k+1) J_
1 00 e
-~y | (@) = e Pl (@)
Thus
ah = — b
k kD) Lk+1
where by = — [~ _[(D — z) ¢(z)]hy(2)dz with D standing for d/dz.
In general, if, for m = 0,1,...,¢ — 1, lim; o(m) (x)e_xz/z““s = 0 with some ¢ > 0,
g = (—1)1 L b —O<1>b
’ 202 /k T )(k+2)ktq) 1 \ke2) T

where by x = [7_[(D — x)? ¢(x)]hy(x)dz. If, moreover,

| 10— el < o

— 00

we have ZZOZO bg x < 0o and consequently we obtain

oo oo _ 1 oo
S al= Y O, =05 Y B,
k=n-+1 k=n-+1 k=n+1

Thus -
| (onta) - pla)de = 0.
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Moreover,
o0 o] 1
D arhi(x)= > O <kq/2+1/4> |bg.k+q]-
k=n-+1 k=n-+1

Since the sum is bounded by

o 1/2 oo 1/2 o 1/2
1 ) 1
0(1)< > W) < 2 bq,k+q> :O(l)< > kq+1/2> )

k=n+1 k=n+1 k=n+1
at every x where (B.45) holds, we get
o () — p(x)| = O(n=9/>F1/%), (B.46)
Lemma B.5 Let [~ _|p(z)|dz < co. Then

) 2w

at every continuity point x of p(e) and at almost every x € (—oo, 00).

Proof. The considerations hold for every continuity point = of ¢(e) and for almost every point x. For any
fixed z and any € > 0, in the interval t —e <y <z +¢

kn(z,y) =Dn_1/2(y — x) + %O(l)

with 2N = /2n+3 4+ v2n+ 1, where Dy () is as in (B.8), see Sansone [376, Chap. IV, Section 10].
Consequently,

Lo,

N 1
ki (z,y) = ?SzN(y —z)+ No(l)gN—lﬂ(y —x)+ e

see (B.7). Thus recalling Remark B.2 and noticing that N/n'/? — /2 as n — oo, we get

1 N V2
lim — — —x dy = — .
nlm -~ - Fon(y Yo (y)dy . o(z)

Applying (B.15) we come to the conclusion that

v2

1
lim —— k2 (z,y)p(y)dy = —p(z).
VI Jjpy|<e

n—oo

Moreover, by (B.39) and (B.40),

max [k (1) € —=(n+ D2 max (b (0)hn(@) — hn(y)hns (2)]

lz—y|>e V2 |lz—y|>e
1 1/2 2d($)c - 1 1/6
< ATV e = 00
which yields
1
lim — k2 (x,y)p(y)dy = 0
n—oo \/R le—y|>e ( )

and completes the proof. m
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B.6 Wavelets

In this section we discuss orthogonal wavelets. From a certain viewpoint there is some basic difference
between wavelets and orthogonal Fourier, Legendre, Laguerre and Hermite orthogonal polynomials. All
polynomial expansions behaves very similarly. Convergence of Legendre, Laguerre and Hermite expansions
to expanded functions at a point is strictly related to those of the Fourier one in a neighborhood of the point,
see equiconvergence Theorems B.4, B.6, and B.11. This is not the case with wavelets.

In our considerations we deal with Haar wavelets. Let ¢(z) = Ijo,1)(x), where [ is the indicator function,
i.e., where

La(z) = 1, forxz e A,
A= 0, otherwise.
For a fixed m being a nonnegative integer and n = 0,1,...,2™ !, we define

Grmn(T) = 2m/2q§ 2™z —n).

Clearly
Pmn () = 14,,,(2),
where )
n n+
Amn =13 o

The set Ay, is the support of @y, (e). For n # k, App N Ak = 0, which means that ¢, (e) and @i (e)
do not overlap. Thus, for n # k,

/ G ()i () = 0.
0

Hence functions ¢, (e) and ¢,,x(e) are, for n # k, orthogonal. Since U2_ ;' A, = [0,1), then Zizal Gmn(T) =
@(x) = Ijp,1)(z). Observe that, for each m, we have 2™ functions

¢m07 ¢m17 R ¢m,2m71‘

The number of functions increases with m as shown below:

®00,

$10, P11,

$20, P21, P22 P23,

®30,  ®31, P32, @33, 31, O35, P36, Par,

¢m07 ¢mla ¢m23 ¢m37 ¢m47 ¢m57 ¢m67 ¢m77 T ¢m,27”—1~

Since support of ¢, (), i.e., Ay, has the length 1/2™ we have

1 ) 1

Therefore the system
Pmo; Pmly -« Pm,2m—1

with @pn () = 2"/2@n(x) is orthonormal.

For obvious reasons
21n7 1

O'm(Q?) - Z Cmngpmn(x)
n=0

with )
e = / () P ()
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is the mth partial expansion of ¢(e) into the wavelet series. Clearly

gm—1
n=0

With
mn mn .
a / (p(l’)(ﬁ (3;‘)03?

Theorem B.15 If fol |p(x)|dz < oo, then
om(x) = f(x) as m —
at every point x € (0,1) where ¢(e) is continuous.

Proof. Fix z € (0,1) and assume that o(e) is continuous at the point. The points belongs to exactly one
of the intervals A,,,, n =0,1,...,2™ — 1. Denoting the interval by A,,,, we can write

1

mng

Since the length of A,,,,, is 27, by the mean-value theorem,
om(x) — p(x) as m — oo

which completes the proof. m
If, p(e) satisfies the Lipschitz condition, i.e., if
p(z) = p(y)] < el -yl

for all z,y € [0, 1], then

rnla) = 9@ < o [ Nl =ty < 5 [l =iy < o

mng mng

Hence

o (2) — ()] = O (;ﬂ) as m — o0, (B.47)

Let
om _q om _q

ki (2,9) = > @n(@)en(y) =2 Y ¢n(x)dn(y)
n=0 n=0
denote the wavelet kernel function.

Lemma B.6 If fol lo(z)|dz < oo, then

m—oo 2M

1
iin_ o [0y = olo)
0
at every point x € (0,1) where @(e) is continuous.

Proof. Fix z € (0,1). Bearing in mind that ¢,,,(z) = L4, () we can write

om _q om _q

ki (2,y) =27 ) da(@)dn(y) =27 D Ia,.,(@)1a,, ).
n=0

n=0
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Since x belongs to exactly one of the intervals A,,,, n =0,1,...,2™ — 1, denoting the interval by A,,,, we
find the kernel equal to 2" LA, (y). Thus

1 1

1
om k2, (2, y)e(y)dy = 2™ / La,... W)e(y)dy = 2™ /A o(y)dy
0 0

mng

which converges to ¢(z) as m — oo at every continuity point of ¢(e), see the proof of Theorem B.15. The
proof is completed. m

For other wavelets we refer the reader to Daubechies [69], Chui [59], Walter [424], Ogden [317] or Mallat
[296).
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Appendix C

Probability and statistics

C.1 White noise

C.1.1 Discrete time

Lemma C.1 If {U,} is a stationary white random process, then, for any functions f(e), g(e), ¢(e), and
¥(e),

cov [f(U)e(Ur), g(Un)(U;)]

cov [f(D)p(U), g(U)(U)], forq=i=r=j,
Ep(U)cov [f(U),g(U)p(U)], forq=r=7j,q#1,
Ep(U) cov [f(U)pU),g(U))], forq=i=rq%# 3],
Eg(U)cov[f(U)p(U),v(U)], forq=i=j,q#r,

_ ) EfU)cov[pU),g(U)pU)], fori=r=jq#i,
E{fU)g(U)} E{p(U)p(U)}

)}
*Ef(U)Eg(U)ESO(((J)Ezb(U), forq =ri=j,q#1,

0, otherwise.

Proof. The proof is straightforward. m
The next lemma is a simple consequence of the above result.

Lemma C.2 Let {U,} be a stationary white random process such that Em(U) = 0. For any functions ¢(e),
and (),

cov [m(Uq)(p(Ui)7 m(Ur)z/}(Ujﬂ
cov [m(U)p(U), m(U)y(U)], forq=i=r=j
Ep(U)E{m*(U)$(U)}, forq=r=7j,q#1i,
_ ) BY(U)E{m*(U)e(U)}, forq=i=rq#j,
var [m(U)] E{o(U)¥(U)}, forq=ri=j,q#1,
E{m(U)yU)} E{m(U)e(U)}, fm};q =ji=rq#1,
0, otherwise.

Owing to the lemma, we can verify the following.
Lemma C.3 Let {U,} be a stationary white random process such that EU =0 and Em(U) = 0. Then

var [Um(U)], forq=i=r=7j,

o var [m(U)], forq=r,i=jq#i,
cov [m(Uq)U“m(UT)UJ} = EU2 {UT[TL([(])}?]a foquj,i =T7q #27
0, otherwise.

281
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C.1.2 Continuous time

Lemma C.4 If {U(t)} is a stationary white random process, then, for any functions f(e), g(e), p(e), and

P(e),
cov [f(U(#)p(U(£)), g(U (7)) (U (n))]
= 6(t = &)(& = 7)(r —n) cov [f({U)p(U), g(U)y(U)]
+ 0(t = 7)o(T — ) Ep(U) cov [f(U), g(U)p (V)]
+0(t = )o(§ = 7)EY(U) cov [f(U)p(U), g(U))]
+ 8(t = )(§ = n)Eg(U) cov [f(U)p(U), p(U)]
+ 6(§ = 7)o(r =) Ef(U) cov [p(U), g(U)$(U)]
+ 0t =7)6(E =) [E{f(U)g(U)} E{p(U)p(U)}

— Ef(U)Eg(U)Ee(U)EY(U)]
+ 0(t =o€ =) [E{fU)p(U)} E{o(U)g(U)}
— Ef(U)Eg(U)Ep(U)EY(U)] .-

Lemma C.5 Let {U(t)} be a stationary white random process such that Em(U) = 0. For any functions
©(e), and 1(e),

cov [m(U())(U(€)), m(U (1))$ (U (n))]

= 6(t = &)0(§ = 7)é(T —n) cov [m(U)p(U), m(U)y(U)]
+ 6(t —1)8(t — n)Ep(U)E {m*(U)y(U)}
+0(t = €)6(& — 1) EY(U)E {m*(U)p(U)}

+ 6(t = 7)0(§ —n) var [m(U)] E{p(U)¢(U)}

+ 6t =m)é(§ =) E{m(U)p(U)} E{p(U)m(U)}.

(t
+ 6(t = 71)8(¢ — )ty var m(U)]
(t —=m)8(¢ —m)E* {Um(U)} .

C.2 Convergence of random variables
Definition C.1 A sequence {X,,} of random variables is said to converge to zero in probability if

lim P{|X,|>e} =0,
for every e > 0.

We write
X, = O(ay,) in probability as n — oo

and say that X,, converges to zero in probability as fast as O(a,,) if

1
An—|Xn| — 0 in probability as n — oo
i

for every number sequence A\, converging to zero.
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Lemma C.7 If E(X,, — a)? = O(a,), then, for any e > 0,
P{|X, —a| >¢e} =0(ay,) asn — 0
and
| X5, — a| = O(/aw,) in probability as n — oo.
Proof. Fix ¢ > 0. Since EX,, — a as n — oo, |EX,, — a|] < ¢/2 for n large enough. Thus
P{|X, —a| > e} < P{|X, — EX,| + |EX, —a| > €}
< P{|X,, — EX,| >¢/2}
which, by Chebyshev’s inequality, is not greater than
4dvar[X,] 4
e? e?
For the same reasons, for n large enough,

A NAUR DY
Pl 20X, —al>eb=PJ|X, —a| > ¥ L« 2 2 gy, — q)?
NG

which converges to zero as n — co. m
We shall now examine a quotient Y;, /X, of random variables. The next lemma, in part, can be found in
Greblicki and Krzyzak [167] or Greblicki and Pawlak [179].

Lemma C.8 If, for any e > 0,
P{|Y, —a|] > e} = O(an),

P{|X,, —b] >} =0(Bn)
Y, a
P{‘Xn‘b

= O(\/Vn) in probability as n — oo,

with b # 0, then

- g} o0

and

where v, = max(ay, On).

Proof. Fix € > 0. For simplicity, let a« > 0 and b > 0. We begin with the following inequality:

Yn a Yn Xn—b Yn—a
— — | < |= . C.1
X, b“Xn b ’*‘ b (C.1)
Hence
Y, —al <
| a\_2+€a
and .
[ Xp —b] < >—b
24¢
imply
Y, a a
— — | <e-.
X, b7 b
Thus
Y, a a
pll=n_ = z
{5 -5-)
€

Applying Lemma C.7 we complete the proof. m
Combining Lemmas C.7 and C.8, we get
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Lemma C.9 If E(Y,

—a)? = 0(ay), and E(X,, —b)? = O(8,) with b # 0, then
Y,
S R
{ X, 3 } ()
and
Y., a . ..
< 3= O(\/7n) in probability as n — oo
with v, = max(ay, Bn)
From (C.1) it follows that
Y, a\’ Y, \? 1 , 1
L) <22 S5 (X, - 2— (Y, —b)%.
Thus if |Y,/X,] < ¢
Y, a\° __1 1
E(2—2) <2-E(Y, —b0)?+28=E(X, —b)?
(Xn b>— gz B = b7 + 205 B (Xn = b)7,
which leads to the following lemma

(C.2)
Lemma C.10 If E(Y,, — a)? = O(a,,), E(X,, —

O(Br) with b #£ 0, and

for some c, then

Y, a\?
E (Xn - b) = O(n),
with vn, = max(a,, Bn).

In this book we have encountered the problem of dealing with an estimate /m being of the ratio form, i.e.,
m = 4. For such estimates we can show that m tends (in probability) to a limit value m. This is done by
proving that g and f converge to g and f, respectively, such that m = F- In order to evaluate the variance
and bias of m we have often used the following decomposition
g—m m—m)(f—f
iy d=ml )W = 1)
f f
Since the second term is the product of two tending to zero expressions, the leading terms in the asymptotic
variance and bias of 1 are controlled by the first expression in the above decomposition, i.e., we can write

var{m} ~ var{g —fmf}
and

B}~ pd =M

7 2
If one wishes to find the the higher order contributions to the variance and bias of m
following identity [323]:

:g.

7 it may apply the
P u—uo) 11 (u — ug)P*?
Z 1+1 + (=17 p+1
i=0 ut
for p > and any ug # 0. A simple consequence of this identity is the following useful inequality
Y Y
var{=1} < var{V’}

for any random variables X and Y such that the ratio is well defined
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C.3 Stochastic approximation

Let Y (§) be a random variable whose distribution depends on a nonrandom parameter £. To find £* which

solves a regression equation
EY(§) =a

with given a, Robbins and Monro [355] have proposed the following stochastic approximation procedure:
&n =8&n—1— ’Yn(Y(gn—l) - a)

for some &y, where {7, } is a number sequence and 7, is called gain. Denoting Y (§) = m(§) + Z(&) with
Z(&) = Y(§) — EY (&) having zero mean and interpreted as disturbance, we can say that the equation
m(§) = a is solved with a procedure

€n - gn—l - ’-Yn[m(én—l) + Z(fn—l) - a]

in which observations of the regression m(e) are corrupted by Z.
In particular, to find EY one can apply the procedure

En = gnfl - p)/n(fnfl - Yn) (03)

For v, =n~1, & =n"'>"" | Y, is just the mean of observations.
In turn, to estimate FY/EX the following modified procedure can be employed:

n =&n—1— 'Vn(Xngnfl - Yn) (C4)

One can expect that &, converges to ¢ for which F{X,& —Y,} = 0. The £ solving the equation is cer-
tainly equal to EY/EX. Observe that the procedure finds a quotient but performs operations of adding,
subtracting, and multiplying only, but not dividing.

Rewriting (C.4) as

Y,
gn = gnfl - ’Yan <£n1 - X)

we can say that, whereas the gain is deterministic in (C.3), in (C.4) is random.

C.4 Oprder statistics

In the process of ordering random variables
X1, Xo0,..., X,
are arranged in increasing order to yield a new sequence
X1y, X@2ys -+ X(n)

where X (1) < X(3) < --+ < X(;,). These new random variables are called order statistics, X(;) is called the
ith order statistics. The intervals

(=00, X(1)), (X(1y, X(2))s - - -5 (X (n), 0)
are called sample blocks, whereas the length X 7,1y — X(;) is named spacing. Numbers

where F' is the distribution function of X;’s, are called coverages.

In this section X1, Xo,..., X, are independent random variables distributed uniformly over the interval
(0,1). In such a case P{X(i_l) = X(i)} =0and X(1) < X(g) < -+ < X(;,) almost surely. We give some facts
concerning distributions and moments of X(;)’s and spacings (X(;+1) — X())’s.

The theory of order statistics can be found in Arnold, Balakrishnan and Nagaraya [10], Balakrishnan
and Cohen [15], David [70] or Wilks [439]. An analysis of spacings is in Darling [68] or Pyke [342].
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C.4.1 Distributions and moments

Denoting by Fj(x) the distribution function of X;y, for x € [0, 1], we get

Fl(x) = P{X(i) < (E}
= P{at least 7 of X3, X5,..., X, are in the interval (0,z)}

= ZP{exaetly jof X1,Xs,...,X, are in the interval (0,z)}
j=i

Z( ):zzﬂ (1—z)"

_ xn—!zl \n—i
_/O (i—l)(n—z)t (1 —t)"idt.

Hence denoting the density of X(;) as fi(z) we can write

= i

for x € [0,1]. After some calculations we can obtain

n! (i+m-—1)!

EXTN =
O (n+m)  (i—1)!
and, a fortiori, .
i
Bo =
Y2 _ i(i+1)
@+ 1)n+2)
and
n+1—1
V&I‘[X(i)] =

—-
(n+2)(n+1)
Denoting by Fj;(z,y) the joint distribution of (X(;), X(;)), with 7 < j, we obtain, for z > y,
Fij(z,y) = Fj(x)
and, for = < y,

= P{at least i of Xl,...,Xn are in [0, z]
and at least j of Xq,..., X, arein [0,y]}

n o p

= ZZP{exactly iof Xq,...,X, are in [0, z]
p=j q=1

and exactly j of Xl, ..., X, are in [0,y]}

= ZZ O

PJ‘IZ

which, for 0 <z < y <1, is equal to

o n! o i
/O/t (- DI —i-Din— )" (7 —t)’ 7711 = 7)drdt.
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Hence, the density denoted as f;;(x,y) has the following form:

n!
(=D —i-Dn—j

After rather arduous calculations we obtain

fij(z,y) =

T T )

n! i+p—1)(G+p+qg—1)
n+p+q) (i—1)! (j+qg—1)

E{Xg')ng } :(

for i < j. Hence, in particular,

i(j+1) ..
E{X(Z)X(])}:—(n—l-l)(n—l—Q), fOI‘Z<]
d
o 1 o
cov [X(Z-)7X(j)] =1 5, for i < j.

(n+2)(n+1)

C.4.2 Spacings
Uniform spacings

Setting X (o) = 0 and X(,,11) = 1, we define n+ 1 intervals (X(;_1), X(;)) called sample blocks. Their lengths
d; = X3 — X(;—1) are called spacings. Certainly dy +da+ - - +d, 1 = 1. We can say that the interval [0, 1]
is split into n + 1 subintervals of random length.

It is obvious that the distribution function of d; is independent of ¢ and that the distribution of (d;, d;)
with ¢ # j is the same as of (d1,ds). In general, the uniform spacings are interchangeable random variables.
Therefore denoting by Fy(z) the distribution function of d; we find, for 0 <z <1,

Fy(z) = P{d; < 2} = P{d1 <z} = P{X(1) <z}
= P{at least one of X1, Xs,..., X, is in the interval (0,z)}
=1-— P{all X1, Xs,..., X, are outside the interval (0, z)}
=1— P"{X; is outside the interval (1 — z,1)}
=1—(1-a)™
Thus

[ 1-(1—2)"! for0<z<1
Fa(w) = { 0, otherwise

and )
[ n@—-2)", for0<az<1
falz) = { 0, otherwise,
where fq(x) is the density of d;. Therefore the random variable d; has a beta distribution Be(1,n).
Observe that if Xi,...,X,_1 are distributed uniformly over the interval (0,1 — y), the distribution

function of d; is
n—1 . i n—1
1—(1--2% =1 d-z-y"
-y (1 -yt

for z € (0,1 — y), and the density equals
n—1
T e
(I -yt A-z-y
0, otherwise.

2 for0<r<1-—y

)

From this and the fact that the conditional density of d; conditioned on d; = y is the same as that of spacings
from n — 1 random variables distributed uniformly on (0, 1 —y), it follows that the conditional density equals

n—1
fd\d($|y): (1_y)n,1(l—x—y)n—27 fOI‘OSJ?Sl—y

, otherwise.
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Thus denoting the joint density of (d;, d;) by fa,q,(x,y) we write

o (227) = nn—1)(1—-z—-y)" 2 for0<2,0<y,0<z+y<1
did; (T Y) = 0, otherwise.

It is not difficult to compute

p!
EdP =
' (n+1)---(n+p)
and, a fortiori,
Ed’L = ! )
n+1
2
Ed? = ,
(n+D)(n+2)
and 6
Ed} = .
o(n+D)(n+2)(n+3)
Moreover, for i # j,
1
Fldid;} = —————.
{did; } (n+1)(n+2)
Clearly
1
E{(Xo) = Xa-0)lX@o } = E{dil X} = X
and 5
EA{(Xa) = Xa) X} = E{di1 X} = 775 55X0 (C.5)
Denote by

M, = Xy — X(i1)) = <
n 1§12_[13&7)5“( (i) (i-1)) 1§I}1§af+1dz

the longest of the subintervals the interval (0,1) is split in. In probability and almost sure convergence of
M,, to zero has been shown by Darling [68] and Slud [390], respectively.

Lemma C.11 For uniform spacings,

lim
n—o00 log n

M, =1 almost surely,

and, a fortiori,

lim M, = 0 almost surely.
Proof. The lemma follows immediately from Slud [390] who showed that nM,, —logn = O(loglogn) almost
surely. m

General spacings

In this subsection Xi, Xs, ..., X,, are independent random variables with a distribution function F(x) and
a probability density f(z).

Since F'(x) is monotonic, F'(X(1)) < F(X(g)) < -+ < F(X(y,)). Moreover, since f(z) exists, ties, i.e.,
events that X(;_1) = X(;) have zero probability. Hence F'(X(1)) < F(X(g)) < --- < F(X(»)). Denoting
X0y = —00 and X(,41) = +00, we can say that the real line is split into intervals (X ;) — X(;_1)) while the
interval [0, 1] into corresponding subintervals (F'(X ;) — F'(X(i-1)))-

Let b; = F(X(;)) — F'(X(i—1)) be the length of the subinterval. Since F'(X) is distributed uniformly over
the interval (0,1), b;’s are just uniform spacings, i.e., are distributed like d;’s in the previous section. Thus,

for any density f(x),
X
b; z/ f(x)dx

X(i-1)
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has a beta distribution Be(1,n). Hence

m!
Eb =
Yo+ (n+p)
and, a fortiori,

Ebz = ! )
n+1

2

Eb} =
(n+ D) (n+2)

Moreover, for i # j,
E{bbj} = ————.
{bibs} (n+1)(n+2)

C.4.3 Integration and random spacings

Let ¢(x) be a Riemann integrable function over the interval [0,1], let 0 < 21 < @2 < -+ < z,, and let, in
addition, xg = 0, zp41 = 1. It is very well known that if maxi<j<pt1(Ti+1 — ;) — 0 as n — oo,

n

Jim D (@i — zi)pla) = /O p(x)dw.

=0

Therefore, for a uniform order statistics X1y, Xy, ..., X(n), defining S, = >°1 (X (;41) — X(5)) (X (3)) and
applying Lemma C.11, we obtain

n—oo

1
lim S, = / p(x)dx almost surely.
0
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